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Abstract: The inevitable random frequency differences among semiconductor lasers present
an obstacle to achieving their collective coherence, but previous worked showed that fully
(all-to-all) coupled networks can still be synchronized even in the weakly coupling regime. An
outstanding question is whether sparsely coupled network structures exist that lead to strong
synchronization. This paper gives an affirmative answer: optimal sparse coupling configurations
can be found which enables near-complete synchronization. Quite surprisingly, with respect
to synchronization, certain sparse networks can outperform fully coupled networks, when the
weights of coupling are placed dominantly on the laser pairs with large frequency differences. The
counterintuitive phenomenon can be explained by a thermodynamic potential theory that maps
the time-delay-induced phase dynamics to an energy landscape. These findings suggest a scalable
and cost-effective approach to achieving robust, steady-state synchronization of semiconductor
lasers in the presence of disorder and noise.

1. Introduction

Synchronization, the spontaneous alignment of phases and frequencies among interacting
oscillators, is a fundamental phenomenon underlying the collective behavior of diverse physical,
biological, and engineered systems [1-7]. An important application is laser synchronization,
i.e., frequency and phase locking of coupled lasers, to generate an intense coherent beam [8—13].
Over the years, various coupling schemes have been developed for lasers, e.g., nearest-neighbor
coupling, long-range coupling, global or all-to-all coupling [14-24]. More recently, laser arrays
with non-Hermitian coupling [25-29] or supersymmetry [30,31], as well as topological insulator
laser arrays [32,33], have been realized. A major obstacle to synchronizing a large number of
lasers is intrinsic frequency detuning among the lasers. While the all-to-all coupling structure is
most efficient for laser synchronization, it is hard to implement for a large array. In this regard,
semiconductor lasers are of particular interest as their compact size and high efficiency enable a
large-scale integration. How to achieve synchronization of semiconductor lasers with minimum
coupling cost is the question to be addressed here.

For complex networks of nonlinear oscillators, the network topology can be optimized for global
synchronization [5-7,34—46]. For non-identical Kuramoto oscillators, the synchrony-optimized
coupling architectures were identified and the stability was analyzed [47-55]. Coordinated
removal of network links was shown to stabilize synchronization by making the completely
synchronized state the sole attractor, leading to sparsity-driven synchronization [56]. These
findings suggest the possibility of optimizing the connectivity of a sparse laser network for
global synchronization, but the question remains outstanding of whether such optimal sparse
network structure exists. Experimentally, selective connectivity is feasible by programmable
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laser coupling with a spatial light modulator (SLM) [57].

(a) Lens SLMs
Laser Array N
[ N— e e
- m—egennn et
— > > e
- e
—
Vv
(b) All-to-all (¢) Nearest-neighbor (d) Sparse

Fig. 1. Schematic diagram of laser coupling architectures. (a) Programmable laser
coupling via SLMs. (b—d) Candidate coupling structures for synchronization under
frequency disorder: long-range, short-range, and selectively sparse configurations.

This work provides an affirmative answer to this question. In particular, we investigate the global
synchronization in sparsely coupled networks of semiconductor lasers with random frequency
detuning. Previous works revealed that the linewidth enhancement factor, which couples the
field amplitude fluctuations to phase, can destabilize the phase synchronization [58-60]. A
recent theoretical study suggested that introducing disorder to the time-delay of laser coupling
to counter-balance the frequency disorder can enhance synchronization [11]. Our focus is on
finding the optimal sparse coupling configuration for frequency and phase locking. We begin by
solving the Lang-Kobayashi equations systematically for semiconductor lasers with time-delayed
coupling [61] and calculating the order parameter characterizing synchronization. We then
exploit an island-based genetic algorithm to identify the optimal sparsity of laser coupling that
maximizes the order parameter, which decreases as the number of lasers increases. This has
led to some optimal sparse networks with near-perfect in-phase synchronization. We find that
the optimal sparse networks share a common feature: the laser pairs with larger frequency
difference are more likely to connect. For example, the lasers with larger frequency detuning
from the mean frequency have more connections, preferably to the lasers with opposite frequency
detuning. Surprisingly, the optimal sparse networks outperform the homogeneous all-to-all
coupled networks in synchronization, sustaining robust frequency and phase locking even with
substantial variations in natural lasing frequencies. We develop a thermodynamic potential
theory to explain these phenomena, wherein the delayed phase dynamics are recast as a gradient
flow on a potential landscape with the steady states corresponding to the local minima. The
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theory predicts that the optimal sparsity is inversely proportional to the number of lasers, which
agrees with the numerical results. Our findings suggest the efficacy of strategically designed
sparse topologies in mitigating intrinsic disorders through selective connectivity, pointing toward
a resource-efficient and experimentally feasible route for large-scale laser synchronization.

2. Results
2.1. Model description and parameter setting

Figure 1(a) illustrates a laser array coupled externally through an SLM. The array is at the front
focal plane of an optical lens and the SLM is placed at the back focal plane. The lasers at
different transverse locations are coupled via the gratings of corresponding periods on the SLM.
The coupling is delayed by the round-trip time 7 between the SLM and the laser array. Light
reflection from the SLM forms an external cavity with resonant frequencies separated by 1/7. In
the absence of the SLM, each laser operates in a single longitudinal and transverse mode. Their
intrinsic lasing frequencies deviate randomly due to the inevitable heterogeneity generated, e.g.,
during the manufacturing process.

A network of externally coupled semiconductor lasers with gain saturation and amplitude-phase
coupling is mathematically described by the Lang-Kobayashi (LK) equations [11,61]:

dE; (1) _ 1 +ia ( Ni(t) = No _7) Ei(t) +iNE; (1)

dt 2 1+ s|E; ()2
) M
+€_lw0TZKijEj(l‘—T)+FEi, (D)
i=1
dN; (1) N;(t) = No 2
——= =Jo—yuN;(t) —g—————|E;(t)|" + Fy., 2
dr 0 — ¥nNi (1) gl+S|Ei(l‘)|2| (1) N; ()

where E;(t) is the complex electric field of the ith laser and N;(?) is its carrier number at the
pump rate Jy = 4Jy, with Jy, = v,,(No +y/g). Here, y,,, Ny, ¥, and g represent the carrier decay
rate, the carrier number at transparency threshold, the cavity loss rate, and the differential gain
coefficient, respectively. The typical values of these parameters are y,, = 0.5ns™!, Ny = 1.5x 108,
¥ =500ns"", and g = 1.5 x 1077 ns™!. The linewidth enhancement factor that characterizes
the amplitude-phase coupling is @ = 5, and the gain saturation is described by s = 2 x 1077,
The external time delay is set to T = 3ns. The natural frequency detuning of the ith laser is
A; = oA N(0, 1), where o is the magnitude of frequency detuning and N (0, 1) is a Gaussian
random variable with zero mean and unit variance. The reference wq of the natural angular
frequencies is chosen to satisfy wor = 2Nm, where N is an integer and selected to be closest
to the mean of all laser frequencies. For convenience, we number the lasers by their frequency
detuning from low to high: A; < Ay < ... £ Aps. (This numbering scheme is not related
to the spatial distance between the lasers.) Spontaneous emission is introduced to the LK
equations as noise for the electric field, (FEi(t),ng (t")) = Rsp6ij6(t —t'), where Ry, is
the spontaneous emission rate. Stochastic fluctuations in the carrier dynamics are given by
(Fn; (1), Fn; (7)) = yuNi(1)0:;6(t = 1').

With external coupling, the electric field of the ith laser is E;(r) = r;(1)e™% "), where r; (1)
is the time-varying amplitude and Q; is the phase. The short-term frequency A; is extracted
from linear fitting Q; (1) = A; t + ¢;(¢) over a short time window around ¢, and ¢; (¢) is phase
fluctuation. Complete synchronization, encompassing field amplitude, frequency, and phase,
is quantified by the order parameter (S) = (| > E;(1)|>/[M ©™, |E;(1)|*]) € [0, 1], where
(S) = 1 corresponds to all lasers having identical field amplitude, frequency and phase. Note
that typical phase locking requires only the relative phase between lasers to be constant. A zero
relative phase corresponds to in-phase locking. Note that, in-phase-locked lasers will produce a



1e  single lobe of highest intensity in the far field via constructive interference, which is often needed
1o for applications.
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Fig. 2. Optimal synchronization state and coupling configuration for M = 24 lasers.
(a) Connectivity resonance in sparse networks with frequency disorders: shown
are (S) values from 1000 random sparse networks for different y values, with the
orange curve being the average. The red star marks the high value (S) = 0.96 in
an optimized sparse network for y* = 0.4 found by a genetic algorithm. The blue
curve represents the benchmark corresponding to the homogeneous all-to-all coupling,
defined by K;; = «(1 = 6;;). (b) Spatiotemporal evolution of the phase function
cos Q; (1) of the laser field and (c) time series of the normalized total field intensity
Iiot for the optimal sparse network. (d) Scatter plot of the final frequencies fna of
the synchronized lasers versus their initial mean ( fipita) for 100 frequency-disorder
realizations, corresponding to 100 data points, respectively. The final frequencies are
quantized in intervals of N /7. Points below the dashed line indicate that the final
frequency is statistically lower than the initial mean frequency. Parameter values are:
pump rate Jo = 4y, (No +v/g) ~ 3.67 x 108 ns™! and o = 14 rad/ns.

1w 2.2. Optimal sparse laser networks with stronger synchronization than all-to-all coupled
111 networks

1z We begin with random sparse networks of lasers. Staring from an all-to-all coupled network of
s lasers with identical coupling coefficient, we randomly remove some links, leading to a sparsely
14 coupled network, as illustrated in Fig. 1(d), where the coupling coefficients are K;; = 0 or 1 ns~!
ns  and self-feedback is ignored (K;; = 0. The network connectivity is defined as the ratio between
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the total number of links and the maximally possible number of links:

x =) Kij/[M(M - )] (3)

i,J

with coefficient /' = 1ns~! to explicitly include the physical unit ns~'. We simulate the dynamics
of the sparse network for ¢ € [0, 100] ns and calculate the order parameter (S) for ¢ € [50, 100]
ns to avoid transient dynamics. We repeat the calculation for different random networks with
the same connectivity y. The orange symbols in Fig. 2(a) represent (S) values for individual
networks and the orange curve is the average (S) over all random configurations of the same
X- As y increases continuously from zero to one, (S) first increases rapidly and then decrease
gradually. The maximum value of (S) gives the optimum connectivity y* for synchronization
resonance in terms of connectivity, which we refer to as connectivity resonance.

