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A B S T R A C T

Atopic dermatitis (AD) is a common skin disease that can occur in all age groups. An intriguing phenomenon
associated with AD is spontaneous remission, in which the symptoms can disappear even without any
treatment, especially for patients at a young age. From the point of view of dynamical evolution, spontaneous
remission in AD is a transient phenomenon. A clinic implication is that, if the transient time is short, then
aggressive treatment may not be necessary. A key question is thus, statistically, how long the transient
time can be? Due to the lack of clinic data, mathematical modeling is a viable approach to addressing this
question. Modeling AD as a nonsmooth dynamical system and regarding the disease as a transient phenomenon
with spontaneous remission marking the end of the transient, we obtain a quantitative understanding of the
statistical characteristics of AD. In particular, we find that, depending on the immune state, two different types
of transient behaviors can arise. For type-I spontaneous remission characterized by a healthy immune level
with its skin state exhibiting mild oscillations, the transient time is short, which typically occurs in patients
between infancy and childhood. In contrast, type-II spontaneous remission is characterized by a low immune
level and its skin state exhibits severe oscillations with a long recovering time. Quantitatively, a scaling relation
exists between the average transient time (or recovery time) and some key physiological parameters, revealing
that the transient is superpersistent in the sense that its average lifetime can diverge in a drastic way: 𝑒∞ as a
bifurcation parameter approaches a critical value. In this case, the disease is essentially permanent, thereby
requiring and justifying active treatment.
1. Introduction

Atopic dermatitis (AD) is a common, world-wide skin disease with
pathogenesis originated from the complex interactions among skin
barrier defects, immune response and environmental exposures includ-
ing allergens and microbes. There are various phenotypes of AD that
depend on sex, age and race, and this presents a significant challenge
in developing effective strategies to treat the disease. Another obstacle
to treatment is the lack of well-characterized animal models [1]. (For
many other diseases, animal models often represent a stepping stone to
clinic human treatment.) Recent years have witnessed the emergence
of an interest in developing experimental approaches to pathogenesis
of human AD in vivo, in vitro, and in silico in order to understand
the underlying pathophysiological mechanisms and identify therapeutic
targets and biomarkers [2,3]. Mathematical and computational models
have also been developed to gain insights into the dynamical origin of
AD [4–6].

∗ Corresponding author.
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A key issue in developing a human in silico AD model is an ac-
curate description of the AD phenomenon. A pioneering model [5]
was constructed based on the mechanisms of AD disease pathogenesis
including genetic defects in the skin barrier and immune cell function
on barrier dysfunction. In silico computational experiments for various
nominal values according to human body functions related to AD [3]
have led to insights into the time evolution of AD. In particular, through
a dynamical analysis of AD model [5], oscillation state shown in [5] can
be classified to two distinct oscillation states [6]. Finally, four stages
of AD with distinct symptoms have been identified: recovery, chronic
damage, mild oscillations, and severe oscillations, the combination of
which has resulted in 11 AD dynamical phenotypes [6], indicating
the complex nature of AD. In fact, studying AD progression in time
is critical to understanding the underlying mechanisms of the disease
and developing treatments. It can also help clinicians identify patients
who are at risk of developing more severe forms of the disease and
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provide them with appropriate treatment. However, current clinical
studies tend to focus on AD incidence and prevalence for different age
groups [7]. For example, many studies were for infants and preschool
children, because AD can disappear during infancy or childhood for a
majority of these patients. Long-term follow-up studies documenting
the course of AD disease and its distribution in adulthood have been
rare [8]. From the real data, it is often difficult to pin down the time
of recovery due to the lack of long-term tracking studies. For those
reasons, in silico study provides an avenue to probe into the long-time
behavior of AD.

A remarkable but intriguing phenomenon in the evolution of AD is
that, even without any treatment, the disease can suddenly disappear,
especially at a young age [8–10]. For example, patients can exhibit
symptoms before the age of two but they can disappear after the age
of four [11]. There are other instances in which patients suffering from
AD for a long time are suddenly recovered [12,13]. This phenomenon
suggests a striking feature of AD: spontaneous healing or recovery.
In particular, spontaneous remission is referred to as an unexpected
improvement or cure from a disease during its dynamical evolution.
Previous works [5,6] demonstrated that, during the recovery stage with
nominal skin permeability (𝜅𝑃 ) and certain rate of pathogen eradication
by innate immune responses (𝛼𝐼 ), spontaneous remission can always
be observed [5,6]. Even for other phenotypes of AD, spontaneous
remission can occur under certain initial conditions as, dynamically,
AD is closely related to [6] the ubiquitous phenomenon of multistability
in nonlinear dynamical systems [14–21]. While clinically, spontaneous
remission is defined as the fully recovery of skin barrier integrity, differ-
ent types of spontaneous remission can occur because the AD evolution
depends strongly on the immune system. For example, normal skin with
a strong or weak immune state can lead to relapse of AD or AD march,
respectively.

