
Floquet quantum many-body scars in the tilted Fermi-Hubbard chain

Jun-Yin Huang,1 Li-Li Ye,1 and Ying-Cheng Lai1, 2, ∗

1School of Electrical, Computer and Energy Engineering,
Arizona State University, Tempe, Arizona 85287, USA

2Department of Physics, Arizona State University, Tempe, Arizona 85287, USA
(Dated: December 29, 2024)

The one-dimensional tilted, periodically driven Fermi-Hubbard chain is a paradigm in the study
of quantum many-body physics, particularly for solid-state systems. We report the emergence of
Floquet scarring states, a class of quantum many-body scarring (QMBS) states that defy ran-
dom thermalization. The underlying physical mechanism is identified to be the Floquet resonances
between these degenerate Fock bases that can be connected through the first-order hopping pertur-
bation. With the aid of the degenerate Floquet perturbation theory, we derive the exact conditions
under which the exotic QMBS states can emerge. Phenomena such as quantum revivals and subhar-
monic responses are also studied. Those results open the possibility of modulating and engineering
solid-state quantum many-body systems to achieve nonergodicity.

I. INTRODUCTION

Since the experimental observation of quantum re-
vivals in Rydberg atom arrays [1], the phenomenon of
quantum many-body scarring (QMBS) [2] has attracted a
great deal of interest [3–18]. In general, QMBS states sig-
nify a weak breaking of ergodicity and thus a violation of
the eigenstate thermalization hypothesis (ETH) [19, 20]
for quantum many-body interacting systems that are ex-
pected to thermalize and thus be ergodic [21]. A recent
experimental work [22] showed that quantum revivals can
be enhanced and stabilized via periodic driving, opening
the possibility that QMBS can arise in quantum Flo-
quet systems and raising the questions of whether QMBS
states can arise in driven quantum systems in general.
An affirmative answer would open the door to exploiting
Floquet engineering for modulating and controlling the
QMBS dynamics, and uncovering the underlying phys-
ical mechanism responsible for the emergence of Flo-
quet scarring states then becomes an important issue.
There were recent efforts in systems such as the driven
PXP model [23–28], the Bose-Hubbard model [29–32],
diecrete-time crystals [33–35], and others [36–39]. For ex-
ample, in the PXP models under some engineered driving
protocols, a breakdown of the ETH was demonstrated
and the Floquet scarring states were analyzed [23–25].
Most existing works on the Floquet scarring dynamics
were based on the PXP model with engineered driving
protocols.

The one-dimensional (1D) Fermi-Hubbard chain repre-
sents another paradigm for studying complex many-body
physics, particularly in solid-state systems. Recently, ex-
perimental realization of the 1D titled Fermi-Hubbard
chain was achieved by using cold atoms in a 3D optical
lattice [40], providing a natural setting for investigating
weak ergodicity breaking due to Hilbert space fragmen-
tation [40–42]. It was also found that, beyond fragmen-
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tation, the 1D titled Fermi-Hubbard chain hosts QMBS
states in some specific regime at half filling [17]. An
outstanding question is whether Floquet scarring states
can generally arise in the driven tilted Fermi-Hubbard
systems. We note that, if the answer is affirmative, the
cold-atom systems would provide a feasible experimen-
tal platform for verification, where the on-site Coulomb
interaction strength can be readily controlled through a
Feshbach resonance [43–45]. Another potential experi-
mental system is the lattices of dopant-based quantum
dots [46].

In this paper, we investigate the possible emergence of
Floquet scarring states in the 1D tilted Fermi-Hubbard
chain with periodically driven on-site Coulomb inter-
actions. We first numerically identify the signatures
of such scarring states in terms of the typical features
of QMBS states in the corresponding static chain sys-
tem [17]. These signatures include persistent quantum
revivals following quenches from some specific initial
states, suppressed entanglement entropy, and the scarred
tower structures in the overlaps of the Floquet eigenstates
associated with some specific initial states. We find that
Floquet scarring dynamics can arise when there is a fre-
quency match between that of the quantum states and
that of the driving regardless of its amplitude. In partic-
ular, the scarring dynamics periodically emerges as the
static detuning term of the Coulomb interaction varies
in integer multiples of the driving frequency. Exploiting
the degenerate Floquet perturbation theory [23], we ana-
lytically derive the emergence conditions for the Floquet
scarring states and uncover the underlying mechanism:
the Floquet scarring dynamics are the result of the res-
onances among the degenerate Fock base states that are
connected through a single hopping process. That is,
the resonances leading to the Floquet scarring dynamics
are induced by only first-order hopping perturbations.
We also find that, similar to the static chain, the equal
quasienergy separation of the scarred towers is responsi-
ble for the observed quantum revivals [23, 31]. The sub-
harmonic and incommensurate responses of the revivals
to driving are observed in distinct frequency regimes.
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These responses and the synchronization effect open the
door to modulating and engineering the Floquet scarring
dynamics [27, 28].

Intuitively, the resonances among the degenerate Fock
states can lead to unbounded heating or thermalization
in many-body Floquet systems, so stable scarring states
require the absence of such resonances [37]. The reso-
nance mechanism leading to Floquet scarring states is
thus surprising. We also note that, in Ising and Heisen-
berg interacting systems, a previous work [37] revealed
that the resonances play a somewhat opposite role in the
emergence of Floquet scarring states. In particular, in
these systems, the emergence mechanism was found to
be dynamical freezing under a strong driving. At the so-
called “scarring points”, the longitudinal magnetization
becomes an emerged conserved quantity, preventing the
system from heating up ergodically - the phenomenon of
freezing. The resonances tend to destroy the inertness
of the scarring point, implying the emergence of stable
Floquet scarring dynamics without resonances. The rea-
son for the seeming contradiction with our results lies
in the nature of the unperturbed dynamics. In Ising and
Heisenberg interacting systems, the unperturbed systems
can heat up ergodically, which is thermal. However, at
a scar point, the dynamics are severely constrained by
the emergence of some local conserved quantity, while
the resonances would significantly weaken the dynamical
constraint. In our study, the unperturbed system does
not thermalize because all the fermions are fully confined
to their initial lattice sites. The resonances induced by
the hopping perturbation then open the way to heat up.
In addition, the resonances do not lead to unbounded
heating, since the hopping amplitude is typically much
smaller than the corresponding quantity associated with
the on-site Coulomb interaction and the tilted potential.

