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Observability of lag synchronization of coupled chaotic oscillators
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Lag synchronization is a recently discovered theoretical phenomenon where the dynamical variables of two
coupled, nonidentical chaotic oscillators are synchronized with a time delay relative to each other. We inves-
tigate experimentally and numerically to what extent lag synchronization can be observed in physical systems
where noise is inevitable. Our measurements and numerical computation suggest that lag synchronization is
typically destroyed when the noise level is comparable to the amownteyhgesystem mismatch. At small
noise levels, lag synchronization occurs in an intermittent fash®b063-651X99)50506-0

PACS numbd(s): 05.45—a, 05.40—-a, 87.10+¢

Synchronization of coupled chaotic oscillators has be-age mismatch between the two chaotic oscillators. At small
come an area of intense interest in the nonlinear dynamicsoise levels, lag synchronization appears in an intermittent
community[1]. Quite recently, it has been discovered thatfashion over many orders of magnitude of the noise ampli-
two couplednonidenticalchaotic oscillators can exhibit the tude, a result that is consistent with our experimental obser-
phenomenon of lag synchronization in which the dynamicalation.
variables of the two systems become synchronized but with a We first describe the experimental setup. Our experiments
time lag with respect to each othg2]. Specifically, given are conducted using a pair of electronic oscillators whose
two slightly different chaotic oscillatordx, /dt=F;(x,) and  dynamics mimic those of the chaotic §ger attractof3]. To
dx,/dt=F,(x,), if there is a coupling between them with a have robust chaos for individual oscillators, we construct the
coupling strengthe, then one expects,(t) to synchronize circuits so that they contain components for which the
with x,(t+ 7) in a range ofe values, wherer+ 0 is the time  voltage-current relations are piecewise lingab]. The sche-
lag which depends on bothand the parameter characteriz- matic diagram of both chaotic oscillators and the coupling
ing the difference between the two oscillators. As such, lagircuit is shown in Fig. 1. The equations describing the
synchronization cannot be observed if two oscillators areexperimental system can be written in the following
completely identical. Since in reality, it is not possible to dimensionless form:  dxp,/dt=—yx; o~ ayi,— 21,
have identical nonlinear oscillators, it was speculated that the- €(X21— X312,  dy;o/dt=—8X;,+a;y1,,  dz;,/dt
phenomenon of lag synchronization would be typical in sys—=g(X; ) —2z;, Wwhere g(x;)=0 if x;,<3, 0(X12)
tems of coupled chaotic oscillato}2]. =u(Xy,—3) if Xx;,>3 and the parameters are as follows:

We have performed a series of experiments, using eleca=0.5, 3=1, y=0.05,a,=0.113, anda,=0.129 with about
tronic circuits that replicate the dynamics of the chaotic=5% uncertainty due to the tolerance of the components in
Rossler oscillatof 3], to detect lag synchronization. Unfor- the circuit andu=15. Each circuit has three voltage outputs,
tunately, we have encountered great difficulty in generatingorresponding to the dynamical variablesy, andz in the
robust lag synchronization of two coupled $ter oscillators  Rossler systeni3]. To stipulate nonidentity of the two cha-
in the laboratory. What has typically been observed in ex-otic oscillators, resistorR; andR, in the circuit are chosen
periments is that the time-delayed variables of one oscillatoto be 7% and 6k() respectively. This difference iR,
tend to follow the variables of another oscillator onfyer-  andR, corresponds to approximately a 10% difference in the
mittently in time in some range of the coupling strength. parameters,; andas.

In particular, if one measures the differencex.(t) The typical oscillating frequencies of the circuits are in
=|x,(t+ 7) —x4(t)| with 7 chosen to minimize the root- audio frequency range. We use a simple linear scheme for
mean-square, normalized averagef (t), one observes coupling between the two oscillators, i.e., two terms(x,
thatAx(t) tends to exhibit intermittency with frequent large —x,), in the form of voltage, are applied to the derivatives
bursts away from zero. Increasing the coupling strength oftenf the x variables in both circuits, whereis the parameter
leads to a transition to complete synchronization, i.e.characterizing the coupling strength. In the experimeats,
[x1(t) —xo(t)|— 0. This difficulty has led us to speculate that can be changed systematically with the accuracy of 0.5% of
the inevitable presence of small random disturbance durinthe change. The electronic components in each circuit are
the experiments may be a key factor that obstructs the obsecarefully chosen, and the circuits are assembled on high-
vation of lag synchronization, a phenomenon which relies omuality printed-circuit boards in order to minimize the effect
a precise timing between the dynamics of the coupled chaaf internal and environmental noise. Both oscillators and the
otic oscillators. In order to test this conjecture, we have pereoupling circuits are operated by a low-ripple and low-noise
formed numerical computations to investigate the influencgpower supply(HPE3631A. The voltages fronx, y, andz are

of small random noise on lag synchronization. Our analysesecorded by using a 12-bit data acquisition board
suggest that lag synchronization is destroyed when the noig®AS1800A0, Keithley at the sampling frequency of 100
level is larger than or comparable to the amount of the averkHz. The noise voltage of the circuit is measured by having
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FIG. 1. Schematic diagram of
two coupled chaotic piecewise lin-
ear Rasler circuits, where we set
R, =75 andR,=67k{}, so that
the two circuits are nonidentical.
The variable resistorlkF; and
RF, (RF,=RF,) are used to