What is the dynamical mechanism responsible for spontaneous re-
mission? Answer to this question may help better understand this
disease and develop more effective treatments. In this paper, we es-
tablish through mathematical modeling that AD can be understood
as a dynamical transient phenomenon, with spontaneous remission
marking the end of the transient. Our study reveals that, depending
on the immune state, two different types of spontaneous remission
can arise, as manifested by the distinct states of skin barrier, which
is consistent with the findings of a previous clinical study [8]. For
these two types, the patient symptoms before spontaneous remission
and the recovering time are different. In particular, type-I spontaneous
remission is characterized by a healthy immune level with its skin state
exhibiting mild oscillations and the recovery time is relatively short.
This type typically occurs in patients between infancy and childhood
with early AD onset and early recovery [1,22,23]. In contrast, type-
II spontaneous remission is characterized by a low immune level and
its skin state exhibits severe oscillations with a long recovering time.
Quantitatively, for this type, we find a scaling relation between the
average transient time (or recovery time), denoted as 𝜏𝑅, and a key
physiological parameter – the nominal skin permeability 𝜅𝑃 , as

𝜏𝑅 ∼ exp[𝐶(𝜅∗
𝑃 − 𝜅𝑃 )−𝑛], (1)

where 𝜅∗
𝑃 is a critical nominal value and 𝐶 > 0 and 𝑛 > 0 are

constants. The most remarkable feature of this scaling relation is that,
as 𝜅𝑃 approaches the critical value 𝜅∗

𝑃 , the transient behavior becomes
superpersistent [24–27] in the sense that the exponent in the expo-
nential dependence of its lifetime diverges. This means that, for type-II
spontaneous remission, there can be patients who would never recover
spontaneously from AD in any practical sense – those whose skin
condition is such that the permeability value is near some critical point.
The implication is that, for type-II AD patients, effective treatment
should be directed towards improving the skin permeability such that
its nominal value is as far away from the critical value as possible.

We remark that, the phenomenon of superpersistent chaotic tran-
sients was predicted four decades ago [24] and subsequently studied in
2
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spatiotemporal physical systems [26–31]. In all the previous works, the
phenomenon was studied in smooth dynamical systems. The nonlinear
dynamical system underlying AD, as will be explained below, is nons-
ooth. To our knowledge, prior to our work, superpersistent transients

n nonsmooth dynamical systems had not been reported.

. Atopic dermatitis modeled as a nonsmooth nonlinear dynami-
al system

Fig. 1(a) illustrates a mechanism of AD disease pathogenesis, stud-
ed by Domínguez-Hüttinger et al. [5]. External pathogens (𝑃𝑒𝑛𝑣) enter
he skin through a weak point in the skin barrier (𝑃 ), but it is not a
roblem when the amount is small, as some pathogens die naturally.
hen the pathogen load exceeds 𝑃+, physiological switches such as

oll-like receptors (TLRs) and protease-activated receptor 2 (PAR2) are
urned on (𝑅𝑜𝑛). When switch 𝑅 is activated, an AD flare occurs and
mmune substances such as antimicrobial peptides (AMP) are secreted
o defend against pathogens. When an inflammatory response occurs,
arious signaling actions such as the secretion of cytokines induce the
ctivation of dendritic cells (DCs), and the activated DCs migrate to the
ymph nodes. In response to the switch 𝑅, kallikrein (K) becomes active,
nd the effect of weakening skin barrier also occurs. When the amount
f 𝑃 falls below 𝑃− due to these processes, switch 𝑅 is deactivated, as
hown in Fig. 1(b). When switch 𝑅 is activated, if the DCs of the lymph
ode exceed 𝐷+, the 𝑇 cells differentiate into 𝑇𝐻2 cells (G), and this
rocess is irreversible, as shown in Fig. 1(c). Differentiated 𝑇𝐻2 cells
igrate back to the epidermis and play a role in weakening the skin

arrier recovery.
The mathematical model based on the dynamical interplay among

kin barrier, immune regulation, and environmental stress [5] can be
ritten as

𝑑𝑃
𝑑𝑡

=
𝑃𝑒𝑛𝑣 ⋅ 𝜅𝑝
1 + 𝛾𝐵𝐵(𝑡)

− 𝛼𝐼𝑅(𝑡)𝑃 (𝑡) − 𝛿𝑝𝑃 (𝑡),

𝑑𝐵
𝑑𝑡

=
𝜅𝐵[1 − 𝐵(𝑡)]

[1 + 𝛾𝑅𝑅(𝑡)][1 + 𝛾𝐺𝐺(𝑡)]
− 𝛿𝐵𝐾(𝑡)𝐵(𝑡), (2)

𝑑𝐷
𝑑𝑡

= 𝜅𝐷𝑅(𝑡) − 𝛿𝐷𝐷(𝑡),

where 𝑃 (𝑡) ≥ 0, 0 ≤ 𝐵(𝑡) ≤ 1 and 𝐷(𝑡) ≥ 0 are the infiltrated pathogen
load (in milligrams per milliliter), the strength of barrier integrity
(relative to the maximum strength), and the concentration of DCs in the
lymph node (cells per milliliter), respectively. Table 1 lists the relevant
values of the parameters in Eq. (2) [5].