Synchronization resonance also occurs as a function of the coupling strength in homogeneous
all-to-all networks [60]. In particular, coupling resonance is robust to the network structure,
including inhomogeneous networks, as shown in SI Sec. 1. For comparison, we simulate the
homogeneous networks with all-to-all coupling K;; = « for i # j but with no self-feedback.
The lasers have the same frequency disorder as for the sparse case. The blue curve in Fig. 2(a)
shows that the order parameter (S) first increases with the coupling strength « and then decreases
slightly, leading to an optimum «*. To compare with the randomly connected sparse networks,
we define the coupling cost as the sum of all coupling coefficients. With the same coupling cost,
(S) for all-to-all coupling is slightly higher than the average (S) of random sparse networks.
However, a few random sparse network configurations have larger (S) than the maximum value
achieved by the all-to-all network. Furthermore, connectivity resonance is consistently observed
across different frequency disorders and initial seeds, as detailed in ST Sec. 2.

The result in Fig. 2(a) suggests that some sparse network may be optimized to outperform
homogeneous all-to-all coupled networks in terms of synchronization. To find such optimal
sparse networks, we fix the network connectivity at y*, set the coupling coefficient as that for
the random networks in Fig. 2(a), and use an island-based genetic algorithm to search for the
coupling configuration that gives the highest possible value of (S). For M = 24 lasers, the
maximum (S) value is about 0.96 for y* = 0.4, as indicated by the red star in Fig. 2(a). Note that
this value is significantly higher than (S) ~ 0.84 - the best that can be achieved for homogeneous
all-to-all coupled networks. The near-unity (S) value indicates almost perfect synchronization of
all lasers in terms of frequency, phase, and amplitude, despite their original frequency differences.
Figure 2(b) shows cos[Q;(¢)] versus time 7 for each laser, which confirms frequency and in-phase
locking of all lasers. In fact, the synchronized lasers reach a continuous-wave steady state,
where the total intensity I, (f) = | 3; E;(¢)|* exhibits small and negligible fluctuations in time,
which can be quantified by the normalized total intensity: ftot(t) = (Liot(t) = (Tior)) [ {Tior),
as shown in Fig. 2(c). The corresponding mean square of relative intensity noise (RIN) is
given by Var(fi,(1)) ~ 1.3 x 107 for r € [50,100] ns. The network optimization process
is repeated with 100 statistically independent realizations of the frequency disorder, yielding
(S) =0.97 £ 0.009. The final locked frequency is close to, but slightly lower than, the mean of
the original frequencies of all lasers, as a result of the positive « factor (see Sec. 3 3.4 for details).
As shown in Fig. 2(d), the final frequencies of 100 synchronized networks, each optimized for
its corresponding frequency disorder, are the discrete frequencies of external cavity resonances
spaced by 1/7.

2.3. Final frequency dynamics and scaling of connectivity resonance

In this section, we present the final frequencies of all lasers as a function of connectivity. At each
X, the final frequencies are obtained from the coupling configuration that yields the maximum
(S) in random sampling. Figures 3(a) and 3(b) illustrate that, in the initial stage of connectivity
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Fig. 3. Scaling of connectivity resonance. (a) For a fixed frequency disorder with
random seed rng (1) (as in Fig. 2(a)), 1000 coupling configurations are randomly
generated at each connectivity y, and the corresponding (S) values are shown. (b)
For each y in (a), the configuration yielding the highest (S) is used to compute the
final frequencies of all lasers. These frequencies are linearly fitted within moving
windows of size T with a step size of 0.17, and the error bars indicate the resulting
standard deviations. (c) Using the same random seed rng (1), the scaling behavior
of the optimal connectivity y* is examined across different laser numbers M =
[12, 18,24, 30, 36,42, 46, 50,55, 60, 65, 70, 80, 90, 100].

resonance, the final frequencies are well separated. As y approaches the vicinity of y*, they
collapse toward a single value. Beyond this optimal point y*, further increasing y leads to strong
fluctuations in the final frequencies, indicating that the system has moved away from a steady
state and entered a chaotic regime. This behavior highlights that the optimal y occurs just before
the onset of chaos, with the chaotic dynamics being responsible for the subsequent decrease
of (S) and the emergence of connectivity resonance. This dynamical explanation parallels our
previous results on coupling resonance in homogeneous all-to-all coupled networks [60].
Furthermore, numerical evidence shows that the optimal connectivity scales with the number
of lasers as y* o< 1/(M — 1). The slight deviation arises from the statistical deviation of the
frequency disorder. The theoretical explanation of this scaling law is provided in Sec. 3 3.4.

2.4. Physical characteristics of optimal sparse networks

In homogeneous all-to-all coupled networks, more links are connected for smaller frequency
differences in the histogram of the percentage of links versus the natural frequency difference
A; — A;, as shown in Fig. 4(a). The reason is that Gaussian-distributed frequencies are more
likely to be close to each other. In contrast, for optimal sparse networks, most links with nearby
frequencies are removed, as shown in Fig. 4(b). Figure 4(c) shows the average of optimized
coupling matrix elements over 100 frequency disorders, which confirms that the lasers with
larger frequency difference have stronger coupling. This can be further seen from Fig. 4(d), the
number of links for each laser, where the lasers with largest frequency offset from the mean have
the highest number of links, so they are effectively “hub” lasers. Note that the concept of hub
naturally arises in star networks [62—67], where a hub mediates the coupling among the lasers
and serves as the “bridge” for synchrony. In our optimized sparse network, the hub lasers have
the largest frequency detuning and are most difficult to be locked in frequency. As a result, more
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links of such lasers to other lasers, especially those with opposite frequency detuning, are needed
to pull the hub laser frequencies to the mean.

<Kl‘]‘> TlS_l

1 1
12 D :
24 0

1 12 24

(@) K (S) ~ 0.84

~
o
~

Laser No.

0 N L
-50 0 50
- - Laser No.
(b) A; — Aj (rad/ns) @
X (S) =~ 0.96 s Hub Lasers 20
30 %
& 10 20 T
g .-
- 1 5 ‘ Iq\
/\/\ ‘ i F 0 =
07 0 10
A 1 6 12 18 2

4
A; — Aj (rad/ns) Laser No.

Fig. 4. Emergence of hub structure in the optimal sparse laser network. (a) Histogram
of the percentage of coupled links as a function of the frequency differences A; — A;
@i,j = 1,...,M) for optimal coupling k = «* in homogeneous all-to-all coupled
networks. The continuous curve illustrates the shape of the distribution. (b) Same
legend as in (a) but for the optimal sparse laser networks found by the genetic algorithm.
(c) Heat maps of the mean (K ;) of the coupling matrix elements K;; for the optimal
sparse networks, averaged over 100 frequency disorder realizations. (d) Histogram of the
average number of connections per laser, defined as (&;) = %, ;(Ki;/ «/y and calculated
from the matrix elements in (c), for the optimal sparse networks. The horizontal
dashed line indicates the baseline given by the mean value, sy = 3;(£;)/M, plus
one standard deviation, o). Hub lasers are defined as those with (¢;) exceeding
this baseline. Also shown on the right-hand side is the absolute value of the initial
frequency detuning per laser averaged over 100 frequency disorder realizations, with
standard deviations indicated by the error bars.

3. Heuristic and physical understanding of optimal synchronization in sparse
laser networks

In this section, we provide a physical understanding of three key questions: (1) Why can a
sparse network, with the same coupling cost as a homogeneous all-to-all network, outperform the
latter in synchronization and even achieve near-complete coherence? (2) Why does an optimal
connectivity scaling law emerge in connectivity resonance? (3) Why does the optimal sparse
network develop an emergent hub structure?

3.1.  Coupled linear oscillators

We first articulate a qualitative understanding of the optimal sparse network topology with
a simple model of coupled linear oscillators (see Sec. 3 in SI). In particular, ignoring gain
saturation,  factor and time-delay of the coupling, we calculate the eigenstates (supermodes) of
the coupled lasers with frequency disorder [68]. With increasing coupling, the eigenstates are no
longer localized to individual lasers, but expand over multiple lasers. The eigenstate with the
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highest eigenvalue will dominate lasing and its order parameter can be calculated. For selective
sparse coupling, only the laser pairs with natural frequency differences above a threshold Ag,
are coupled with a constant coeflicient, while the others are not coupled at all. With increasing
Aw, the network connectivity y decreases. The eigenstates can be compared with those of
randomly connected networks with the same value of connectivity y. With increasing y, the
order parameter of the dominant supermode increases much more quickly for selective coupling
than random coupling. The lasers in the supermode oscillate in phase, but their amplitudes are
not identical. The qualitative agreement with the LK simulation results suggest that the linear
coupling matrix determines the supermode structure, which in term dictates laser synchronization.
However, this simple model cannot predict the destabilization of synchronization at even stronger
coupling where the coupled lasers chaotically hop between multiple supermodes [69, 70].