In Sec. II, we introduce the 1D driven tilted Fermi-
Hubbard chain and describe the phenomenon of QMBS
in the corresponding static chain. The Floquet scarring
states are investigated in Sec. III, where the phenomenon
of quantum revivals is studied in Sec. III A and the con-
ditions dictating the emergence of the Floquet scarring
states are obtained numerically in Sec. III B. An ana-
lytic derivation of the emergence conditions is presented
in Sec. IV, based on the degenerate Floquet perturbation
theory. The phenomena of subharmonic and incommen-
surate responses to driving are presented in Sec. V. A
summary and discussion are presented in Sec. VI. The
methods for calculating the quantum evolution dynamics,
bipartite von Neumann entanglement entropy, and an er-
ror analysis are given in Appendix A and the transition
from Wannier-Stark localization to Floquet scar phase
is described in Appendix B. A detailed description of
the Floquet perturbation theory is given in Appendix C,
and a robust period-doubling phenomenon is presented
in Appendix D.

II. 1D TILTED FERMI-HUBBARD CHAIN

The 1D tilted Fermi-Hubbard chain under periodic
driving, as schematically illustrated in Fig. 1, is described
by the following Hamiltonian [17, 40]

H =
∑

j,σ=↑,↓

(
−Jĉ†j,σ ĉj+1,σ + h.c.+∆jn̂j,σ

)
+ U(t)

∑
j

n̂j,↑n̂j,↓, (1)

where ĉ†j,σ (ĉj,σ) is the fermionic creation (annihilation)

operator on site j with the spin index σ, n̂j,σ = ĉ†j,σ ĉj,σ is
the density operator, J and ∆ are the nearest-neighbor
hopping amplitude and spin-independent tilted potential,
respectively. For simplicity, we consider the case where
the on-site Coulomb interaction is described by a square-
wave driving function:

U(t) = U0 + Um sgn (cos(ωt)) , (2)

where U0 is the static detuning, Um is the modulation
amplitude, and ω is the driving frequency. Experimen-
tally, the linear static tilt ∆ can be implemented using
a magnetic field gradient and the time-periodic signal
U(t) can be modulated via a Feshbach resonance [43–45].
Without loss of generality, we use the system setting [17]
of an even number L of sites with the initial state contain-
ing equal numbers of spin-up and spin-down fermions.
Periodic boundary conditions are used to eliminate any
boundary effects.

∆

Drive

JU

𝑥

FIG. 1. A schematic illustration of the 1D tilted Fermi-
Hubbard chain. The on-site Coulomb interaction is driven
by a periodic signal: U(t) = U0 + Um sgn (cos(ωt)), where J
is the nearest-neighbor hopping amplitude and ∆ is a spin-
independent tilted potential. The spin up (down) fermions
are colored in red (blue).

To recognize Floquet scarring states, we first describe
QMBS states in the corresponding undriven system [17].
Our notations are as follows: ↑ for spin up, ↓ for spin
down, 0 for an empty site, and ↕ for a doublon. At the
filling factor

ν = (N↑ +N↓)/L = 1,
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the undriven system hosts QMBS states in the regime
∆ ≈ U ≫ J , which can be conveniently probed us-
ing a quantum quench process from some special non-
equilibrium initial states |ψs⟩. Such initial states can be

|↓↑↑↓ · · ·⟩ and |↓ · · · ↓↕ 0 ↑ · · · ↑⟩ ,

as well as their spin-reversed states

|↑↓↓↑ · · ·⟩ and |↑ · · · ↑↕ 0 ↓ · · · ↓⟩ .

A salient feature of QMBS states is the fidelity revival
during the time evolution that starts from the special
initial states |ψs⟩. Specifically, the fidelity measures the
overlap between the time-evolved quantum state |ψ(t)⟩
and its initial state |ψ0⟩:

F (t) ≡ |⟨ψ(t)|ψ0⟩|2. (3)

The revival behavior is characteristically different from
that of a random initial state |ψth⟩, which typically ther-
malizes quickly and so the fidelity rapidly decays to zero
and remains near zero over time.

Differing from previous work [17], we treat the full
chain directly, following the numerical methods in
Ref. [40]. The details are provided in Appendix A. For
convenience, the hopping parameter and the Planck con-
stant are normalized to J ≡ 1 and ℏ ≡ 1, respectively.
In an undriven chain, the revivals from the initial state

|ψs⟩ = |↓↑↑↓↓↑↑↓⟩

are shown in blue color in Fig. 2(a), where the revival

period is T∗ ≈
√
2π and the height of the revival peak

decreases with time. Another quantity characterizing
quantum-state evolution is the bipartite von Neumann
entanglement entropy SN/2, which is suppressed in a
quantum quench. Figure 2(b) plots

SL/2 = Sl = −trρl log ρl

in blue color, where the subscript l (r) denotes the left
(right) half-chain, and

ρl(t) = trr|ψ(t)⟩⟨ψ(t)|

is the reduced density matrix for the left subsystem with
the right subsystem traced out. The system eigenstates
can be calculated by diagnalizing the Hamiltonian of
the full chain in the standard Fock space. The over-
lap of eigenstates with the initial state |ψs⟩ is shown in
Fig. 2(c), demonstrating the scarred eigenstates [3] as
indicated by the scarred tower structures and the black
dots at the top of the towers. These towers have a near-
equal energy separation δE ≈

√
2, as the “embedding”

construction in a thermal eigenstate. The scarred eigen-
states have an abnormally high overlap with the initial
state |ψs⟩, resulting in the revivals in Fig. 2(a) with the
revival period T∗ ≈ 2π/δE, i.e., ω∗ ≈ δE.
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FIG. 2. Scarring dynamics in a quench process in the 1D tilted
Fermi-Hubbard system. The initial state is |ψs⟩ = |↓↑↑↓↓↑↑↓⟩.
The system parameters are L = 8 and ∆ = 10. The undriven
case for U = 10 is represented by the blue color, and the
driven case by orange for U0 = 4.4, Um = 5.6, and ω = 2

√
2.