The multiscale properties of AD are captured by the switching
functions describing the activation of the immune systems, as illus-
trated in Fig. 1, where the switches 𝑅(𝑡), 𝐺(𝑡) and 𝐾(𝑡) give the levels
f the activated immune receptors, Gata3 transcription (relative to
he maximum transcription level), and active kallikreins, respectively.
hese functions are [5]

𝑅(𝑡) =

{

𝑅off, if 𝑃 (𝑡) < 𝑃−or {𝑃− ≤ 𝑃 (𝑡) ≤ 𝑃+, 𝑅(𝑡−) = 𝑅off},
𝑅on, if 𝑃 (𝑡) > 𝑃+or {𝑃− ≤ 𝑃 (𝑡) ≤ 𝑃+, 𝑅(𝑡−) = 𝑅on},

(3)

(𝑡) =

{

𝐾off, if 𝑃 (𝑡) < 𝑃−or {𝑃− ≤ 𝑃 (𝑡) ≤ 𝑃+, 𝑅(𝑡−) = 𝑅off},
𝑚on𝑃 (𝑡) − 𝛽, if 𝑃 (𝑡) > 𝑃+or {𝑃− ≤ 𝑃 (𝑡) ≤ 𝑃+, 𝑅(𝑡−) = 𝑅on},

(4)

𝐺(𝑡) =

{

𝐺off, if 𝐷(𝑡) < 𝐷+ and 𝐺(𝑡−) = 𝐺off,
𝐺on, if 𝐷(𝑡) ≥ 𝐷+ or 𝐺(𝑡−) = 𝐺on,

(5)

here 𝑅on, 𝑅off, 𝐺on, 𝐺off and 𝐾off indicate the activating or inactivat-
ng constant level of the respective switch, but only 𝐾on depends on
(𝑡): 𝐾on = 𝑚on𝑃 (𝑡) − 𝛽. The two switches 𝑅(𝑡) and 𝐾(𝑡) are simulta-
eously activated. In particular, when 𝑃 (𝑡) increases and exceeds the
ctivation threshold value 𝑃+, switches 𝑅(𝑡) and 𝐾(𝑡) are activated,
iving rise to AD flares. However, if 𝑃 (𝑡) decreases and falls below
he inactivation threshold value 𝑃−, switches 𝑅(𝑡) and 𝐾(𝑡) will be

nactivated, terminating the AD flares. These behaviors indicate that



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 179 (2024) 114464Y. Kang et al.
Fig. 1. Schematic illustration of atopic dermatitis process, studied by Domínguez-Hüttinger et al. [5]. (a) AD progress with switches, (b) 𝑅 switch (reversible activation of innate
immune receptors) and (c) 𝐺 switch (irreversible Gata3 transcription). See text for an explanation of the role of the switches.
Table 1
Parameter values in AD system, Eq (2), are from Tab. 1 in [5].

Parameter Description Value

𝑃env Environmental stress load 95 (mg/mL)
𝛾𝐵 Barrier-mediated inhibition of pathogen infiltration 1
𝜅𝑃 Nominal skin permeability (1/day)
𝛼𝐼 Rate of pathogen eradication by innate immune responses (1/day)
𝛿𝑃 Basal pathogen death rate 1 (1/day)
𝜅𝐵 Barrier production rate 0.5 (1/day)
𝛾𝑅 Innate immunity-mediated inhibition of barrier production 10
𝛿𝐵 Rate of kallikrein-dependent barrier degradation 0.1
𝛾𝐺 Adaptive immunity-mediated inhibition of barrier production 1
𝜅𝐷 Rate of DC activation by receptors 4 cells/(mL 3 day)
𝛿𝐷 Rate of DC degradation 0.5 (1/day)
𝑃 − Receptor inactivation threshold 26.6 (mg/mL)
𝑃 + Receptor activation threshold 40 (mg/mL)
𝐷+ Gata3 activation threshold 85 (cells/mL)
𝑅off Receptor off level 0
𝑅on Receptor on level 16.7
𝐺off Gata3 off level 0
𝐺on Gata3 on level 1
𝐾off Kallikrein off level 0
𝑚on Slope of the linear relation between 𝑃 (𝑡) and 𝐾on 0.45
𝛽on Y-intercept of the linear relation between 𝑃 (𝑡) and 𝐾on 6.71
𝑅(𝑡) and 𝐾(𝑡) are hysteretic switches. Once 𝐷(𝑡) increases beyond the
threshold value 𝐷+ or the level of Gata3 activation, switch 𝐺(𝑡) is on
and remains on, even when 𝐷(𝑡) decreases, so 𝐺(𝑡) is an irreversible
switch.