3.2. Effective thermodynamic potential for the laser network

For a more quantitative understanding, we develop a thermodynamic potential framework (see
Sec. 4 in SI) to uncover the universal optimal sparse network structure that enables frequency- and
phase-synchronized steady states in disordered diode laser systems. In particular, by expanding
the LK equations near the synchronized steady state, we derive the generalized time-delayed
Kuramoto model [71] with an additional phase shift ¢ = tan~! & + wqr:

dQ;(1)
dt

M
= A = VI+a? ) Kiyjsin[Qi(1) - Q;(1 - 1) + 9], e
j=1

where €; (1) is the phase term of the electric field. With time-delay-induced phase differences
ni ~ Q1) — Qi (t - 1), &)

and assuming slow temporal phase evolution such that 7; (1) /7 ~ [Q; (1) + Q;(t — 7)]/2, the
network dynamics can be reformulated as a gradient flow governed by an effective thermodynamic
potential U(n;):

Uni(1)) = 7 (1) = 2tAm; (1) = 2tV 1 + @2k cos[n: (1) + 4], (6)

and ki.“ = ijl: 1 K;; denotes the intrinsic coupling strength coming from other lasers to the
i-th laser. This expression generalizes the result for a single laser [72]: U(v(t)) = v*(z) —
27V1 + a?y cos[v(t) + ¢], where ¥ is the self-coupling strength and v(z) = Q(¢) — Q(r — 7).
The thermodynamic potential in Eq. (6) indicates that the effective coupling strength K; =
VI + a? ki.“ is governed by the time delay 7, the linewidth enhancement factor a (responsible
for amplitude—phase coupling), and the intrinsic coupling strength ki.“ (or y for a single laser).

The variational principle stipulates that the system’s final dynamical steady state should settle
at the local minimum of the potential. These local minima of U (#;(¢)) can be determined through
the first and second derivatives with respect to 7; (¢):

dU(n:(1)) =n;(t) = tA; + K; sin[n;(¢) + ¢] = 0, O
dn;(t)
d*U(ni(1)) _ .
iy " | eostm(n) +41> 0 ®

Setting wot = 2kn, Egs. (7) and (8) can be further simplified as

ni —Fi = =K;sin(n; + ¢), ©
1+ K; cos(n; + ¢) > 0, (10)
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where F; = 7A; denotes the effective detuning, and the constant phase shift is defined as
¢ = mod(tan™' @ + woT,27) ~ 0.47. The solutions in (9) and (10) provide the steady steate
solutions for each laser i. From the definition of the time-delayed phase difference in (5), the
steady state solutions are related to the final frequencies:

7 (1) = QI X T+ @i (1) — it = 7), (11)
when Q;(7) = Q' X 1 + ¢;(¢) and Q;(t — 1) = Qi x (1 — 7) + ¢;(t — 7). In the ideal case of

complete synchronization, the solutions of 77; become independent of the laser index i and reduce
to

n = QM = 27 fipar, (12)

in the regime where ¢; (¢) = ¢;(t — 7), an approximation that is well justified in the numerical
simulations.

3.3. Understanding why sparse networks outperform homogeneous all-to-all coupling
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Fig. 5. Understanding synchronization in sparse networks. (a), (b) Schematic il-
lustrations of steady-state selection from the potential landscape for different lasers
under homogeneous all-to-all coupling and sparse coupling, respectively. The cross
intersections of Eq. (9) are marked by the red dots in panels (a) and (b). These
intersections fall within the light-shaded region that satisfies Eq. (10). Together, they
define the steady-state solution sets {n},} and {n},}. These solutions correspond to
two representative effective detunings, F, and Fy4 associated with the 12-th and 24-th
lasers, respectively. The green and purple oscillatory curves represent stronger and
weaker effective coupling strengths. The inset in (b) shows the effective thermodynamic
potential in (6), consisting of a parabolic term and an oscillatory sinusoidal component.

A smaller effective coupling K’ produces a smoother potential with fewer steady-
state solutions.

Based on the thermodynamic potential theory, the effective potentials for the homogeneous
all-to-all coupling and the sparse coupling are given by:

U™ (n;(1)) = nj (1) = 2tAm; (1) = 2K"™ cos[n; (1) + 4],
U™ (n; (1)) = 7 (1) — 2rAm; (1) — 27 cos[n; (1) + ¢],

Here, the effective couplings are defined as K"™ = VI +a2k(M - 1), and K™ =
V1 + a2¢;x/, corresponding to the homogeneous and sparse networks, respectively. In the
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homogeneous all-to-all case, k™ = Zj”i | Kij = k(M - 1) is independent of the laser index i. In
contrast, for the sparse network, kf" = Zj”il Kij=¢& «f, where &; denotes the total number of
connected links for the i-th laser, and x/ = 1 ns~! is introduced to explicitly retain the physical
units of coupling strength.

The total number of connected links for each laser is distributed non-uniformly over the laser
index 7, whereas in the homogeneous case it uniformly reaches the maximum value £ = M — 1.
From (9), a smaller number of connected links corresponds to a reduced magnitude of the
effective coupling K;, which in turn leads to fewer steady-state solutions for the i-th laser. Note
that the overall coupling cost remains the same in both network types, 3;; K;j = kM(M - 1) =
xM (M —1)k/, yet the number of steady-state solutions for individual lasers can be substantially
reduced in the sparse network. Consequently, the sparse network is able to significantly lower the
total number of steady states, thereby enhancing overall stability.

In addition, a sparse network drives the final frequencies closer to each other, thereby promoting
stronger synchronization. The cross intersections of Eq. (9), indicated by the red dots in Fig. 5,
together with the light-shaded area satisfying Eq. (10), correspond to the final frequencies
obtained from Egs. (11) and (12). Figures 5(a) and 5(b) illustrate the fine structure of these
solutions for the homogeneous all-to-all coupling and the sparse network, respectively. For two
specific cases of effective detuning, with slopes biased by F;, and F,4, a lower effective coupling
leads to a smaller sinusoidal oscillation amplitude, emphasized by the purple curve compared
with the green curve in Fig. 5(b). This tunable amplitude allows the final solution 7" and thus the
final frequency, to align more closely with each other—effectively compensating for frequency
disorder and yielding nearly identical final frequencies. In contrast, the homogeneous all-to-all
coupling shown in Fig. 5(a) cannot achieve this adjustment due to its uniform effective coupling.

3.4. Understanding connectivity scaling and emergence of hub structure

@ K <K, = max|F,| ® Kz K, =max|F]

— 1+ K, cos(n; + ¢) >0

—K Sin(fh + ¢)

e

3 Diffn},n;, n54) < Width

Fig. 6. Schematic of the critical effective coupling in the homogenous all-to-all coupling.
(a) Effective coupling K below the critical value K. (b) Effective coupling K around the
critical value K. The rectangular regions in (a) indicate the steady-state solution sets
for the corresponding effective detuning FF;. The red rectangular region in (b) highlights
the first nearly synchronized state that emerges at the critical effective coupling, where
the maximum frequency difference between lasers is around the width of the region
satisfying d>U /dn* > 0. The remaining notation follows Fig. 5.

For the homogenous all-to-all coupling, there exists a critical effective coupling strength
that first enables the formation of a single, nearly synchronized steady state across all lasers,
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consistent with previous work [60]. For M = 24, the frequency detunings are ordered as
Ay £ Ay £ - < Ayy. Inthis case, the effective detunings F; and FF»4 define the boundaries of the
steady-state solution structure, as shown in Fig. 6. When the effective coupling is too small, i.e.,
K < K. = max |F;|, the steady state solution sets {n]} and {n;,} remain well separated. In this
regime, intermediate detuning values F; may yield solutions {r;} that lie close to {r}}, but not
to {n3,}, and conversely. As a result, only partial synchronization among the lasers is achieved.
When the effective coupling approaches the critical value K > K. = max |F;|, the steady-state
solutions develop an overlap region encompassing all lasers, as indicated by the red rectangular
region in Fig. 6(b). Since each steady-state solution ™ corresponds to a final frequency, the
maximum frequency differences among the lasers in this region are bounded by the width of the
region where d>U /dn* > 0. This indicates that all lasers are nearly synchronized.

For the sparse network, the effective coupling depends on the laser index 7, and each laser has
its own critical value associated with the emergence of the hub structure. This behavior contrasts
with that of the homogeneous all-to-all case. The effective coupling of each laser i is given by
KPP = 7V1 + o2&/ . As shown in Fig. 5(b), achieving nearly identical steady-state solution
sets requires the effective coupling of each laser to be comparable to its corresponding effective
detuning as K™ > |F;| = 7|A;|. Thus, for an arbitrary laser, the number of connections per

laser &; must exceed a threshold set by the local detuning, i.e., & > |A;]/(kf V1 + a2), which is
consistent with the observed hub topology where higher detuning demands more connections, as
shown in Fig. 4(d). Consistently, the necessity of the hub structure can also be directly inferred
from the Kuramoto model (see Sec. 5 in SI).

There also exists an overall expected critical value in the sparse network, which gives rise
to the connectivity scaling law. The total number of connected links per laser &; is related to
the connectivity by Z?;’ (&= xM(M - 1). So, the expected effective coupling in our sparse
network is (KSParse) = Zl{‘;’l K?pme/M = 7Vl +a2y(M — 1)x/. In the sparse network, the
expected critical effective coupling is statistically close to the maximum effective detuning,
(KP*™y ~ max |F;| = 7|Ag| with the maximum detuning magnitude |Ag|. Accordingly, the
critical connectivity scales as y. ~ |Ag|/[«/ (M — 1)V1 + a?2]. The critical connectivity scales
inversely with the laser size by y. o« 1/(M — 1) as derived from the nearly synchronized
steady-state solutions of the effective thermodynamic potential. This scaling is consistent with
the connectivity resonance, where the optimal connectivity follows y* o 1/(M — 1).

Actually, the optimal connectivity is slightly higher than the critical connectivity, i.e., y* > xc.
In the intermediate regime y € [y, x*], multiple near-synchronized steady-state solutions are
created. The dynamics gradually evolve from steady states to quasiperiodic motion—remaining
stable but with reduced stability. At y = x*, the onset of chaos suppresses the synchronization
measure, as shown in Figs. 3(a) and 3(b). For example, the critical connectivity is y. = 0.26 for
|Ag| = 30 rad/ns and M = 24. These bounds agree with the numerically revealed synchronization
resonances under frequency disorder (Sec. 2 in SI), where all synchronization peaks occur within
the connectivity range of approximately 0.3 to 0.4.