Time evolution of: (a) wave function fidelity F and (b) bi-
partite entanglement entropy SL/2. (c, d) Overlap of the
eigenstates and Floquet eigenstates with |ψs⟩ for the undriven
and driven cases, respectively, where the black dots indicate
the top of the tower structures, corresponding to the scarring
states in (c) and the Floquet scarring states in (d). These
towers have an equal or approximately equal energy separa-
tion of about

√
2 in (c) and ω/4 in (d).
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III. EMERGENCE OF FLOQUET SCARRING
STATES

A. Quantum revivals

Figure 2(a) presents an example of the phenomenon
of quantum revivals, where the fidelity exhibits distinct
peaks during the time evolution and the revival period
is about twice of that for the undriven case: Tr ≈ 2T∗.
Since, for static detuning U = U0, there is no revival
of the initial state |ψs⟩ due to the rapid thermalization,
the results in Fig. 2(a) suggest that the periodic driving
induces and enhances quantum revivals, as characterized
by the higher revival amplitude in Fig. 2(a). Similarly,
the entanglement entropy SL/2 in the driven system is
relatively lower, as shown in Fig. 2(b).

Insights into the driven revival dynamics from |ψs⟩ can
be gained by studying the Floquet eigenstates. In par-
ticular, the periodically modulated Hamiltonian H(t) =
H(t+T ) is determined by the time evolution of the Flo-
quet operator over one period T [47]:

U(t0 + T, t0) = T exp

[
−i

∫ t0+T

t0

H(t)dt

]
, (4)

where T denotes the time ordering and the initial time t0
is set to 0. For square-wave driving, the Floquet operator
becomes

U = e−iH+T/4e−iH−T/2e−iH+T/4, (5)

where

H± = Hs ± Um
∑
j

n̂j,↑n̂j,↓

with the static detuning Hamiltonian Hs. The Floquet
operator is unitary with complex eigenvalues

{
e−iεnT

}
and Floquet eigenstates {|n⟩}. The quantities {εn} are
multi-valued, whereas the quasienergies {εn mod ω} can
be uniquely determined by a shift. Further, the time-
independent stroboscopic Floquet Hamiltonian [47] HF

can be defined according to

U = e−iHFT ,

following HF |n⟩ = εn |n⟩. The quasienergies and the
Floquet eigenstates can be calculated through exact di-
agonalization of the Floquet operator U in the standard
Fock space. For L sites and filling factor ν = 1, the
dimension of this space is(

L
L/2

)
×
(
L
L/2

)
.

For L = 8, the dimension is 4900.
Figure 2(d) shows the overlap of the Floquet eigen-

states with the initial state |ψs⟩ for the same values of
the driving parameters as in Fig. 2(a). The quasiener-
gies fall within the interval (−ω/2, ω/2) of the driving

frequency, exhibiting four apparent tower structures with
near-equal quasienergy separation

δε ≈ ω/4 ≈
√
2/2.

The tops of these towers correspond to the Floquet scar-
ring eigenstates, marked by the black dots. The strong
overlaps are akin to the ones in Fig. 2(c). The equal
quasienergy separation of the towers is responsible for
quantum revivals: the quasienergy separation equals the
revival frequency ωr ≈ δε. (We note that a similar prop-
erty was reported previously [23, 31]). Combining the
relation δE = 2δε, we have that the doubling period is

Tr ≈ 2T∗. (6)

B. Emergence conditions of Floquet scarring states

To uncover the dependence of ωr on the driving pa-
rameters, we first search for potential Floquet scarring
states. In particular, we fix ∆ = 10 and scan the param-
eter plane of U0 and Um to calculate the average fidelity
for different driving frequencies:

⟨F ⟩t =
1

τ

∫ τ

0

F (t)dt, (7)

where the upper integration bound τ is set as 50. In
an approximate sense, the average fidelity characterizes
the revivals. Note that a high value of the average fi-
delity is not necessarily indicative of revivals, as it may
be the result of many-body localization or extremely slow
thermalization. The following relative discrepancy of the
average fidelity between different initial states provides a
more appropriate way to characterize quantum revivals:

ϱ =
⟨Fs⟩t − ⟨Fth⟩t

⟨Fth⟩t
, (8)

where the subscripts s and th correspond to the initial
state |ψs⟩ and another one chosen as |ψth⟩ = |↑↓ · · ·⟩, re-
spectively. The relative discrepancy ϱ in fact quantifies
the degree of quantum revivals after removing the ther-
mal decay behavior of quench from |ψth⟩. Figures 3(a)
and 3(b) show ϱ versus U0 and Um for two values of the

driving frequency: ω = 2
√
2 and ω = 3.5, respectively,

for L = 8. The regions with high ϱ values are encircled
in red, in which Floquet scarring states arise. The Flo-
quet scarring states appear for some specific U0 values
(denoted as Us0 ) over a wide range of Um, as indicated by
the horizontal lines with bright red. The results suggest:

Us0 ≈ Ũ + nω, (9)

where Ũ is the minimum threshold value for the emer-
gence of the scarring dynamics for n being an integer and

Ũ depends only on the driving type and its frequency ω.
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FIG. 3. Emergence of Floquet scarring in driven 1D tilted Fermi-Hubbard system. The system size is L = 8. (a,b) Relative
discrepancy ϱ of the average fidelity between two initial states |ψs⟩ and |ψth⟩ = |↑↓↑↓↑↓↑↓⟩ in the parameter plane (U0, Um).
The average fidelity is calculated over the time interval [0, 50]. The driving frequency is ω = 2

√
2 for (a) and ω = 3.5 for (b).

The Floquet scarring states (encircled in red) appear at some specific values of U0. The regions surrounded by the black curves

correspond to the transition states. (c) The quantity Ũ as the minimum threshold value for the emergence of the scarring
dynamics (blue dots) and (U0)optimal corresponding to the maximal value of ϱ (red dots) for 31 discrete values of the driving

frequency. (d) The quantity Ũ characterized by a series of linear functions fk = ∆− kω, for ∆ = 10 and k = 1, · · · , 6.

The regions encircled by the black curves do not corre-
spond to the Floquet scarring states, even though their ϱ
values are not too small. In fact, in these regions, states
are in a transition from Wannier-Stark localization to
the Floquet scarring phase, where both the quantum fi-
delity quenching from |ψs⟩ and |ψth⟩ have large average
values and oscillations, whereas the evolution of |ψs⟩ re-
vives without reaching zero. More details of the transi-
tion states are presented in Appendix B.