So far, in in silico research on AD, Domínguez-Hüttinger et al. [5]
had developed the mathematical model, Eq. (2), including multiscale
properties of AD, which are represented by three switches. From a
mathematical point of view, this AD model is nonsmooth. A nonsmooth
dynamical system is a system that requires much development in theory
and numerical computation. Even in study of using the same AD model,
Eq. (2), with the parameter values listed in Table 1, the four clinically
observed AD symptoms are identified by a classification of two distinct
oscillation states: recovery (denoted as ), mild oscillation ( ), severe
3

𝑚

oscillation (𝑆 ), and chronic damage () [6]. The mild and severe oscil-
lations can be defined as the oscillation with off/on states of 𝐺-switch,
respectively. Examining the onset conditions of the four AD symptoms
leads to 11 AD phenotypes associated with different combinations of the
symptoms [6]. In addition, the codimension-two bifurcation diagram
(Fig. 2) displaying 11 AD phenotypes shown in [6] contains many
different dynamical properties of AD, whose many properties are still
hidden. That is, the codimension-two bifurcation is a hidden treasure
chest in AD dynamical research. In this paper, we reinvestigate the
two-dimensional parameter plane (𝜅𝑃 , 𝛼𝐼 ) generating the 11 phenotypes
found by Kang et al. [6] and replot it in Fig. 2. Based on Fig. 2, we will
investigate spontaneous remission phenomenon of AD in Section 3.
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Fig. 2. Codimension-two bifurcation diagram displaying 11 AD phenotypes shown
in [6]. The phenotypes are shown in alphabetic order: (a) Recovery , (b) (, 𝑠),
(c) (, 𝑚, 𝑠), (d) (, 𝑠, ), (e) (, 𝑚, 𝑠, ), (f) (, 𝑚, ), (g) (, ), (h) (𝑚,
𝑠), (i) (𝑚, 𝑠, ), (j) (𝑚, ), and (k) Chronic damage . (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

3. Results

Spontaneous remission is a phenomenon in which a patient recovers
from AD without any treatment. Specifically, in the Recovery region in
Fig. 2 (blue color), starting from any initial condition, the system will
converge to the maximal strength of barrier integrity (𝐵 = 1), signifying
the occurrence of spontaneous remission from AD. For other pheno-
types, spontaneous remission can occur but it depends on the initial
condition. To study this phenomenon in a systematic manner, we focus
on the Recovery region and investigate AD-states, progress and features
from the in silico point of view. Physiological considerations stipulate
the following constraints on choosing the initial conditions [6]: 0 ≤ 𝑃 ≤
1000, 0 ≤ 𝐵 ≤ 1 and 𝐷 = 0.

3.1. Two types of AD spontaneous remission in the recovery region

The AD system described by Eq. (2) is a nonsmooth dynamical
system constituting four subsystems, in which a healthy state is associ-
ated with unity strength of skin barrier integrity (𝐵 = 1). To describe
spontaneous remission, we consider AD-equilibrium states (or fixed
points) for 𝐵 = 1. This can be done by calculating the fixed points in
each subsystem [6]. For example, two fixed points 𝐹1 and 𝐹2 from two
different subsystems are given by [6]:

𝐹1 ≡ (𝑃1, 𝐵1, 𝐷1) =
(

𝑃𝑒𝑛𝑣𝜅𝑃
𝛿𝑃 (1 + 𝛾𝐵)

, 1, 0
)

, (6)

𝐹2 ≡ (𝑃2, 𝐵2, 𝐷2) =
(

𝑃𝑒𝑛𝑣𝜅𝑃
𝛿𝑃 (1 + 𝛾𝐵)

, 1, 0
)

. (7)

The two fixed points are identical in their respective subsystems, but
the dynamical evolution towards them in the full AD system can be
different, corresponding, respectively, to the on/off states of the 𝐺-
switch. An example of the time evolution of 𝐵 is shown in Fig. 3(a) and
(b) for 𝜅𝑃 = 0.7589 and 𝛼𝐼 = 0.11. It can be seen that, after some time,
𝐵 approaches the same fixed point corresponding to a spontaneous
remission state. Fig. 3(c–f) show that the activation processes associated
with the switches for the two traces of time evolution are different,
especially in terms of switch 𝐺, which is ‘‘off’’ for the evolution in
Fig. 3(a) and ‘‘on’’ for that in Fig. 3(b). As 𝐺 underlies the 𝐺𝑎𝑡𝑎3
transcription, this switch plays an important role in AD. In particular,
if it is on, serious AD may occur due to external factors such as the
pathogen load in the environment exceeding a threshold. These results
4

Table 2
Characteristics of SR-1 and SR-2 for fixed 𝜅𝑝 = 0.745 and 𝛼𝐼 = 0.1.