AN change the coupling. The opera-
It 100k It tional amplifiers are type 741. All
" x2 150k It : '
? AAA— o S AMA resistors are metal film and ca-

IMEG 1N4148 100K pacitors are polyester type _with
100k 1% and 5% tolerance respectively.
The circuit is run by+15 volts.

the circuit operated in a steady state. The noise level is deand 2b) show, from a typical experimen§,,, and 7, ver-
fingd to be the ratio of the root-mean-square values of thgyse, respectively, for 8 es<0.1, whereS(7) is evaluated
noise to that of the chaotic signal. ~using thex variables of the Rssler oscillations. We observe
_ To quantify lag synchronization, we use the following {hat synchronization occurs at~0.08. It should be noted
similarity function defined with respect to one dynamical ¢ gue to the inevitable random noise such as the thermal
variable, say, of the chaotic oscillator2], noise of the circuit components, small time de{8yus), and
5 the finite resolution of the data acquisition device, the plot of
S(r)= ([xa(t+7) =x1(1)]%) (1) *a(t) versusx,(t) is a “fattened” line segment along the
[(XE()W(x5(1)) ]2 " diagonalx;(t) =x,(t) even in the complete synchronization
regime. This “fattened” line also results i8,,,=0 in the
where 7 is the lag time. LetS,;, be the minimum value of synchronization regime. In our measurements, we observe
S(7) and letr,, be the amount of lag whe®,,;, is achieved. that when synchronization is achieved, the typical value of
Lag synchronization between the two oscillators is characterS,,, is about 0.03. The key feature in FiggaRand 2b) is
ized by the conditions,,,=0 and 7,,,;,#0, while complete that 7,,,;, becomes zero at,=<0.06 (there is a periodic win-
synchronization is by5.,;,=0 and r,,;,=0. Numerically, in  dow for 0.02<e<<0.06), before synchronization is achieved.
the absence of noise, as the coupling strength is increaset@ihis means that no robust lag synchronization can be ob-
one observes the transition from asynchronous chaos to laggerved in this experiment. Intermittent lag synchronization,
synchronization and then to complete synchronizafidh  however, can be observed for 0.684<0.02. Figures &)
Let eg be the critical value of at which S, reaches zero, and 3b) show, fore=0.009, the plots ok,(t) versusx,(t)
and lete, be thee value at whichr,;, becomes zero. In order andx,(t+ 7, versusx,(t), respectively. Apparently(t)
to be able to observe lag synchronization, one must havdoes not synchronize witk,(t)[Fig. 3@], but Xs(t+ 7yin)
es<e€,, so that lag synchronization occurs in the parameteappears to synchronize witty(t), but only in intermittently
interval[ eg, €,]. However, ife.> €5, no lag synchronization short time intervals, as can be seen in the large spread of the
can be observed because the lag time has already becomeints off the diagonal wherg,(t+ 7,i,)=X4(t). This also
zero before synchronization occurS,{,=0). Figures 2a) leads to the relatively large value 8f,;,~0.16 at7,,. The
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FIG. 2. For the experimental system of two coupleds&er X1(t)

oscillators,(a) Sy, and(b) 7, VS € for 0<e<0.1. The dashed line
in (a) atsy=0.03 denotes the experimental threshold below which  FIG. 3. Fore=0.009 in experimentsia) x,(t); (b) Xo(t+ Tmin
X1(t) andx,(t)are regarded as being synchronized. —Xy(t) vs x4(t).

intermittent behavior can be seen more clearly in the plot O(Nhere(éﬁ 2's are mean frequencies, which can be altered
Ame_n(t)=x2(t+Tmin)—xl(t), as shown in Fig. 4. We find that, b h 1 . q ! .

i ) ; , y a change in parameterg B, y, or a of each Rassler
when the noise level is approximately 4%maller than the  gcijlator and the noise level. Mismatch between the two
system mismatch defined in this ciroui7], the probability  gasgler circuits can be achieved by choosing different pa-
distribution of time intervall between adjacent bursts exhib- g meter values for each circuit. From the circuit equation, we

its a power-law decay behavior, which is typical of on-0ff gae that it is meaningful to compare, then, the parameter
intermittency[6]. When the noise level is about the same asyismatch with the relative noise level.