We further scan the independent parameter space of
U0 ∈ [0, 10] and Um ∈ [0, 10] for the 31 discrete driv-

ing frequencies ω =
√
2, 1.1

√
2, 1.2

√
2, · · · , 4

√
2. At each

frequency, the optimal parameter

(U0)optimal = arg max
U0,Um

{ϱ(U0, Um)} (10)

corresponds to the most distinct scarring dynamics, as

shown in Fig. 3(c), where the values of Ũ are plotted
based on Eq. (9). We focus on the quantum many-body
scarring phase that requires U0 = U0. Under the square-
wave driving, U0 is the function of the single variable ω.
That is, U0 is not an independent parameter, so the full
driving parameter space is simply (ω,Um). The thresh-

old value Ũ decreases to zero linearly with increased ω
and then attains a larger value. The optimal parameter

(U0)optimal has a similar behavior. The dependency of Ũ
on ω can be characterized by a series of linear functions:

Ũ = ∆− kω, (11)

for k = 1, 2, 3, · · · , as shown in Fig. 3(d). Since Ũ is the
minimum Us0 within the range 0 ≤ U0 ≤ 10, the integer k
can be determined by 0 ≤ ∆−kω < ω for specific driving
frequency ω.

The relations (9) and (11) are the conditions for the
emergence of the Floquet scarring states that emerge pe-

riodically over a wide range of the modulation amplitude
Um as the static detuning term U0 varies. This signi-
fies a resonance induced by the periodic driving, whose
frequency is exact the driving frequency.

IV. ANALYTIC DERIVATION OF THE
EMERGENCE CONDITIONS

The emergence of the Floquet scarring states, as stip-
ulated by the conditions in Eqs. (9) and (11) are our
main results. We now analytically derive these con-
ditions from the degenerate Floquet perturbation the-
ory [23, 48]. To begin, we express the Hamiltonian (1) as
H(t) = H0(t) + V , where

H0(t) = ∆
∑

j,σ=↑,↓

jn̂j,σ + U(t)
∑
j

n̂j,↑n̂j,↓,

V = −J
∑

j,σ=↑,↓

(
ĉ†j,σ ĉj+1,σ + h.c.

)
. (12)

In the standard Fock basis, H0(t) is a diagonal matrix
and commutes with itself at different times, V is com-
pletely off-diagonal and can be regarded as a small time-
independent perturbation due to the conditions ∆ ≫ J
and (U0 + Um) ≫ J .
For the unperturbed system, we have H(t) = H0(t).

The Floquet eigenstates are simply the Fock bases |F⟩,
following H(t) |Fi⟩ = Ei(t) |Fi⟩ with the index i marking
the ith Fock basis. The Floquet modes are given by [47]

|Fi(t)⟩ = e−i
∫ t
0
dt′Ei(t

′) |Fi⟩ . (13)

For t = 0, the Floquet modes are the Floquet eigenstates:
|Fi(0)⟩ = |Fi⟩. Intuitively, without the hopping pertur-
bation V , the number of spin up (down) fermions at each
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site does not change with time, and the energy varies in
synchrony with the drive. In this case, the quantum dy-
namics are fully constrained.

For small V , the Floquet modes start to hybridize and
deviate slightly from the unperturbed Floquet modes.
Using Eq. (13), we can expand the Floquet mode |F′

i(t)⟩
in terms of the unperturbed eigenstates: {|Fi⟩} [23]:

|F′
i(t)⟩ = e−i

∫ t
0
dt′Ei(t

′) |Fi⟩+
∑
j ̸=i

cj(t)e
−i

∫ t
0
dt′Ej(t

′) |Fj⟩ ,

(14)

where cj(t) ≪ 1 is of the order J/∆ for all j ̸= i and all
t. The coefficients cj(t) characterize the small deviations
from the unperturbed Floquet modes. For the perturbed
eigenstate |F′

i⟩ at t = 0, we have [23]

cj(0) = −i ⟨Fj |V |Fi⟩
∫ T
0
dtei

∫ t
0
dt′[Ej(t

′)−Ei(t
′)]

ei
∫ T
0
dt[Ej(t)−Ei(t)] − 1

. (15)

More details about Eq. (15) can be found in Appendix C.
The analysis so far holds for nondegenerate states,

which breaks down when degeneracies occur under the
condition:

ei
∫ T
0
dt[Ej(t)−Ei(t)] = 1. (16)

Suppose there are p unperturbed eigenstates degenerate
with a certain Fock basis state |Fi⟩, satisfying the con-
dition (16) for |Fi⟩. These p Fock base states can be
denoted as |Fij⟩ with j = 1, · · · , p, and |Fi⟩ ≡ |Fi0⟩,
following

H0(t) |Fij⟩ = Eij(t) |Fij⟩ ,
Ei0(t) = Ei(t).

These base states form a degenerate set

Di = {|Fij⟩ |j = 0, 1, · · · , p} .

From the degenerate perturbation theory [49], we can
disregard the expansion on the other unperturbed eigen-
states. Any state in the perturbed degenerate set D′

i is
given by

|F′
ij(t)⟩ =

p∑
j=0

cj(t)e
−i

∫ t
0
dt′Eij(t

′) |Fij⟩ (17)

at t = 0, where all cj(0) are of the order one (instead of
the order J/∆). As a result of first-order perturbation,
the Floquet Hamiltonian HF becomes [23]

(HF)jj′ =
⟨Fij |V |Fij′⟩

T

∫ T

0

dtei
∫ t
0
dt′[Eij(t

′)−Eij′ (t
′)],

(18)
where j, j′ = 0, 1, · · · , p. More details are given in Ap-
pendix C.

In general, the scarring states, as some “embedding”
constructions in the thermal eigenstates, are the result of

an anomalously high overlap with the initial state, shown
as the top of the tower structures in Figs. 2(c) and 2(d).
For L = 8, the special initial state |ψs⟩ = |↓↑↑↓↓↑↑↓⟩ is a
Fock base state: |Fi⟩ = |ψs⟩. In the nondegenerate case,
the overlap of the perturbed Floquet eigenstates with the
initial state is given by

|⟨F′
j |Fi⟩|2 =

{
1, j = i

|ci(0)|2, j ̸= i
.