Property SR-1 SR-2 𝑚 𝑠

𝐺-switch Off On Off On
Skin barrier integrity 0.0002 ∼ 0.99 0.34 ∼ 0.83 0.29 ∼ 0.91 0.11 ∼ 0.84
Recovering time <15 ≈ 422 ∞ ∞

indicate that, even if the skin barrier integrity can be recovered to a
healthy state, two distinct AD states can arise.

Since all switches associated with the dynamical evolution converg-
ing to 𝐹1 are off, we have (𝑅,𝐾,𝐺) = (𝑅off, 𝐾off, 𝐺off). The fixed point 𝐹1
thus represents a healthy state and spontaneous remission in this case is
denoted as type-I (SR-1). In contrast, the evolution converging to 𝐹2 are
associated with different switch activation: (𝑅,𝐾,𝐺) = (𝑅off, 𝐾off, 𝐺on),
so 𝐹2 is potentially a dangerous state and spontaneous remission in this
case is called type-II (SR-2). Clinically, even 𝐹2 corresponds to the
maximal skin barrier integrity, due to the memory effect of the immune
system, it can lead to severe skin disease.

The two fixed points, 𝐹1 and 𝐹2 associated with type-I and type-
II spontaneous remission, are two different attractors of the system.
Clinically, how relatively common are the two types? To address this
question, we examine their basins of attraction. To make visualization
feasible, we focus on the two-dimensional phase space region: 0 ≤
𝑃 ≤ 1000 and 0 ≤ 𝐵 ≤ 1, systematically vary the initial conditions
in this region, and identify those that lead to attractors 𝐹1 or 𝐹2. A
representative example is shown in Fig. 3(g), where the blue and dark-
blue regions are the basins of attraction of 𝐹1 and 𝐹2, respectively. In
the blue region, the 𝐺-switch is off while it is on in the dark-blue region.
Note that the two basins of attraction have similar areas, indicating
that both types of spontaneous remission can occur and be clinically
observed.

3.2. Spontaneously recovering time

Fig. 3(a) and (b) indicate that, preceding spontaneous remission,
oscillations in the strength 𝐵 of skin barrier integrity arises after the
𝑅-switch is turned on for the first time. For convenience, we refer to
the time period in which the oscillations occur as the spontaneously
recovering time and calculate the possible 𝐵 values during this time
period for trajectories approaching 𝐹1 or 𝐹2. As shown in Fig. 3(h),
for SR-1, the 𝐵 value changes rapidly between 0.0002 and 0.99 with
time, indicating wide variations in the skin condition. However, for SR-
2, the 𝐵 value changes relatively slowly between 0.34 and 0.83. The
skin states associated with the two types of spontaneous remission are
thus distinct.

The conditions under which the two final states, 𝐹1 and 𝐹2, exist
are the same [6]: 𝑃1, 𝑃2 < 𝑃+. However, their stability is different. This
can be seen by calculating their eigenvalues from the Jacobian matrix.
We get

𝜆11 = −𝛿𝑝, 𝜆12 = −𝜅𝐵 , 𝜆13 = −𝛿𝐷 for 𝐹1, (8)

𝜆21 = −𝛿𝑝, 𝜆22 = −𝜅𝐵∕(𝛾𝐺 + 1), 𝜆23 = −𝛿𝐷 for 𝐹2, (9)