Furthermore, the final dynamic frequency, quantized as ffmal = N/, satisfies the existence of
a local minimum in the effective potential. Since the phase offset ¢ = mod(tan~! @ + wot, 27) =~
0.4mr < 0.57 [Fig. 5(b)], the quantized frequency in Fig. 2(d) always satisfies the stability
condition 1 + K; cos(27 finaT + ¢) > 0 because cos ¢ > 0 > —1/K;. Given that @ = 5 and
woT = 2Nr, the resulting phase shift ¢ statistically favors negative values of  which are closer
to the mean of the initial frequency distribution. As a result, the intersections in the potential
landscape are biased toward negative 1", producing a statistical preference for negative dynamic
frequencies—that is, the final dynamic frequency tends to lie below the mean of the initial
frequency distribution—consistent with the behavior observed in Fig. 2(d).
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4. Discussion and conclusion

We have checked numerically that the synchronization behavior remains consistent with and
without noise. While noise-free results are presented in the main text, the robustness of
synchronization against dynamic and initial-state noise is detailed in Sec. 6A in SI. The
selectively-coupled networks identified by the island-based genetic algorithm also exhibit
robustness to perturbations in laser frequency detuning, coupling strength, and pump rate,
highlighting the diversity and resilience of the genetic-algorithm landscape, as detailed in Sec.
6B and 6C in SI.

The island-based genetic algorithm constructs the optimal sparse networks by adaptively varying
the number of connected links per laser &; to compensate for the frequency disorder. Beyond
disorder compensation, sparsity also reduces the overall coupling cost »’;; K;;, suppressing
multistability and promoting robust frequency- and phase-synchronized dynamics. The critical
coupling strength in the classical Kuramoto model with homogeneous all-to-all coupling has
been well characterized [73-75]. Here, we have generalized the analysis by incorporating the
linewidth enhancement factor, time delay, and sparse coupling, and reformulate the critical bound
from a physical perspective using a thermodynamic potential framework, as detailed in Secs. 4
and 5 in SI.

With different initial coupling configurations, the genetic algorithm-optimized network
structures can exhibit small variations. However, the key features such as the hub lasers remains
the same. In the sparse network, the lasers with small frequency detuning do not need to couple
directly, as their indirect coupling through other lasers is already sufficient for synchronization.
With increasing number of lasers M, the optimized networks become even more sparse, i.e.,
more laser pairs do not couple directly, since there are more indirect coupling paths through other
lasers. The optimal connectivity y* scales as y* o< 1/(M — 1), indicating that the coupling cost
increases linearly with the laser size as };; K;; o M. Such linear scaling, instead of quadratic
scaling with M, facilitates large-scale synchronization.

In summary, this work establishes a foundational theoretical framework for the emergence
and scaling of sparse networks and hub structures for almost perfect synchronization. It
provides a principled approach for designing scalable, cost-effective networks that sustain robust
frequency and phase synchronization, along with a stable continuous-wave steady state, even
under significant frequency disorder.
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This document provides supplementary information for “Optimal sparse networks for synchro-
nization of semiconductor lasers.” In Sec. 1, we present the phenomenon of synchronization
resonance in inhomogeneous networks and compare it with that arising in homogeneous all-to-all
coupled networks, demonstrating that the resonance is robust to the network structure. In Sec. 2,
we examine the phenomenon of connectivity resonance in sparse networks in more detail and
explain how genetic algorithm can be used to find the optimal network structure (in Sec. B). We
demonstrate that the optimized networks show reduced preference for connections between
lasers with close frequency detuning. In Sec. 3, we simplify the Lang—Kobayashi equations to
obtain a network of coupled linear oscillators to offer intuition for the optimal sparse network
structure, providing a quick guide for experimental interpretation. In Sec. 4, we provide a more
quantitative understanding by analytically deriving the effective thermodynamic potential from
the full Lang-Kobayashi equations for the system of coupled-lasers with time delay due to an
external-cavity feedback. In Sec. 5, we provide a detailed physical understanding of the optimal
sparse network structure, including the emergence of hub structures and the scaling law of
optimal connectivity in comparison with homogeneous all-to-all coupled networks. In Sec. 6, we
investigate the robustness of synchronization in sparse networks against dynamic noise, initial-
state perturbations, and random variations in frequency detuning, coupling strength, pump rate,
and coupling ramping. Furthermore, we mix multiple optimized sparse coupling matrices to
explore the optimization landscape of the genetic algorithm to address the issue of landscape
robustness.

1. SYNCHRONIZATION RESONANCE IN INHOMOGENEOUS ALL-TO-ALL COUPLING
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Fig. S1. Robust synchronization resonance with slightly enhanced performance in inho-
mogeneous all-to-all coupled diode laser networks. The nodal coupling is given by K;; =

[k + 0« N (0,1)] (1 — &) with NV (0, 1) being a normalized Gaussian random variable. (a-c) Syn-
chronization measure (S) versus « for o, = 0.2 ns1,04ns !, and 0.6 ns 1, respectively, for
M = 24, where the blue curve represents the baseline from the homogeneous all-to-all coupled
network with Kj; = &(1 — &;). The coupling strength is scanned over the range & € [0,1]ns™!
with a step size of 0.05 ns~1. (d) Mean values and standard deviations of the randomly sam-
pled synchronization measure (S) at the resonance peak * = 0.4ns~! versus the perturbation
strength oy.. The corresponding peak values of (S)max as a function of oy are displayed on the
right. For reference, the horizontal dashed line marks the maximum (S) obtained in homoge-
neous all-to-all networks, providing a baseline for comparison.

In homogeneous, all-to-all coupled diode laser networks, a synchronization resonance emerges.



The coupling matrix is defined as K;; = « for i # j and K;; = 0, thereby eliminating self-
feedback. Under frequency disorder, the synchronization measure (S) reaches a maximum at
an optimal coupling strength, whereas in the absence of disorder this resonance disappears.
A natural question arises: does synchronization resonance, as exemplified by the blue curves
in Figs. S1(a—c), persist when the couplings become inhomogeneous? We find that deviations
from homogeneous coupling preserve—and may even slightly enhance—the synchronization
resonance.
To introduce coupling heterogeneity, we perturb the interaction strength as

x — &+ o0 N(0,1),

where & denotes the baseline coupling and N (0, 1) represents a normalized Gaussian random
variable. For each perturbation level o, we generate 1000 independent realizations of the
perturbed coupling matrices for every fixed value of &. Figures S1(a—c) present results for M = 24
lasers with frequency disorders A; = 14 x A/(0,1) rad/ns generated using the random seed
rng(1), a typical disorder configuration. The plots show the dependence of (S) on & for o, = 0.2
ns~ 1, 04ns!, and 0.6 ns~ 1, respectively, with the blue curve serving as a reference for the
homogeneous network. Despite the spread in (S) at each fixed &, synchronization resonance
persists in all cases. Figure S1(d) summarizes the mean values and standard deviations of (S) at
the resonance peak (left) and the corresponding peak values (S)max as a function of oy (right).
The horizontal dashed line marks the maximum (S)max obtained for the homogeneous, all-to-all
coupled network. These results demonstrate that random variations in coupling strength can
partially compensate for frequency disorder, thereby enhancing overall synchronization.

Based on the theoretical framework described in Sec. 5, inhomogeneous all-to-all coupling
introduces small variations in the total coupling strength experienced by each laser. These
variations can partially compensate for frequency disorder, thereby reducing the number of
possible steady-state solutions. Consequently, the final laser frequencies become more closely
aligned, resulting in more stable dynamics and a moderate enhancement of both frequency and
phase synchronization.

2. OPTIMIZING SYNCHRONIZATION IN SPARSELY COUPLED DIODE-LASER NET-
WORKS

A. Connectivity resonance in synchronization

The all-to-all coupled diode-laser networks studied in Sec. 1 demonstrate that random inho-
mogeneous coupling can partially compensate for frequency disorder and thereby enhance
synchronization. A different form of inhomogeneity arises from the network structure itself,
specifically, through sparse coupling architectures. From an experimental standpoint, sparsely
coupled laser networks offer practical advantages in implementation. As discussed in the main
text, network sparsity is quantified by the connectivity 0 < x < 1, defined as the fraction of
nonzero entries in the coupling matrix normalized by the total number of possible links M (M — 1).
The case y = 1 corresponds to all-to-all coupling. As x increases from zero, synchronization
attains a maximum at an optimal connectivity x*, giving rise to the phenomenon of connectivity
resonance, as described in the main text. Here we provide additional results illustrating the
emergence of this resonance, shown in Fig. S2.

In our simulations, following experimental considerations, the coupling matrix is constrained to
be binary (entries are either 0 or 1), symmetric, and free of self-coupling (zero diagonal elements).
For each connectivity level, we perform random sampling over 1000 sparse coupling configu-
rations with different frequency disorder realizations. The resulting values of (S) are shown
as yellow points in Figs. S2(a—i), corresponding to nine statistically independent realizations of
the frequency disorder. In each panel, the green curve represents the homogeneous, all-to-all
reference case.