From Eq. (15), we see that the overlap has an anoma-
lously high value if and only if j = i, prohibiting the
formation of the scarred tower structure. As a result,
the Floquet scarring states can arise only in the degen-
erate case. In particular, any state in D′

i may have an
anomalously high overlap with |Fi0⟩, forming a scarred
tower structure. This requires∫ T

0

dt[Eij(t)− Eij′(t)] = 2kπ, (19)

where k is an integer.
We next consider the degenerate set Di. Since there is

no doublon associated with |Fi0⟩, its eigenenergy is given

by Ei0 =
∑L
k=1 k∆. Other Fock bases with the same

eigenenergy (Ei0) must be degenerate with |Fi0⟩, whose
number is (

L
L/2

)
− 1.

If Di is entirely composed of the above
(
L
L/2

)
Fock states,

HF will just be the zero-matrix, according to Eq. (18),
since all ⟨Fij |V |Fij′⟩ terms are zero. The state |F′

ij⟩,
as the eigenvalues of HF, cannot have anomalously high
overlaps with |Fi0⟩. To ensure that HF has nonzero ele-
ments, we need to extend Di, where the additional Fock
bases can be connected to |Fi0⟩ by a single hopping pro-
cess. In the regime ∆ ≈ U ≫ J , the sum of the dipole
moment and the number of doublons is effectively con-
served [17]. Thus, hopping to the right to increase the
number of doublons is then forbidden, i.e., the extended
Fock basis has only one doublon and its eigenenergy is

Eij(t) = U(t)−∆+

L∑
k=1

k∆.

The degenerate condition becomes∫ T

0

dt[Ei0(t)− Eij(t)] =

∫ T

0

dt[∆− U(t)]

= (∆− U0)T

= 2kπ, (20)

leading to U0 = ∆ − kω, which agrees with the numeri-
cally obtained emergence conditions as given by Eqs. (9)
and (11).
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The above analysis provides physical insights into the
emergence of Floquet scarring states. In particular, in
the presence of a small hopping process, the Floquet
eigenstates start to hybridize and deviate slightly from
the Fock bases. The small deviations are characterized
by cq(t) in Eq. (14), corresponding to the nondegener-
ate case. During the hybridization, the hopping between
a series of degenerated unperturbed Floquet eigenstates
can subject the system to heating up and exhibiting sta-
ble non-thermal Floquet eigenstates with an anomalously
high overlap with the initial state. The conclusion is that
the Floquet scarring dynamics originate from the reso-
nances between these degenerate Fock bases that can be
connected by a single hopping process.

V. SUBHARMONIC AND INCOMMENSURATE
RESPONSES

Figures 2(a) and 2(d) show a fourth subharmonic re-
sponse, a phenomenon first reported in the discrete time
crystal [33], where the driven revival frequency is a quar-
ter of the driving frequency: ωr ≈ ω/4. In the 1D PXP
model [22, 27], under a driven chemical potential, when
the initial state is the Néel state, a robust (second) sub-
harmonic locking of the scarring frequency ωr ≈ ω/2
arises over a wide range of the driving frequency [22].
In fact, the driven revival frequency is a function of ω,
U0, and Um, including harmonic, subharmonic, the forth
subharmonic, etc., and even incommensurate responses.
From the point of view of control and modulation, this
implies a high degree of tunability.

We examine the parameter plane (ω,Um) for the driven
revival frequency at U0 = (U0)optimal, which can be ob-
tained as ωr = argmaxω [f(ω)], where

f(ω) =

∫ τ

0

F (t)e−iωtdt (21)

is the Fourier transform of F (t) (we set τ = 100 in numer-
ical calculation). Figure 4(a) shows the relative discrep-
ancy ϱ as a function of ω and Um for U0 = (U0)optimal.
In the frequency domain, a higher amplitude f(ωr) al-
ways corresponds to narrower broadening at ωr, indi-
cating higher revival peaks and more stable revival fre-
quency, suggesting that the value of f(ωr) can be used to
characterize the strength of the quantum revivals. The
two contour lines of f(ωr) = 5 and f(ωr) = 15 are plot-
ted in black and magenta chain curves, respectively. The
frequency of the undriven revivals, f(w∗) = 16.12, serves
as a reference point.

Figure 4(b) shows the actual dependence of the re-
vival frequency ωr on ω and Um for U0 = (U0)optimal,
where the regions with high ϱ correspond to the typi-
cal scarring dynamics. The regions with low ϱ values
(ϱ < 1) can then be disregarded, shown as the blank area
with boundaries marked by the black chain curves. As
(U0)optimal abruptly changes its value at ω/

√
2 = 1.1, 1.5,

and 2.3 [Fig. 3(c)], the changes in ωr are discontinuous

(a)

(b)

(c)

FIG. 4. Quantum revival properties of scarring dynamics in
the driven 1D tilted Fermi-Hubbard systems. The emergence
of the scarring states depends on the modulation amplitude
Um and the driving frequency ω. The system parameters are
L = 8 and U0 = (U0)optimal. The color scales indicate (a) the
relative discrepancy ϱ, (b) the revival frequency ωr, and (c)
the orders of subharmonic response.

at these driving frequencies. The modulation amplitude
Um tends to shift towards a larger value when (U0)optimal

switches to a larger value. For ω =
√
2, the scarring re-

gion follows ωr ≥ 0.84 as marked by the same color (deep
red). Figure 4(c) shows the contour lines representing a
commensurate relation between ωr and ω, including the
second, third, . . ., and sixth subharmonic responses, i.e.,
ωr = ω/k with k = 2, 3, · · · , 6, marked in different colors

with the harmonic response (ωr = ω) at ω =
√
2 shown

in the subgraph. An incommensurate relation can be re-
alized in the regions between the adjacent contour lines.
A convenient method to regulate these responses is fixing
the driving frequency ω (with the corresponding U0) and
then tuning Um, the so-called engineering subharmonic
response via Floquet scarring states [28].