where 𝛿𝑝, 𝜅𝐵 , 𝛿𝐷, and 𝛾𝐺 are positive quantities [6]. Since the eigen-
values are negative, both 𝐹1 and 𝐹2 are stable. However, the difference
in the magnitude of the eigenvalues stipulates different ‘‘speed’’ of
approaching spontaneous remission from AD. In particular, we have
|𝜆12| > |𝜆22|, indicating that the time for AD patients with SR-2 to
be recovered can be much longer than that for patients with SR-1.
Numerical results of the distributions of the spontaneously recovering
time for trajectories calculated from an ensemble of initial conditions
in the respective basins of attraction are shown in Fig. 3(i), where
it can be seen that SR-1 and SR-2 have relatively small and large
time scales, respectively. Clinically, SR-1 is related to early-onset and
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Fig. 3. Dynamical comparison of two different spontaneous remission types. For the two types, SR-1 and SR-2, (a,b) respective representative dynamical evolution, (c,d) respective
activation of 𝑅- and 𝐾-switches corresponding to the time evolution in (a,b), (e,f) respective activation of 𝐺-switch. (g) Basins of attraction of the attractors associated with SR-1
and SR-2, displayed by blue and dark-blue colors, respectively. (h) Distribution of the strength of skin barrier integrity for the attractors. (i) Distribution of the recovering time
for different types of spontaneous remission. Parameter values are 𝜅𝑃 = 0.7589 and 𝛼𝐼 = 0.11.
early resolving while SR-2 is associated with early-onset and late-
resolving [7]. The basic characteristics of the two different spontaneous
remission types are summarized in Table 2.

The two types of AD clinical symptoms [6], namely, mild oscillation
𝑚 and severe oscillation 𝑠, which usually require treatment, can
be related to the two spontaneous-remission types, SR-1 and SR-2,
respectively. There are two common features between 𝑚 and SR-
1: (1) their 𝐺-switch is not turned on and (2) their skin states are
distributed in a similar way. In fact, the skin barrier integrity of SR-
1 extends slightly beyond the range of 𝑚’s skin state, indicating the
protecting role played by the skin barrier of SR-1 against pathogens
and in facilitating recovery. The dynamical behavior of SR-1 follows
that of 𝑚 for a finite time and then settles into the healthy steady
state 𝐹1 relatively abruptly. Type-I spontaneous remission can thus be
regarded as a transient behavior from 𝑚 to 𝐹1. Likewise, the dynamical
behaviors of type-II spontaneous remission and of 𝑠 can be compared.
As shown in Fig. 3(h) and Table 2, the distribution of skin barrier
integrity for SR-2 is similar to that of 𝑠 and, in both cases, the 𝐺
switch is on, indicating that the skin’s defense of SR-2 is weak and the
recovery speed from damage is slow. Before settling into the unhealthy
steady state 𝐹2, the oscillatory behavior of SR-2 is characteristic of
that of 𝑠 for a finite amount of time, suggesting type-II spontaneous
remission as a transient behavior from 𝑠 to 𝐹2. Taken together, the
dynamics of the two spontaneous remission types SR-1 and SR-2 are
both of the transient type, corresponding to mild and severe AD-clinical
symptoms for a finite time, respectively, and full recovery occurs after
the transient.

3.3. Scaling law for AD spontaneously recovering time

For transient dynamics, a key question concerns the average life-
time, i.e., on average, how long does it take for AD to be recovered?
5

That is, how does the average transient lifetime 𝜏𝑅 depend on the
bifurcation parameter? To address this question, we vary the parameter
𝜅𝑃 systematically and calculate the average lifetime from an ensemble
of initial conditions for some typical value of 𝛼𝐼 , e.g., 𝛼𝐼 = 0.11.
Fig. 4(a) shows 𝜏𝑅 versus 𝜅𝑃 for the two types of spontaneous recovery,
where the lifetime for SR-2 is apparently distinct from and in fact much
longer than that for SR-1, 𝑥 = 𝜅𝑐1

𝑃 and 𝑥 = 𝜅𝑐2
𝑃 are the respective

asymptotic lines for SR-1 and SR-2, respectively. The critical points
(𝜅𝑃 , 𝛼𝐼 ) = (𝜅𝑐1

𝑃 , 0.11) and (𝜅𝑃 , 𝛼𝐼 ) = (𝜅𝑐2
𝑃 , 0.11) are located on the

threshold curves of the onset conditions of mild and severe oscillation,
respectively, as shown in Fig. 4(b). To assess the form of the curves in
Fig. 4(a), we replot them on a logarithmic-versus-double-logarithmic
scale, as shown in Fig. 4(c). The results suggest the following scaling
law:

𝜏𝑅 ∼ exp[𝐶(𝜅𝑐𝑖
𝑃 − 𝜅𝑃 )−𝑛], (10)

where 𝜅𝑐𝑖
𝑃 is 𝜅𝑐1

𝑃 or 𝜅𝑐2
𝑃 for SR-1 or SR-2, respectively, and 𝐶 > 0 and 𝑛 >

0 are constant. The scaling law (10) is characteristic of superpersistent
transients [24–27]. As 𝜅𝑃 approaches the critical value 𝜅𝑐𝑖

𝑃 , the transient
lifetime 𝜏𝑅 becomes superpersistent in the sense that the exponent in
the exponential dependence diverges. The clinical implication is that
it can take an extremely long time for AD patients to spontaneously
recover. If the physiological conditions of the patient are such that the
value of the parameter 𝜅𝑃 is close to the critical point 𝜅𝑐𝑖

𝑃 , then the
transient time can be practically infinite!