For the homogeneous all-to-all network with coupling strength «, the total intrinsic coupling
per laser is

Homo = )_Kij = k(M —1).
]
In the case of sparse binary coupling, the expected total coupling per laser is

& = E[}_Kij] = x(M— 1)xf
j



(a) 0 | f“ 5 1 (b) 0 | “f“ 5 1 (C) 0 1
1 1 1 1 1 1
0.8 0.8 0.8 /\\\va\ 0.8 0.8 10.8
/ I
06 06  __06 £ 0 06 i
& /\/\V\ . ] - f :
04 0.4 04t | 0.4 04t | 0.4
/ / |
02 0.2 02 0.2 02 02
s rng(0) ) rng(2) P mg(3) |
% 05 1 % 05 1 % 05 1
X X X
@, Y @ s ) o ,
1 1 1 T 1 1 1
0.8 0.8 /\\,\J‘ 8 08 los
__06 __06 /i 06 0.6 /\\/_/«-TT 6
2 5 g f L g 7
0.4 o4t/ 4T o4 loa
0.2 02 0.2 / 102
. . rng(5) ) | rng(6) |
0 0 05 1 % 05 10
X X
@, O S
1 ! 1 1 1 1
08 ‘ 8 08 Mu 0.8 /\**’\/‘\-/ 0.8
_.06 f 06 06 1 {06 06 { 06
2l / Y / % 2 [ 7
0.4 / 0.4 0.4 / 0.4 0.4 // 0.4
0.2 0 0.2 10.2 0.2 0.2
o rng(7) | / rng(8) J/ rng(9)
0 0 0 0

05
X

1

05
X

Fig. S2. Connectivity resonance in sparsely all-to-all coupled diode laser networks. Frequency
disorder is modeled as Gaussian detuning, A; = 14 x A/(0,1) rad/ns, with nine independent
realizations (panels a—i, random seeds rng(0), rng(2)-rng(9); rng(1) shown in Fig. 2(a) of
the main text). In each panel, the green curve denotes the homogeneous all-to-all benchmark
Kj; = x(1 — ¢;;), while 1000 yellow points per connectivity level represent randomly sampled
sparse configurations, with the yellow curve indicating their average.

where x/ = 1,ns~ 1. For a fixed total coupling per laser, there exists a one-to-one correspondence
between x and the connectivity x. Remarkably, even with randomly sampled configurations,
sparse networks can outperform the homogeneous all-to-all networks near the synchronization
resonance region, as shown in Figs. S2(a—i). Furthermore, the synchronization peak «* observed in
the homogeneous case statistically coincides with the optimal connectivity x* in sparse networks,
indicating that the synchronization threshold is primarily determined by the total coupling per
laser.

B. Exploiting island genetic algorithm to find optimal sparsely coupled networks

In Sec. A, we showed that Monte Carlo sampling of sparsely coupled configurations can yield
networks exhibiting stronger frequency and phase synchronization than any homogeneous all-to-
all network with the same total coupling cost Ky, in the weak-coupling regime. This observation
implies the existence of optimal sparse networks with enhanced synchronization, motivating the
use of optimization methods such as genetic algorithms to identify such structures. To this end,
we employ an island genetic algorithm, initialized at the connectivity level that produces the best
synchronization performance in the Monte Carlo simulations, to discover coupling configurations
with further improved synchronization.

The implementation of the island genetic algorithm for our network optimization problem
proceeds as follows. A standard genetic algorithm is first applied to evolve a population of
200 candidate coupling matrices per generation. The optimization typically converges after
approximately 200 generations. Each matrix is evaluated using the synchronization measure
(S) as the fitness function. Parent matrices are selected via roulette-wheel selection, assigning
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Fig. S3. Comparison of coupling characteristics in homogeneous all-to-all networks and in
optimal sparse networks identified by an island genetic algorithm. Shown are the statistical
distributions of the network couplings as a function of frequency detuning differences. Panels
(a—i) correspond to random seeds rng(0) through rng(9), excluding rng(1) (already presented in
the main text). The ordering of random seeds matches that in Fig. S2. To emphasize the effect
of sparsity, the coupling strength is fixed at k = 1,ns~! for the homogeneous all-to-all case,
while links are selectively removed using an island genetic algorithm to enhance synchroniza-
tion. The removed connections indicate nonessential links. In each panel, the gray histogram
shows the synchronization distribution for the homogeneous case (S) ~ 0.67, averaged over
all frequency disorder realizations), the orange histogram corresponds to the optimal sparse
network, and the yellow histogram highlights the difference between the two.

higher selection probabilities to individuals with higher fitness. Crossover is then performed
between selected parent pairs, with each pair generating two offspring. Edges shared between
the parents are directly inherited, while the remaining edges are randomly assigned to preserve
the total number of links and ensure the same structural constraints as the parents. Each offspring
undergoes mutation at a fixed rate of 0.03, in which one randomly chosen link is removed and
replaced by a new random connection elsewhere in the network. The top 8 high-performing
individuals (elites) are preserved in each generation.

To promote diversity and avoid premature convergence to local optima, we implement a
migration strategy across four independent islands, each containing 50 individuals. Every five
generations, migration occurs sequentially: Island 1 — 2,2 — 3,3 — 4, and 4 — 1, where the
worst-performing 5% of individuals on the receiving island are replaced by the elites migrating



from the source island. This island-based genetic algorithm framework enhances exploration of
the optimization landscape while preserving the best-performing solutions, leading to robust
identification of sparse coupling networks with optimal synchronization properties.

The patterns providing physical insight into the optimized sparse coupling matrices obtained
from the island genetic algorithm are shown in Figs. S3(a—i) across different frequency disor-
der realizations corresponding to random seeds rng(0-9). These results reveal a characteristic
structure in which couplings are suppressed between lasers with small frequency differences
and preserved between those with large frequency separations. Consequently, the resulting
histogram exhibits a dip near zero frequency difference and an overall parabolic shape. To isolate
the effect of sparsity, coupling matrix elements for both the homogeneous all-to-all and optimized
sparse configurations are constrained to binary values, either 0 or 1, ns L. Figures S3(a—i) present
histograms quantifying the number of coupling elements with K;; =1, ns~! within discrete inter-
vals of the frequency differences A; — A;. In homogeneous all-to-all networks, all off-diagonal
elements satisfy K;; = 1, ns~1, so the histogram of Kjj versus A; — A; directly reflects the statistical
distribution of the frequency differences. As the frequencies follow a Gaussian distribution, the
corresponding histogram (gray background in Fig. S3) also appears Gaussian-shaped, with a
mean synchronization level (S) ~ 0.67 averaged over all frequency disorder realizations. In
contrast, the optimized sparse networks exhibit a marked reduction in couplings between lasers
with small frequency detuning differences A; — A; — 0,rad/ns , while preferentially preserving
connections among those with larger frequency separations. This trend is captured by the yellow
curves in Fig. 53, which display a distinct dip near A; — A; — 0,rad/ns and an overall parabolic
profile across the full range of frequency differences. These results suggest that optimal sparse
networks actively break the symmetric coupling pattern of the homogeneous configuration to
exploit frequency heterogeneity: by linking more detuned lasers, the system balances coupling-
induced locking and disorder-driven desynchronization, thereby creating an effective mechanism
of structural adaptation that promotes stronger global coherence.

3. COUPLED NETWORK OF LINEAR OSCILLATORS

We examine whether sparse and selective coupling enables faster global phase and frequency
synchronization, while requiring lower total coupling strength than conventional all-to-all or
nearest-neighbor configurations. To build design intuition and isolate the effect of coupling
topology from intrinsic laser nonlinearities, we model the system as a network of linearly coupled
oscillators that represent the laser array:

M
D) _ (6~ B () + LKy (1), sy
j#i
where E;(t) denotes the slowly varying complex field amplitude of laser i, and A; is its detuning
relative to a rotating frame at wp. Each cavity has a loss rate of ¥ = 500,ns~!. The coupling
topology is specified by the symmetric, sparse, binary matrix mathbbK, whose off-diagonal
elements represent the coupling strength between lasers i and j (K;; = Kj;, either 0 or x =1 ns1);
diagonal entries are set to zero to exclude self-feedback. The overall network connectivity is

quantified as
1
=—— ) Kii/x.
A M(M—1)ZZ].: ii/%

This linear system serves as a simplified representation of the Lang—Kobayashi model, neglecting
gain dynamics, phase-amplitude coupling, and propagation delay. While it does not yield
quantitative predictions, it provides clear intuition for designing coupling topologies.

The formal solution of Eq. (S1) can be expressed as E}"(t) = Uf”e”"t, where A" is generally a
complex eigenvalue, i denotes the laser index (i = 1,2,..., M), and m denotes the eigenvalue

index. Substituting this ansatz into Eq. (S1) gives
M
/\mU;ﬂ = (IAI — ’)’)U;ﬂ + ZKI']'ZJ}ﬂ,
i
which leads to the eigenvalue equation

M

m __ m,_,m
ZAUU] =A 'Ui ,
J#i
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Fig. S4. Example of the different coupling matrix for an array of M = 50 lasers. The laser are
ordered from the most negatively detuned (laser 1) to the most positively detuned (laser 50). A
black square indicate a link with coupling strength ¥ = 1 ns~!. (a) Random sparse matrix with
a connectivity of x = 40 %. The link are symmetric and random distributed over all laser. (b)
and (c) are example of the Selective sparse matrix for 40 % and 20 % connectivity respectively.
In this configuration the most detuned laser are connected first until the required connectivity
is achieved.

or equivalently, A - " = A™7". The matrix A takes the form

(idy—7) Kz e Kim
K :
aA=| ™ , (S2)
: Km-1ym
Kan o Ky (iBm—17)

which encodes both the coupling matrix K and the intrinsic dynamics of the individual oscillators,
(idi = ).

The eigenvalue spectrum A" and the corresponding eigenvectors 7" of the matrix A in
Eq. Eq. (52) determine the behavior of the network’s “supermode” solutions. Because all eigen-
values possess negative real parts, the eigenvalue with the largest real component identifies
the dominant or slowest-decaying supermode. Consequently, the analysis focuses on the cor-
responding eigenvector 7" m=, associated with the eigenvalue having the largest Re[A"max]. For
compactness, the field of laser i is written as E;(t) = v;e’. The imaginary part of A specifies the
oscillation frequency of the collective mode.

Each field E;(t) carries both the intrinsic phase of laser i and a global phase contribution from
eM. The phase coherence among lasers is quantified using the synchronization order parameter

1
R=—
M

’

Mo
2 ¢l arg(v;)
i=1

in which the global phase of A is excluded. The spatial intensity distribution is obtained from
|E;i(t)| = |v;||e*]. Since |eM] is a common time-dependent factor, it can be omitted, yielding a
time-independent intensity profile for the dominant supermode given by |E;| ~ |v;|.