VI. DISCUSSION

In complex quantum systems, many-body interactions
naturally lead to thermalization that destroys the co-
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herence of the quantum states. However, QMBS states
represent an exception with significant potential appli-
cations, e.g., in quantum information science and tech-
nology. The phenomenon of QMBS has attracted a great
deal of recent attention. From an application perspective,
driven systems are of particular interest because of the
possibility of realizing quantum control and engineering
through some external driving input. In a periodically
driven system, the QMBS states become the Floquet
scarring states that have mostly been investigated using
the PXP model that is specific to the Rydberg atomic
systems. A field in which many-body interactions are
fundamental is solid-state systems that are often more
accessible to control and device engineering, rendering
useful and important studying the phenomenon of Flo-
quet scarring in these systems. A paradigm for probing
into Fermionic many-body physics in these systems is the
1D Fermi-Hubbard chain.

We studied the 1D tilted Fermi-Hubbard system under
a periodic driving. The corresponding static chain hosts
QMBS states in a typical parameter regime. The scar-
ring dynamics follow a quench from some special initial
states and their spin-reversed states. Our computations
and analysis provided unequivocal evidence for the emer-
gence of the Floquet scarring states in the systems with
physical manifestations including persistent quantum re-
vivals, suppressed entanglement entropy, and the scarred
tower structures in the overlaps of Floquet eigenstates
with the initial state. A unique feature of the towers
is that they have an equal quasienergy separation that
is approximately the revival frequency. This feature is
associated with the wave function fidelity undergoing a
constructive (or destructive) process to reach the local
maximum (or minimum), similar as the explanation in
Supplementary Material Sec. IV in Ref. [31]. Further,
there are subharmonic and incommensurate responses of
the revivals to driving.

The main contribution of our work is the discov-
ery of the conditions under which the Floquet scarring
states emerge. The general conditions were first obtained
through a systematic probe of the parameter space defin-
ing the driving signal, revealing that these states are the
result of a synchrony between the static detuning and the
driving frequency. An application of the degenerate Flo-
quet perturbation theory allowed us to analytically de-
rive the emergence conditions. The theoretical analysis
revealed that the Floquet scarring states originate from
the resonances between these degenerate Fock base states
that can be connected through a one hopping process.
The resonances are induced by the first-order perturba-
tion effect, weakening the constraint in the unperturbed
dynamics.

Floquet scarring states are of fundamental importance
to many-body physics with significant applications in
quantum control and engineering. Our work provides
a stepping stone for further analyzing the breakdown of
the ETH in solid-state systems and a more rigorous un-
derstanding of the Floquet scarring states.
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Appendix A: Quantum dynamical evolution and
related physical quantities

1. Quantum evolution dynamics

We reduce the dimension of the Hamiltonian Hilbert
space following the method in Ref. [40]. For fixed num-
bers of spin-up (N↑) and spin-down (N↓) fermions in a
lattice of L sites, the number of spin σ bases is

dσ =

(
L
Nσ

)
. (A1)

Denoting the occupation sites of the spin-up and spin-
down fermions as

{
i1, i2, · · · iN↑ ,

}
and

{
j1, j2, · · · , jN↓

}
,

respectively, we obtain the typical number state as

|ψ⟩ = ĉi1,↑ĉi2,↑ · · · ĉiN↑ ,↑ĉj1,↓ĉj2,↓ · · · ĉjN↓ ,↓ |0⟩ . (A2)

The state can be represented by a pair of tuples (α, β) ≡
((i1, i2, · · · iN↑), (j1, j2, · · · , jN↓)) with the ordering 1 ≤
i1 < i2 < · · · < iN↑ ≤ L and 1 ≤ j1 < j2 < · · · < jN↓ ≤
L. The number of full basis is thus d↑ × d↓ and a state
is given by

|ψ⟩ =
∑
α,β

|α, β⟩ ⟨α, β|ψ⟩ ≡
∑
α,β

M
(ψ)
αβ |α, β⟩ , (A3)

whereM (ψ) is a d↑×d↓ matrix, and |α, β⟩ is the full basis
corresponding to the tuple pair (α, β). The Hamiltonian
becomes

H = Hhop
↑ ⊗ 1↓ + 1↑ ⊗Hhop

↓ +Hdiag, (A4)

where 1σ is the dσ × dσ unit matrix,

Hhop
σ =

∑
i

ĉ†i,σ ĉi+1,σ + h.c.

is the dσ×dσ matrix, and Hdiag is a d↑d↓×d↑d↓ diagonal
matrix. Defining the d↑×d↓ matrix F ≡ diag(Hdiag) with
the elements

Fαβ =

 N↑∑
k=1

ik +

N↓∑
k=1

jk

∆+ UNd, (A5)

where

Nd = |(i1, i2, · · · iN↑) ∩ (j1, j2, · · · , jN↓)|
is the number of the doublons, we obtain the Schrödinger
equation as

i
∑
α,β

∂M
(ψ)
αβ

∂t
|α, β⟩ =(Hhop

↑ ⊗ 1↓ + 1↑ ⊗Hhop
↓ + F )

·
∑
α,β

M
(ψ)
αβ |α, β⟩ , (A6)
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FIG. 5. Error estimates for Trotter-Suzuki decomposition. The exact values are calculated by the fourth order Runge-Kutta
method. Shown are the standard Lp-norm of (a,b) fidelity F , (c,d) bipartite entanglement entropy SL/2, and (e,f) imbalance
I as the function of (a,c,e) the Trotter steps n or (b,d,f) time t.

i.e.,

i∂M (ψ)/∂t = Hhop
↑ M (ψ) +M (ψ)Hhop

↓ +F ◦M (ψ), (A7)

where ◦ represents the element-by-element multiplication
(Hadamard product). An application of the Trotter-
Suzuki decomposition stipulates that the dynamical evo-
lution of the initial state is described by

M (ψ)(t+ δt) ≈ e−iδt◦F ◦ e−iδtHhop
↑ M (ψ)(t)e−iδtHhop

↓ ,
(A8)

where the matrices F , Hhop
↑ , and Hhop

↓ are all time-

dependent and e−iδt◦F is the element-wise exponentia-
tion. As a result, the matrix computation has been re-
duced from d↑d↓ × d↑d↓ dimension to d↑ × d↓ dimension.

Appendix B: Wannier-Stark localization

1. Bipartite von Neumann entanglement entropy
and error analysis

The basis numbers for the left and right half-chain are
dl and dr, respectively. A typical quantum state is

|ψ⟩ =
∑
l,r

ψlr |l⟩ ⊗ |r⟩ , (B1)

where ψlr is the element of the dl×dr matrix ψ, |l⟩ and |r⟩
are the bases of the left and right half-chain, respectively.