It is worth noting that the nominal value 𝜅𝑃 characterizes the skin
permeability and is related to the skin barrier integrity. The scaling
law (10) indicates that, even if the skin barrier deteriorates slightly,
the spontaneously recovering time can be significantly longer. The
clinical implication is that, after the onset of AD, improving the skin
permeability can be effective for speeding up the recovery process.

The superpersistent scaling law (10) in fact holds for different
parameter settings. Fig. 5(a) illustrates four different parameter paths.
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Fig. 4. Scaling law governing the spontaneously recovering time for the two types of spontaneous remission. (a) Recovering time 𝜏𝑅 versus 𝜅𝑃 for 𝛼𝐼 = 0.11, where the two
dashed lines denote the critical points 𝜅𝑐1

𝑃 and 𝜅𝑐2
𝑃 , and the red and blue colors represent the recovering time for SR-2 and SR-1, respectively. (b) Threshold curves of the onset

conditions of , , 𝑚 and 𝑠, represented by red, blue, brown and purple colors, respectively. The points (𝜅𝑃 , 𝛼𝐼 ) = (𝜅𝑐1
𝑃 , 0.11) and (𝜅𝑐2

𝑃 , 0.11) are marked on the threshold curves.
(c) Evidence for the scaling law 𝜏 ∼ exp[𝐶(𝜅𝑐𝑖

𝑃 − 𝜅𝑃 )−𝑛], where 𝜅𝑐𝑖
𝑃 = 𝜅𝑐1

𝑃 or 𝜅𝑐2
𝑃 .
Fig. 5. Scaling law of spontaneous recovery time 𝜏𝑅 under different parameter settings. (a) Four different parameter paths 𝑃𝑖 in the codimension-2 bifurcation diagram. (b–e)
Scaling law governing 𝜏𝑅 for the four parameter paths, respectively.
For example, for 𝛼𝐼 = 0.11 and 0.095, which correspond to white solid
lines in Fig. 5(a), the resulting scaling results of 𝜏𝑅 versus 𝜅𝑃 are shown
in Fig. 5(b) and (c), respectively. Two more examples are shown in
Fig. 5(d) and (e) for fixed 𝜅𝑃 = 0.745 and 0.7. All these results indicate
the following scaling law:

𝜏𝑅 ∼ exp[𝐶(𝛼𝐼 − 𝛼𝑑𝑖𝐼 )−𝑛], (11)

where 𝑑𝑖 denotes the boundary point in Fig. 5(a) where the parameter
path meets.

3.4. Modulation of transient time by emollients

Emollients are substances that soften and smooth the skin through
filling the gaps between the skin cells and forming a protective layer
on the skin, which is often used to treat dry, itchy, or scaly skin
conditions such as eczema, psoriasis, and ichthyosis. While emollients
may not treat atopic dermatitis, they can effectively reduce itchiness
and replenish moisture. Our question is how emollients affect sponta-
neous remission and the recovering time. To address this question, we
6

consider the following mathematical model:

𝑑𝑃
𝑑𝑡

=
𝑃𝑒𝑛𝑣 ⋅ 𝜅𝑝
1 + 𝛾𝐵𝐵(𝑡)

− 𝛼𝐼𝑅(𝑡)𝑃 (𝑡) − 𝛿𝑝𝑃 (𝑡),

𝑑𝐵
𝑑𝑡

=
𝜅𝐵[1 − 𝐵(𝑡)]

[1 + 𝛾𝑅𝑅(𝑡)][1 + 𝛾𝐺𝐺(𝑡)]
− 𝛿𝐵𝐾(𝑡)𝐵(𝑡) + 𝐸, (12)

𝑑𝐷
𝑑𝑡

= 𝜅𝐷𝑅(𝑡) − 𝛿𝐷𝐷(𝑡),

where 𝐸 measures the amount of emollient in conjunction with other
treatments [32]. To be concrete, we fix 𝐸 = 10−2 and 10−3 [32], and
calculate the average recovering time for the two types of spontaneous
remission. The results are shown in Fig. 6(a–c). In general, applying
emollient to the skin can reduce the time to spontaneous remission,
as shown in Fig. 6(a). For both SR-1 and SR-2, the use of emollient
can disrupt the superpersistent transient scaling law, resulting in a
significant reduction in the recovery time, as can be better seen in
Fig. 6(b) and (c) on a log versus double-log scale, respectively. It can be
seen that application of emollient breaks the superpersistent scaling law
for the spontaneous recovery time. In particular, close to the threshold
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Fig. 6. Effect of emollient on the two types of spontaneous remission. (a) Recovering
time 𝜏𝑅 versus 𝜅𝑃 for 𝐸 = 0 (solid), 10−2 (dotted), and 10−3 (dashed), where the red
and blue colors represent the recovering time for SR-2 and SR-1, respectively. (b,c)
Scaling of the average recovering time for the two types of spontaneous remission,
respectively, for different amount of emollient.