To investigate how the dominant supermode attains a high degree of phase synchroniza-
tion—specifically, how individual lasers within the network synchronize under varying coupling
topologies—we simulate two types of sparse coupling configurations for laser arrays with sizes
ranging from M = 50 to M = 200. The first configuration, referred to as the random sparse
topology, is generated by randomly removing links from the full coupling matrix until the desired
connectivity is achieved. The second configuration, termed the selective sparse topology, is
obtained by progressively removing links between lasers with the smallest detuning values (see
Fig. 54 for representative matrices). For each topology, the connectivity x is varied from 6% to
50%, and simulations are performed over 100 realizations of laser frequency detuning drawn
from a normal distribution with a standard deviation of ¢ = 14 rad/ns. In the random sparse
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Fig. S5. Simulation results of the linear coupled network. (a) Average order parameter (R) of
the dominant super-mode 7" as a function of connectivity x for M = 100 lasers array. The
blue dot are for a random sparse matrix and the red cross for a selective one. (b) Comparison
of the average order parameter as a function of connectivity for different number of laser in a
selective sparse configuration. Blue dot is for M = 50, red cross M = 100 and yellow square for
M = 200. The dashed black line is set to (R) = 0.9 and used to define the critical connectivity
X*. All results are the average of 100 normally distributed frequency realization with standard
deviation of o = 14 rad /ns. The Random sparse configuration is also average over 10 different
random configuration. (c) Scaling of the critical connectivity x* as a function of the number of
laser M in the array for a selective sparse configuration.

case, an additional ensemble average is conducted over 10 distinct random realizations of the
coupling matrix.

Figure S5(a) compares the averaged synchronization order parameter (R) of the dominant
supermode for both random and selective sparse configurations. The selective sparse topology
achieves a highly synchronized state ((R) > 0.9) at substantially lower connectivity (x ~ 15%)
than the random sparse network (x ~ 30%). This improved efficiency arises because, in the
selective sparse case, the available coupling strength is directed primarily toward lasers with
larger frequency detuning. Synchronization theory predicts that for nonidentical oscillators, the
coupling must exceed the system’s intrinsic frequency spread to achieve phase locking [1-3].
Concentrating coupling power on the most detuned lasers, as shown in Figs. S4(b—c), allows these
elements to synchronize more rapidly and act as hubs that mediate global phase alignment across
the entire array.

Figures S5(b) and S5(c) further illustrate the scalability of the selective sparse topology. We
define a critical connectivity x* as the point where (R) = 0.9, indicating strong synchronization
of the dominant eigenmode. Repeating the analysis for arrays with M = 50, 100,200 lasers
reveals that x* decreases systematically with increasing M, following x* o« 1/(M — 1), consistent
with the expected scaling behavior. Thus, larger arrays require fewer overall links to achieve
global synchronization. However, if connectivity is reduced excessively in the selective sparse
configuration, some lasers may become disconnected from the network. In practice, an optimal
balance between selective and random coupling should therefore be employed for large-scale
arrays.

Section A provides conceptual insight into the emergence of hub structures within the gen-
eralized time-delayed Kuramoto model. It demonstrates that the presence of a hub topology is
a necessary, but not sufficient, condition for achieving synchronization in such systems. This
finding clarifies why the simplified network of coupled linear oscillators yields consistent qualita-
tive intuition regarding hub formation in the coupling matrix: near the steady-state, this linear
model can be mapped onto the generalized Kuramoto framework. Within this architecture,
reducing the number of coupling links can simultaneously ease experimental implementation
and promote global synchronization, both in amplitude and phase, while requiring minimal total
coupling strength. Consequently, a coupling matrix that strategically blends characteristics of
the selective-sparse and random-sparse topologies represents a promising design strategy. These
considerations underpin the main-text investigation of the Lang-Kobayashi model within the
effective thermodynamic potential framework.



4. EFFECTIVE THERMODYNAMIC POTENTIAL FOR THE LASER NETWORK

Starting from the complex Lang—Kobayashi equations [Egs. (1) and (2) in the main text], we
express the electric field in polar form as E;(t) = r;(t)e!%(!), where r;(t) and Q;(t) denote the
amplitude and phase, respectively. To separate the radial and angular components, we multiply
both sides of the complex electric-field equation by e~ %1 /7;(t). The real and imaginary parts
of the resulting expression then describe the amplitude and phase dynamics, respectively. The
corresponding coupled Lang—Kobayashi equations in polar coordinates [4, 5] are given by

#i(f) 1 M ri(t—1)
O Q[G(Ni(f)zri(t)) -] +]; Kij]"iT cos[Qj(t — T) — OQ;(t) — woT],
: o Mo r(t—T) |
i) = F[GNi(8), ri(1)) = 7] + A + ;K,-]-W sin[Q;(t — T) — O(t) — wpT],
j= 1
Ni(i') . ] G(N,'(t),i’,'(t))i’iz(t)
NGO NG NG (s3)

where the gain function is defined as
N;(t) — Np
G(N;(t),7;()) = g——~2——.
( 7()77( )) gl_"_srlZ(t)

Next, we consider the optimal sparse network obtained using the island genetic algorithm. The
corresponding steady-state solutions, shown in Figs. 2(b) and 2(c) of the main text, serve as the
foundation for simplifying the Lang-Kobayashi equations:

ri(t—1
ri(t) =1, Ni(t) = N?, and M ~ 1. (S4)
ri(t)
Under these approximations, the Lang—Kobayashi equations reduce to:
_1 G(N?, 73 y- K O (@) S
0=3[6( i/ri)_r)/]'i'; ijcos[Q(t — ) — Qy(t) — woT], (S5)
]:
- « S S M 3
Qi(t) = S[GINF,77) =]+ Bi + Y Kijsin[Q(t — ) — OQ;(t) — wot], (S6)
=1
_Jo G(N;, ) (r})?
0= N: YTn N: . (87)

By substituting the explicit form of the gain function from Eq. Eq. (??) into Eq. Eq. (??), the gain
term in Eq. Eq. (??) is eliminated, yielding a phase equation that no longer explicitly depends
on the gain. As a result, the phase dynamics depend only on the angular variables, effectively
decoupling from both the amplitude and the carrier number. The resulting equation takes the form
of a generalized time-delayed Kuramoto model[6] with an additional phase shift tan~! & + woT:

M
Ql‘(t) = Ai -V 1 + 0(2 Z%Kl] sin[Q,-(t) — Q](t — T) + tanfl o+ OJ()T]. (88)
]:

To derive the effective thermodynamic potential, we transform Eq. (S8) into the following gradient

flow form: 14

7:(t) = — = — .

() =~ 710,
where the collective coupling influence of the other lasers on laser i is contained in the thermody-
namic potential U(7;). The time-delayed phase difference is defined as

i (t) = Qi (t) — Q;(t — 7).

Associated with the steady-state synchronization solution, the phase variables (;(t) and Q;(t)
are proximal to each other. The second-order tensor 7;;(t) of the phase differences can then be
approximated by the following vector #;(t):

1i(t) = Qu(t) — Q;(t — 7). (89)



To proceed, we further assume a slow temporal evolution of the phase, so the finite difference can
be approximated by the average derivative:

ni(t)  Oi(t) + Ot — 12

. ~ 5 (510)
Combining Egs. (S9) and (510), we get
. 1 .
7i(t) = Ti(t) = ST (t). (S11)

Substituting this relation into the generalized time-delayed Kuramoto model [Eq. (58)] and
expanding about the synchronized steady-state solution, we obtain:

M

7i(t) = f% 25;(t) — 2TA; 4+ 2TV1 + a2 (Z Kij> sin[r;(t) + tan ' & + wot] | . (512)

=1
The effective thermodynamic potential can then be identified as:

U(ni(t)) = 77 (t) — 2tAm;(£) — 2TV 1 + a2ki™ cos[n; (t) + tan ™! & + wy ], (S13)

and

denotes the intrinsic coupling strength coming from other lasers to the ith laser. This expression
generalizes the result for a single laser [7]:

U(v(t)) = v2(t) — 211 + a2y cos[v(t) + tan ' a 4 wy], (S14)

where 7 is the self-coupling strength and v(t) = Q(¢) — Q(t — 7). The thermodynamic potential
in Eq. (S13) indicates that the effective coupling strength

K; = V1 + a2k

is governed by the time delay 7, the linewidth enhancement factor a (responsible for ampli-
tude—phase coupling), and the intrinsic coupling strength k%“ (or v for a single laser).

The local minima of the potential U(7;(t)) can be determined through the first and second
derivatives with respect to #;(t):

% = 5;(t) — TA; + K; sin[;(t) + tan~ o + woT] =0, (515)
w — 14 K; cos[i(f) + tan L& + wot] > 0. (S16)
di; (t)

Setting woT = 2k, Eqs. Eq. (S15) and Eq. (S16) can be further simplified as

n—TF; = —K;sin(y + ¢), (517)
14+ K;cos(n+¢) >0, (S18)

where [F; = TA; denotes the effective detuning, and the constant phase shift is defined as
¢ = mod(tan~! & + wyT,271) ~ 0.477.

The variational principle dictates that the system’s dynamical steady state converges to a local
minimum of the potential. However, as the effective coupling strength increases, the number
of possible steady-state solutions also grows. A nonzero amplitude—phase coupling factor, «,
destabilizes these steady states [8-10], leading to the emergence of multiple basins of attraction.
The cross intersections obtained from Eq. (??), highlighted by the red dots in Fig. 5 in the main
text, represent the time-delayed phase difference

i () ~ QT 4 i) — @it — 7).