The reduced density matrix is

ρl = trr |ψ⟩ ⟨ψ|

=
∑
r′

⟨r′|ψ⟩ ⟨ψ|r′⟩

= ψψ†, (B2)

and similarly ρr = (ψ†ψ)T . Using the singular value
decomposition, we obtain the matrix ψ as

ψ = AΣB†, (B3)

where Σ is a dl×dr diagonal matrix, A and B are dl×dl
and dr × dr unitary matrices, respectively. When the
lattice number L is even, we have dl = dr = 2L and the
bipartite von Neumann entanglement entropy is

SL/2 = Sl = Sr = −
dl∑
i=1

Σ2
i lnΣ

2
i . (B4)

The Trotter-Suzuki decomposition leads to error accumu-
lation, but the error decreases with increased time-steps
n in per time unit τ . The error can be quantified by The
standard Lp-norm

∥OR −OT
n ∥p =

(∫ t

0

|OR(t)−OT
n (t)|pdt

)1/p

(B5)

with p = 1, 2, ...,∞, where O is some physical quantity,
OR represents the exact value calculated by the fourth or-
der Runge-Kutta method, and OT

n is the value calculated
by the n-steps Trotter-Suzuki decomposition. Specifi-
cally, p = 1 means the average difference between OT

n

and OR and = ∞ with

∥OR −OT
n ∥∞ = max (|OR(t)−OT

n (t)|)
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FIG. 6. Properties of the transition state encircled by black curves in Fig. 3(a). The parameters are (U0, Um, ω) = (2.5, 6.2, 2
√
2).

(a,b) Dynamics of the wave function fidelity in a quench process from the initial state (a) |ψs⟩ or (b) |ψth⟩. Wannier-Stark
localization with U = 0 is colored in blue and the transition state is colored in orange. Overlap of the Floquet eigenstates with
(c) |ψs⟩ or (d) |ψth⟩.

means the largest difference between them. Figures 5(a)
and 5(b) show Lp-norms with p = 1, . . . ,∞ of the fidelity
F for different time step n with the fixed integration up-
per bound t = 100τ , and for different upper bound t for
a fixed time-steps n = 200, respectively. Figures 5(c-f),
respectively, display the corresponding Lp-norms for the
bipartite von Neumann entanglement entropy SL/2 and
the imbalance I = (No − Ne)/(No + Ne) on the even
and odd sublattices. In an approximate sense, the Lp-
norm approaches zero as 1/n, and decreases slightly for
increasing time.

For a noninteracting system with U = 0, the Hamilto-
nian can be diagonalized as [50]

H =
∑

m,σ=↑,↓

∆mb̂†m,σ b̂m,σ + h.c., (B6)

by the transformation:

b̂m =
∑

j,σ=↑,↓

Jj−m(2J/∆)ĉj,σ, (B7)

where Jn is the Bessel function of the first kind. Since
|Jn(2J/∆)| < e−|n| for 2J/∆ ≪ n, all the eigenstates
are localized for any ∆ ̸= 0 - the phenomenon of called
Wannier-Stark localization [51]. More specifically, each
eigenstate is localized about site m with an inverse local-
ization length

ξ−1 ≈ 2 sinh−1(∆/2J)

and exhibits Bloch oscillations [52] with the characteris-
tic period T = h/∆ = 2πτ/∆ in our units. The wave
function fidelity oscillates about a high value, as shown
in blue in Figs. 6(a) and 6(b). This is a manifestation of

Bloch oscillations of the period T ≈ 0.628, in consistence
with the theoretical result.

In Figs. 6(a-d), the orange represents the case in the re-

gions encircled by the black curves in Fig. 3(a): ω = 2
√
2,

U0 = 2.5, and Um = 6.2. The fidelity oscillates about a
value that decays slowly over time. It does not decrease
to zero and so does not indicate a revival behavior. In
addition, there is no intrinsic difference between the ini-
tial states |ψs⟩ and |ψth⟩, for both the quantum fidelity
[Figs. 6(a) and 6(b)] and the overlap of Floquet eigen-
states with the initial states [Figs. 6(c) and 6(d)]. Es-
pecially in Fig. 6(c), the tower structure and the anoma-
lously high overlap with |ψs⟩ do not exist. While both the
average fidelity ⟨Fs⟩t from |ψs⟩ and the relative discrep-
ancy ϱ are high, none of the above characteristics are
consistent with the scarring dynamics. In this regard,
these regions encircled by black curves in Figs. 3(a) and
3(b) correspond to the transition states from Wannier-
Stark localization to the Floquet scarring phase.

Appendix C: Floquet perturbation theory

The Hamiltonian H(t) = H0(t) + V has the period
T , where V is the time-independent perturbation term.
Assuming that H0(t) commutes with itself at different
times, and its eigenstates |m⟩ are time-independent in
the specific basis, as the result of

H0(t) |m⟩ = Em(t) |m⟩ , ⟨q|m⟩ = δqm.

We assume that V is completely off-diagonal in this basis:
⟨m|V |m⟩ = 0 for all |m⟩.
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The Floquet modes |m(t)⟩ of H(t) satisfy the
Schrödinger equation:

i
∂ |m(t)⟩
∂t

= H(t) |m(t)⟩ , (C1)

and

|m(T )⟩ = e−iεm |m(0)⟩ , (C2)

where εm are quasienergies of H(t), and εm are eigenval-
ues of the Floquet Hamiltonian HF: HF |m⟩ = εm |m⟩.
For t = 0, the Floquet modes |m(0)⟩ are referred to as
the Floquet eigenstates, which are indeed equivalent to
the eigenstates |m⟩. For V = 0, we have

|m(t)⟩ = e−i
∫ t
0
dt′Em(t′) |m⟩ , e−iεm = e−i

∫ T
0
dtEm(t).

For small V , the Floquet modes |m(t)⟩ can be expanded
in terms of the unperturbed eigenstates:

|m(t)⟩ =
∑
q

cq(t)e
−i

∫ t
0
dt′Eq(t

′) |q⟩ , (C3)

where cm(t) ≃ 1 for all t, and cq(t) is of the order V
for all q ̸= m and all t. Substituting Eq. (C3) into the
Schrödinger equation, we obtain

i
∑
q

dcq(t)

dt
e−i

∫ t
0
dt′Eq(t

′) |q⟩ = V
∑
q

cq(t)e
−i

∫ t
0
dt′Eq(t

′) |q⟩ .