the system mismatctil0%), even intermittent lag synchro- —\ye have conducted a large number of experiments, using

nization disappears. This can be seen from the amplitude;n aqgitional circuit configuration of the Bsler oscillator

phase representation of the circuit equations. In this repreg;ith no piecewise linear elements and using different cou-
sentation, trajectories on the chaotic attractor can be regarded

as generalized rotations in the phase space. Adding uncorre-

lated noisee,, e,, ande, to thex, y, andz variables of the 15
circuit equations, the phase equations correspond to rotations
in the x-y plane can be written 1
d¢l,2_ nz 52 . 0.5
dr @ SIM ¢121 B COS by ot (y+21SiNy 5C0SPy 5 R |

1.2 12 _. ‘ ‘ il

At A_3|n¢1,2+ eH(A1,Az, b1, b2)
1,2 1,2 -0.5}
. _1 )

where A(t)=X2(t)+y2(t), ¢(t)=tan [yt)/x®)], H is
smooth function and él,z(t)zey(t)cos¢1,2(t) 15 . .
—e,(t)sing, t). On average, the terra, t)/A;, is the o 002 004 006 008 0.1

- . . L. t(s
noise level relative to the amplitude of the chaotic signal (Sec)

(this is how we have defined the noise level in this Rapid F|G. 4. For e=0.009 in experiments, plot of time series
Communication The lag timer betweenx; andx, can be Ax, . ()=X(t+Tmin) —X(t). The intermittent behavior of lag syn-
related to the phase differenf2]: 7={¢,(t) — ¢o(t)}/{($),  chronization is apparent.
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12— we vary & from 10 ° to 1P, a wide range that covers the
Lol "o, magnitude of the system mismatch. We find that, at small

e noise levels, lag synchronization is only temporal and ap-
8 . pears in an intermittent fashion, while when the noise level is
comparable toA w, the bursts occur so frequently that lag
&= 64 synchronization disappears practically. To quantify this be-
4 average | havior, we choose 50 noise levels uniformly distributed on a
system mismatch [, logarithmic scale i 10~°,10°] and for each noise level, we
24 \ . compute the average time intervalbetween adjacent burst
o . . . I‘%...- by setting a thresholdax=*0.08. The distributions of the
-5 -4 -3 -2 -1 0 time intervalsT are apparently exponential so thiais well
logloa defined. Figure 5 show§ versus logyd. For 6<Aw, T

remains at a constant, indicating an almost unchanged behav-

FIG. 5. Fore=0.5 in the numerical model, the average time ior of intermittency at small noise levels. Asincreases, we
interval between burst vs the noise amplitude. The vertical line see thafl drops quickly to zero whe@d exceedsA w. Thus,
indicates the amount of the average system mismatch. at larger noise levels, bursts occurs more and more fre-
quently, causing a practical disappearance of lag synchroni-
zation. Adding noise to other parameters or to dynamical
variables of the system yields similar resulfdata not
shown [8].

Intuitively, lag synchronization is a phenomenon that de-
pends on a precise timing between the two chaotic oscilla-
tors, but such a timing is usually destroyed by inevitable
random factors present in the environment. As a conse-
quence, lag synchronization can only occur intermittently,
even when noise is small compared with the amount of mis-
imatch between the systems. At large noise, lag synchroniza-
tion is no longer possible and one observes a direct transition
to complete synchronization at sufficiently large coupling
strength. These results suggest that one should be cautious
When attempting to observe lag synchronization in laboratory
experiments or in practical systems.

pling schemes including unidirectional coupling, in order to
realize robust lag synchronization. The behaviors in Figs
2—4 appear to be common.

We now present numerical confirmation for the experi-
mental observation. We use the following system of two
coupled Rasler oscillators which was used in Rgf] to first
report lag synchronization: dx; ,/dt=—w; 1= 2,
Te(Xp1=X12), dypo/dt=w; Xy tay;,,  dzo/dt=b
+ 21 X1 ,—C), wherea=0.165,b=0.2, c=10.0, andw, ,
are parameters of oscillators 1 and 2, respectively. In Re
[2], the authors used; ,=0.97+0.02 to stipulate noniden-
tity of the two chaotic oscillators. In order to mimic the
influence of random disturbances and to maintain nonidentit
(in the average sensbetween the two oscillators, we choose
w;=0.9H 60 (t) and w,=0.95+ oy t), whered is the
noise amplitude, and-,(t) and o,(t) are random numbers  This work was supported by the NSF under Grant No.
uniformly distributed in[—1,1]. Under the influence of PHY-9722156, and by AFOSR under Grant No. F49620-98-
noise, theaveragesystem mismatch is thuAw=0.04 and  1-0400.
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