In the case of complete synchronization, the solutions of 77; become independent of the laser index
i and reduce to )
nt ofitr = 27 ffinal T,

for ¢;(t) = ¢;(t — 7). To compensate for frequency disorders and ensure that #* is independent
of the laser index i, the effective coupling must be sufficiently strong: For an arbitrary laser i, the
effective coupling strength should exceed the effective detuning, i.e., K; > K¢ = |IF;|, or

KN > A/ V1 + a2,

Here, K represents the critical effective coupling strength required for laser i to sustain steady-
state solutions. When the effective coupling exceeds this threshold, the solutions of #; for all lasers
can reside within the same regime, 1 + K; cos(7 + ¢) > 0, corresponding to near-synchronized
steady states. In this regime, the maximum final frequency difference is determined by the
width of the allowed range. As the effective coupling continues to increase, the final frequency
difference gradually decreases, while the presence of nonzero amplitude—-phase coupling induces
the formation of multiple attractors and ultimately triggers the onset of chaotic dynamics. A more
detailed discussion of these behaviors is presented in the next section.

5. PHYSICAL UNDERSTANDING OF THE OPTIMAL SPARSE NETWORK STRUCTURE

A. Direct intuition for the hub structure

The complete frequency and phase synchronization in the steady state remains challenging for
homogeneous all-to-all coupled networks, due to the non-negligible effects of frequency disorder.
Starting from the generalized time-delayed Kuramoto model in Eq. (S8), a fully synchronized
steady state requires identical frequency and phase evolution in the radial part, i.e., Q;(f) ~
Q;(t) = Qst + @s(t). This leads to the relation

Qi(t) — Qj(t = 1) = Qs+ @s(t) — @s(t — 7).

Substituting it into the phase dynamics in Eq. (S8) yields:
Qs + ¢s(t) = Aj— \/1+zx2sm[QST+(ps() Ps(t—1)

+tan! & + wot] Z Kjj, (S19)
=1

where the homogeneous all-to-all coupling implies the constant coupling strength per laser:
ZK,] =k =x(M—1)

for all i. This uniformity limits the system’s ability to satisfy the phase dynamics equation across
all A;, thereby precluding a fully synchronized solution when the effect of frequency disorder is
non-negligible.

Can an optimal solution be found which supports complete frequency and phase synchro-
nization for inhomogeneous networks? In this case, the quantity Z =1 Kjj can vary with the

laser index i, denoted as k;“ This leads to variations in the osc1llat10n amplitude « k}n, which,
if appropriately configured, can reduce the number of steady-state solutions and shrink the
final frequency differences within the regime satisfying 1+ K; cos(y7 + ¢) > 0. However, if the
variation is too large or deviates significantly from the optimal configuration, synchronization
deteriorates—consistent with the results shown in Fig. S1.

Moreover, Eq. (519) suggests that, to compensate for the effects of frequency disorder, the
coupling strength per laser should be proportional to the frequency detuning, i.e., k' & c(t)A;,
where ¢(t) is a general time-dependent coefficient arising from the time-dependent phase terms.
This hub relationship is a necessary but not sufficient condition for the optimal sparse network.
By significantly reducing the number of steady-state solutions and adaptively adjusting the
effective coupling strength for each laser, these structures enable near-complete frequency and
phase synchronization.
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B. Sparse network analyzed via the thermodynamic potential theory

Based on the thermodynamic potential theory, a more quantitative understanding can be gained.
In particular, for a sparse network with a binary sparse matrix in the presence of frequency
disorder, the thermodynamic potential associated with each laser takes the form

U(y;(t)) = 17,-2(t) —2tA(H) = 2TV1 + azkfé,- cos[n;(t) + tan Lo + woT)), (S20)

where k}“ = 1/ & with x/ = 1ns™! denoting the feedback coupling coefficient and ¢; representing
the number of connections for the ith laser due to the binary sparse nature of the network. To
simplify, the effective coupling per laser is

K; = V1 + a2/ &,

The total number of connections is given by

M
Y & =xM(M-1). (S21)
i=1

The underlying physical picture is that the island-based genetic algorithm constructs optimal
sparse networks in which variations in ¢§; across different lasers compensate for the effects
of frequency disorder. Beyond this tailored design for disorder compensation, the imposed
sparsity also reduces the overall effective coupling strength, thereby mitigating multistability and
promoting stable synchronized dynamics. Consequently, the networked laser system evolves
toward a steady state characterized by both frequency and phase synchronization.

ns~! (b) K;; for rng(2) ns~!
1

No. Laser
S

No. Laser

(g) K;; for rng(7) ns
1t m =m

No. Laser
S

1 12 24
No. Laser

No. Laser

Fig. S6. Optimal sparse coupling matrices for nine different frequency-disorder realizations. (a-
i) Binary color-encoded optimized coupling matrices corresponding to the frequency disorder
A =14 x N(0,1) rad/ns, generated using random seeds rng(0) to rng(9), excluding rng(1).

To compensate for frequency disorder in Eq. (517) and Eq. (S18), the effective coupling strength

for each laser must exceed its effective detuning, i.e., K; > |FF;| = T|A;|. This condition imposes a
lower bound on the number of connections ¢; for the i-laser such that

& > A/ (K V1 +a?2)

11



ensuring the existence of steady-state solutions at small values and a narrow region of #. This
criterion is consistent with the observed hub structure, where lasers with larger local detuning
require a greater number of connections to maintain synchronization, as shown in Fig. S6. Fig-
ures S6(a—i) display the optimized sparse binary coupling matrices corresponding to different
realizations of the frequency disorder. The row sum of each matrix, representing the number of
connections of laser i, further supports the trends reported in the main text by illustrating how
connectivity adapts to local detuning variations.

Accordingly, the extreme detuning sets the lower bound for the optimal number of connections
¢* required to achieve synchronization across all lasers. Under the frequency disorder profile
A; = 14 x N'(0,1) rad/ns with M = 24, the extreme detuning magnitude is approximately
|Ag| ~ 30 rad/ns, so

& > |Mol/ (K V1 +a2).

Since the network connectivity parameter ) can be related to the number of connections by
(&) = x(M —1)ns~! due to Eq. (521), we get

X5 > xe = |80/ [1Kf (M —1)V/1 +a2] = 0.26. (S22)

This estimate aligns with the simulation results in Fig. S2, where all synchronization peaks occur
within the connectivity range of approximately 0.3 to 0.4. It also derives the scaling relation
X" «1/(M — 1), consistent with the numerical results in Fig. 3 in the main text.

As illustrated in the schematic diagram in Fig. 5(a) of the main text, a uniform oscillation
amplitude resulting from homogeneous all-to-all coupling does not guarantee consistency among
all intersection points, #*. This inconsistency indicates that the corresponding dynamic angular
frequencies, Ot = 5* /7, differ across lasers. Introducing sparsity into the network, by scaling
the coupling strength with the number of connections, ¢;, for each laser, helps fine-tune these
intersections. As shown in Fig. 5(b) of the main text, variations in ¢; adjust the values of ¥,
bringing them into closer alignment. Furthermore, allowing an adaptive number of connections,
¢;, substantially reduces the number of steady-state solutions and confines them to a narrower,
lower-frequency domain compared with the homogeneous all-to-all coupling configuration.

6. ROBUSTNESS OF SYNCHRONIZATION IN SPARSE LASER NETWORKS

A. Robustness against dynamic and initial-state noises

Incorporating the dynamic and initial-condition noises into the Lang-Kobayashi equations leads
to the following stochastic differential equations [4]:

1+i(X ( Ni(t)—No

aE(1) /dt = = (81 STE

7) E:(f) +i0E: ()

. M
4 g7 H00T Zl Kl']'E]‘(t - T) + FE,/
=

N;i(t) — No

dN;(t)/dt = Jo — yuN;(t) — 81 s|E ()]

Ei(t)]* + Fy;.- (S23)
Depending on the wavelength, the natural frequency of the diode lasers lies on the order of 102
THz, which poses challenges for numerical simulation. It is conventional to adopt a rotating frame
at the reference frequency wy = 2k7/7 for some integer k so that the shift factor exp[—iwgT]
accounts for the phase accumulation induced by the time delay. Thus, the detuning of the i-th laser
with true angular frequency w; is A; = w; — wy. The steady state of the uncoupled free-running
lasers, E; (t) = rs exp[iA;t], where r; is the steady-state electric field amplitude and N;(t) = N,
over the interval t € [—7,0] can be set as the initial condition for fast convergence, where

2= [Jo— 1n(v/g+No)l/[y(1 + 1us/8)],
Ns = (1+sr2)y/g + No.

A major source of dynamic noise in the diode lasers is spontaneous emission in the electric field
given by [4]

(FEi(t),FE/(t’)) = Repdijo(t —t'), (S24)
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with Rsp being the spontaneous emission noise strength. This is essentially a Gaussian white
noise. Another source of dynamic noise is the stochastic fluctuations in the carrier dynamics,
which is multiplicative with intensity proportional to the carrier number:

(Eni (1), BNy (1)) = 1aN;i(£)636(t — ). (S25)

In addition to the noises due to spontaneous emission and carrier-number fluctuations, the initial
conditions in the time-delay buffer are also subject to stochastic fluctuations, giving rise to another
source of Gaussian noise in the complex electrical field and carrier number:

RIEF ()] (1 + oinieV (0, 1)), S[EF (H)](1 4 01nieN (0,1)), Ns (1 4 0inieN (0, 1)). (526)

In our simulations, the Gaussian random variables in (526) are independently generated for each
laser and for each point in the initial time-delay interval. We integrate Eq. (523) using MATLAB's
dde23 solver [11] in the noise-free case and employ the Adams—Bashforth-Moulton stochastic
integration method [12] for the case with dynamic noise.
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Fig. S7. Robust synchronization against dynamic and initial-condition noises. The optimal
sparse laser network is from Fig. 2 in the main text, obtained from the island-based genetic
algorithm. (a,b) Color-coded plot of the average synchronization strength (S) and the standard
deviation of (S}, respectively, in the 2D parameter plane of (Rsp, 0init), where four values are
chosen for each parameter: Rsp = {5,10,50,100} ns~! and i = {1076,1074,1072,10~1}. For
each combination of {Cinit, Rsp }, (S) is calculated using 100 independent realizations, which are
used to calculate the the quantities (S) and (s)-

Our goal is to assess how robust the optimal sparse network in Figs. 2(b) and 2(c) of the main
text is against the dynamic and initial-condition noises by calculating the average synchronization
strength (S) in the 2D parameter plane of (Rsp, 0init). The results are shown in Figs. S7(a) and S7(b).
Even under 10% initial-condition noise (0jnit = 0.1) and relatively large spontaneous emission
noise (Rsp = 100 nsfl), stable and strong synchronization can be achieved, with fluctuations in
the synchronization strength within about 0.2%. The results in Figs. S7(a) and S7(b) indicate that
the optimal sparse networks found by the genetic algorithm can achieved robust synchronization
against different types of noises in the diode lasers.