Taking the inner product with ⟨m|, we have

i
dcm(t)

dt
= cm(t) ⟨m|V |m⟩

+
∑
q ̸=m

cq(t)e
i
∫ t
0
dt′[Em(t′)−Eq(t

′)] ⟨m|V |q⟩ .

(C4)

Since ⟨m|V |q⟩ and cq(t) are of the order V , their product
in the sum represents the second-order term in V that can
be disregard. Using ⟨m|V |m⟩ = 0, we have dcm(t)/dt =
0, so cm(t) can be chosen as one for all t, resulting in

|m(t)⟩ = e−i
∫ t
0
dt′Em(t′) |m⟩+

∑
q ̸=m

cq(t)e
−i

∫ t
0
dt′Eq(t

′) |q⟩ ,

(C5)

where cq(t) is of the order V for all q ̸= m and all t.
Taking the inner product with ⟨q(t)| and integrating

the Schrödinger equation (C1) from t = 0 to t = T , we
obtain

cq(T ) = cq(0)− i ⟨q|V |m⟩
∫ T

0

dtei
∫ t
0
dt′[Eq(t

′)−Em(t′)].

(C6)

In addition, utilizing the relation (C2) for all q ̸= m, we
get

cq(T ) = ei
∫ T
0
dt[Eq(t)−Em(t)]cq(0). (C7)

Combining Eqs. (C6) and (C7), we have

cq(0) = −i ⟨q|V |m⟩
∫ T
0
dtei

∫ t
0
dt′[Eq(t

′)−Em(t′)]

ei
∫ T
0
dt[Eq(t)−Em(t)] − 1

. (C8)

The analysis so far holds for nondegenerate states. It
breaks down when degeneracy occurs under the condi-
tion:

ei
∫ T
0
dt[Eq(t)−Em(t)] = 1. (C9)

Suppose that there are p states satisfying the condition
(C9) with |m⟩, denoted as |mi⟩ with i = 1, · · · , p and
|m⟩ ≡ |m0⟩. If all other states of the system are ignored,
the Floquet mode |mi(t)⟩ is

|mi(t)⟩ =
p∑
j=0

cj(t)e
−i

∫ t
0
dt′Ej(t

′) |mj⟩ (C10)

for i = 0, 1, · · · , p, where all the cj(t)’s are of the order
one (instead of order V ). Equation (C4) becomes

i
dci(t)

dt
=

∑
j ̸=i

cj(t)e
i
∫ t
0
dt′[Ei(t

′)−Ej(t
′)] ⟨mi|V |mj⟩ ,

(C11)
where the sum term is no longer a second-order term in
V . To the first order of V , we can replace cj(t) by cj(0)
on the right-hand side of Eq. (C11). Integrating from
t = 0 to t = T yields

ci(T ) = ci(0)− i
∑
j ̸=i

⟨mi|V |mj⟩ cj(0)

×
∫ T

0

dtei
∫ t
0
dt′[Ei(t

′)−Ej(t
′)],

which can be written in the matrix form as

c(T ) = (I − iM) · c(0), (C12)

where c(t) = [c0(t), c1(t), · · · , cp(t)]T and the (p + 1) ×
(p+ 1) matrix M has the elements

Mij = ⟨mi|V |mj⟩
∫ T

0

dtei
∫ t
0
dt′[Ei(t

′)−Ej(t
′)]. (C13)

Let the eigenvalues of M be ςi with i = 0, 1, · · · , p. The
corresponding eigenstates are c(T ) = e−iςic(0). The Flo-
quet modes |mi(t)⟩ satisfy the condition

|mi(T )⟩ = e−iεiT |mi(0)⟩ .

The Floquet quasienergies are then given by

e−iεiT = e−iςi−i
∫ T
0
dtEi(t), (C14)

and the Floquet Hamiltonian is

(HF)ij =
Mij

T
. (C15)
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FIG. 7. Period doubling of quantum revival under square-
wave drive. (a) Period doubling occurred for U0 = (U0)optimal

and Um = U − U0, for U = 10. (b) Driven quantum re-
vival from |ψs⟩, which is enhanced and stabilized by the
square-wave driving, for optimal parameter set (U0, Um, ω) =
(8.26, 2.66,

√
2).

Appendix D: Period-doubling phenomenon

In contrast to the tunable responses, there is a robust
period-doubling phenomenon relating the driven and un-
driven revival periods: Tr = 2T∗ for U0 = (U0)optimal and
Um = U − U0, as exemplified in Fig. 2(a). Figure 7(a)
shows such a phenomenon, for ωr ≈ ω∗/2 over a wide

range of ω. For ω =
√
2, there is a harmonic response:

Tr ≈ T∗. In this case, we have identified an overall op-
timal parameter set (ω,U0, Um) = (

√
2, 8.26, 2.66) for 31

values of the driving frequency, in which the quantum
revival is greatly enhanced and stabilized by periodic
driving, especially for a long-time evolution, as shown
in Fig. 7(b). The optimal driving frequency is close to
the undriven revival frequency: ωoptimal ≈ ω∗, and the
driven revival frequency is close to the optimal driving
frequency: ωr ≈ ωoptimal (the harmonic response).
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Z. Papić, Quantum scarred eigenstates in a Rydberg
atom chain: Entanglement, breakdown of thermalization,
and stability to perturbations, Phys. Rev. B 98, 155134
(2018).

[5] T. Iadecola, M. Schecter, and S. Xu, Quantum many-
body scars from magnon condensation, Phys. Rev. B
100, 184312 (2019).

[6] W. W. Ho, S. Choi, H. Pichler, and M. D. Lukin, Pe-
riodic orbits, entanglement, and quantum many-body
scars in constrained models: Matrix product state ap-
proach, Phys. Rev. Lett. 122, 040603 (2019).

[7] C.-J. Lin and O. I. Motrunich, Exact quantum many-
body scar states in the Rydberg-blockaded atom chain,
Phys. Rev. Lett. 122, 173401 (2019).

[8] K. Bull, J.-Y. Desaules, and Z. Papić, Quantum scars as
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