B. Robustness against random variations in frequency detuning, coupling strength, and pump
rate

The optimal sparse network in Fig. 2(b) and 2(c) in the main text was obtained for a fixed set
of frequency detuning disorders. What is the effect of random fluctuations in the frequency
detuning on synchronization? To answer this question, we perturb the frequency disorder A;
to A; + 0N (0,1), where A/ (0,1) denotes a standard Gaussian random variable of zero mean
and unit variance, as illustrated in Fig. S8(a). Remarkably, even when the perturbation strength
0w reaches approximately 35% of the original disorder strength o, the synchronization strength
(S) decreases only modestly: from 0.96 to 0.90 (a mere 6.7% reduction) as shown in Fig. S8(b).
This result suggests that, insofar as the relative ordering of the frequency disorder magnitudes is
preserved as shown in Fig. S8(a), strong frequency and phase synchronization associated with the
optimal sparse network can be robustly maintained.
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Fig. S8. Robustness in synchronization of the optimal sparse network against perturbations in
frequency disorder, nodal coupling strength, and pump rate with the initial frequency standard
deviation of oy = 14rad/ns. (a) Perturbation applied to the frequency detuning: A; — A; + dw;,
where dw; = 0, N(0,1), with N'(0, 1) denoting a standard Gaussian random variable of zero
mean and unit variance. Shown is the relative frequency detuning, shifted by 40 rad/ns, for
0w = 3, 5and 10 rad/ns, with standard error bars calculated from 100 random realizations.
(b) Resulting synchronization strength as a function of o, for o, = 0.1,0.5,1,3,5,10rad/ns,
normalized by 0. Error bars denote the standard deviation over 100 random realizations at
each 0y,. (c) Synchronization strength (S) under perturbations to the nodal coupling strength:
Kjj — Kjj + K;j, where 6K;; = 0, U(0, 1), for oic = 0.01,0.03, 0.05,0.08,0.1,0.15,0.2,0.25,0.3ns 1.
The mean coupling value is obtained by (Kj;) = ¥ Kj;/ M? = x*.(d) Threshold pump rate
Jin = 7n(No + 7v/g). The pump is scanned over [/ Jy, € [1,10], and the corresponding synchro-
nization measure (S) is plotted as a function of ]/ Jy,. In the present study, the operating pump
is Jo = 4], ~ 3.67 x 108 ns—1.

What is the effect of random perturbations in the nodal coupling strengths of the optimal sparse
network on synchronization? To answer this question, we introduce perturbations to the coupling
matrix in the form K;; + o, U (0, 1), where U(0, 1) denotes a uniform random variable, as shown
in Fig. S8(c), and the perturbations make the coupling configuration no longer binary. We find
that the synchronization strength decreases approximately linearly as the perturbation strength
o increases. The mean coupling is given by (Kj;) = 1 Ki;/ M? = x* in the optimized sparse
coupling network. As shown in Fig. S8(c), a 25% perturbation by 0 / (Kjj) leads to a comparable
reduction in synchronization strength from 0.96 to 0.90 (a 6.7% reduction).

The pump rate also influences the degree of synchronization. When the pump rate is too
low, the electric field is insufficiently excited, hindering synchronization. Conversely, when
the pump rate is excessively high, the electric field saturates, offering no additional benefit to
synchronization. In our analysis, the pump rate is evaluated in normalized form, [/ Jy, € [1,10].
As the pump rate decreases from its original value [] = 4], in our study], synchronization tends
to decline; however, a 13% reduction still yields a high synchronization level with (S) > 0.9. In
the opposite direction, increasing the pump rate beyond the original value leads to a saturation
effect, with synchronization remaining nearly constant at higher pump levels.

Taken together, the results in Fig. S8 demonstrate the synchronization robustness of the optimal
sparse network against perturbations in the frequency disorder, the nodal coupling strength and
pump rate.
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Fig. S9. Demonstration of the capability of island genetic algorithm in generating near opti-
mal solutions of sparse network matrices. (a-i) Synchronization strength (S) for “mixed” op-
timal sparse networks. Five optimal networks are first generated by the genetic algorithm for
M =24 and A = 14 x N'(0,1) rad/ns (from random seed rng(1)). The coupling matrices are
interpolated (or “mixed”) using the mixing parameter ¢ € [0, 1] - see text for details. For each
value of ¢, 100 random realizations are used to calculate the average (S) value and its standard
deviation. The fact that the (S) values in all cases remain high with relatively small variations
implies that the genetic algorithm is capable of exploring diverse regions of the solution space
to produce the optimal sparse network.

C. Optimization landscape for island genetic algorithm
In the main text, the random frequency disorder is generated according to A = 14 x A’(0,1) rad/ns
with the random seed rng(1) for a network of M = 24 lasers. Each independent run of the island
genetic algorithm produces a distinct optimal sparse matrix that defines the network. Do these
different optimal networks still possess a similar synchronization capability /behavior? As the
optimal solutions correspond to some valley (peak) or minima (maxima) on the optimization
landscape, equivalently one can ask whether the optimal networks (matrices) lie within the same
basin of attraction [13]?

To address this question, we “mix” the optimal networks on a pairwise base and introduce
a parameter ¢ € [0,1] to characterize the mixing. In particular, for a given frequency disorder
configuration, five independent executions of the island-based genetic algorithm with identical
hyperparameters but different random seeds yield five optimal coupling matrices, denoted as
Kl-GA fori = 0,1,2,3,4. Since each matrix is required to be binary, a direct interpolation is not
applicable. Instead, for any pair of matrices KiGA and K]GA, we define the difference matrix as
AK%A = Kl.GA — K&4, whose zero elements correspond to the connections shared by the two
matrices. To quantify the difference, we count the number of elements in the upper triangular
part of AKiGA with values equal to —1ns~! and 1ns~!, denoted as Ni]fl and Nilj, respectively.
Since all five optimal coupling matrices have the same connectivity level, the total coupling cost
is identical across them, meaning that the total numbers of edges of the five matrices are the same,

15



implying Ni]fl =N 11] In fact, N ijfl is the number of links absent in KiGA but present in K]-GA, ie,
{(m,n) |AK$A (m,n) = —1ns~1}, with Nilj corresponding to the links present in K54 but absent
in K]GA. In the mixing process, we retain all the common links (i.e., those with A Kl.G.A = 0) but

modify the rest by randomly selecting a fraction ¢ of the distinct links. Specifically, we randomly
add QNZ.]T1 links from the set in which KjGA has connections but KZGA does not, and remove QNilj

links from the set where KiGA has connections but K](;A does not. The resulting mixed matrix

constructed from KiGA and K]GA, denoted as Kg’lﬁ(, preserves the properties of being binary and

symmetric with zero-diagonal constraints as described in the main text. By this construction, for
0 = 0, we recover Kgﬁ( = KiGA and, for ¢ = 1, we have Kgﬁ( = K]G‘q.

The optimization landscape revealed by this mixing process is illustrated in Figs. S9(a—i), where
pairwise mixtures are performed among five independently optimal sparse coupling matrices.
Each matrix differs from the others by approximately 30% of the links, yet all leading to similarly
high synchronization performance, indicating that the genetic algorithm has effectively identified
some local optimum with a relatively large basin of attraction. Note that, if the level of consistency
in synchronization decreased, the mixed network configurations would reside in distinct valleys
of a rugged, non-convex optimization landscape. Thus, even if there are multiple, well-separated
basins of attraction, the genetic algorithm is capable of exploring diverse regions of the solution
space to produce the optimal sparse network, in spite of the lack of guarantee that the algorithm
would find the global optimum.

While the global optimum is unknown, the island genetic algorithm consistently discovers
distinct, high-quality local optima in the sense of near-maximal synchronization, highlighting the
algorithm’s robustness and its ability to perform reliably in complex, non-convex combinatorial
optimization problems. We find that, in the worst case of the mixing process, the synchronization
measure remains about (S) = 0.9, corresponding to only a 5% reduction from the best achievable
value, further illustrating the robustness of the optimization landscape.
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Fig. $10. Synchronization comparison between stepwise and smooth coupling ramps. Panels
(a,b) illustrate two strategies for ramping the coupling strength, discontinuous (stepwise) and
continuous via (Kj;(t) = K;j/[1 + exp[—[t — 10]]]), with the same target coupling configuration.
Panels (c-h) report synchronization outcomes for three distinct frequency-disorder realizations
(labeled by rng). Discontinuous ramps appear in (c,e,g), while continuous ramps appear in
(d,£h). In each pair (c,d), (e,f), and (g,h), the final coupling configuration after tens of nanosec-
onds is the same and fixed.
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D. Synchronization under time-dependent coupling ramping

In our simulations so far, a discontinuous coupling profile over time is assumed, where the
strength of each coupling element is turned on abruptly to a nonzero constant at t = 0, as
shown in Fig. S10(a). Will a smooth, continuous coupling ramp, as shown in Fig. S10(b), affect
synchronization? Figures S10(c-h) show, for M = 24, the time evolution of synchronization
under several optimized sparse coupling configurations with a hub structure. These results
indicate that, for a given coupling topology, different ramping schemes can have no significant
effect on the final synchronization, in spite of small differences in the dynamical behavior of the
synchronization measure. Overall, the choice of the way by which coupling is turned on has little
effect on the final synchronization.
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