Fig. 7. Sensitivity of effect of emollient. (a,b) Recovering time 𝜏𝑅 versus 𝐸 for
𝜅𝑃 = 0.75898755 (Red), 0.818440 (Blue), where the red and blue colors represent the
recovering time for SR-2 and SR-1, respectively. (c,d) Scaling of the average recovering
time for different amount of emollient, respectively, for the two types of spontaneous
remission.

𝜅𝑐𝑖
𝑃 , the recovery time 𝜏𝑟 is much reduced. From a clinical perspective,

this result highlights the beneficial role of emollients in shortening the
recovery time.

To investigate a sensitivity of emollient effect, we measure the
average recovering time for different amount of emollient with fixed
𝜅𝑃 = 0.75898755 and 0.818440, which can be seen in Fig. 7(a) & (b),
respectively. It is clear that by increasing the amount of emollient,
the recovering time is significantly reduced. For a different scale,
Fig. 7(a) & (b) are replotted in Fig. 7(c) & (d) on a log versus log scale,
respectively, which shows that the averaging recovering time can be
exponentially reduced by increasing the amount of emollient.
7

Fig. 8. AD time evolution (of 𝐵) and the corresponding slope functions. The parameter
setting is 𝜅𝑃 = 0.758978 and 𝛼𝐼 = 0.1100. (a) Transient behavior and (b) the
corresponding dynamical behavior of (a) transformed by the slope functions. The red
and black arrows indicate the entering time 𝑇 and the escape time 𝜏𝑒, respectively.

3.5. Theoretical argument for AD superpersistent scaling

In smooth dynamical systems, the dynamical mechanism respon-
sible for superpersistent chaotic transients is unstable-unstable pair
bifurcation [24,25], where a pair of unstable periodic orbits coalesce
with each other at the bifurcation point. The AD dynamical system
described by Eqs. (2)–(5) is nonsmooth. To understand the superper-
sistent transient dynamics, we introduce a class of slope functions.
Fig. 6(a) shows a typical time evolution of recovery, where 𝐵 converges
to a recovery state in a relatively abrupt manner. To understand this
behavior, we consider each subsystem 𝑆𝑖 and define a slope function
𝐹 𝑠
𝑖 . In particular, suppose a trajectory starts from the 𝑃− threshold

line: (𝑃 (0), 𝐵(0)) = (𝑃−, 𝑏) and 𝑏 ∈ (0, 1). There exists a time 𝑡∗ ∈ R
for the trajectory to reach the 𝑃+ threshold line for the first time:
(𝑃 (𝑡∗), 𝐵(𝑡∗)) = (𝑃+, 𝑏1). For each subsystem 𝑆𝑖, the slope 𝐹 𝑠

𝑖 is given
by the line passing through the two points (𝑃−, 𝑏) and (𝑃+, 𝑏1):

𝐹 𝑠
𝑖 (𝑏) =

𝑏1 − 𝑏
𝑃+ − 𝑃− , if the time 𝑡∗ exists. (13)

For instance, for the trace in Fig. 8(a), (b) shows the slope functions of
𝑆4 (red curve) and 𝑆2 (blue) subsystems. It can be seen that, in order
for the trajectory to approach the recovery state, it must pass through
the narrow tunnel formed by the two slope functions. There are two
distinct time scales in this dynamical process: the time required for
the trajectory to enter the tunnel (𝑇 ) and the time to pass through
the tunnel (𝜏𝑒), as shown in Fig. 8(a) and (b). For 𝜖 = 𝜅𝑐

𝑃 − 𝜅𝑃 or
𝜖 = 𝛼𝐼 − 𝛼𝑑𝐼 , the entering time follows a power law: 𝑇 ∼ 𝜖−𝑛, while
the escaping time depends on the minimal distance between the two
slope functions. Effectively, the minimal distance is the width of the
opening of the channel, denoted as 𝛿. Since the dynamics inside the
channel are unstable, this distance increases exponentially with time.
We have 𝛿 ∼ exp (−𝐶𝑇 ), where 𝐶 > 0 is a constant. The transient time
is thus given by

𝜏 ∼ 1
𝛿
∼ exp[𝐶(𝜅𝑐𝑖

𝑃 − 𝜅𝑃 )−𝑛], (14)

which is the scaling law characterizing superpersistent transients.

4. Discussion

A characteristic feature of AD that distinguishes it from many other
diseases is that it can recover by itself – thanks to the remarkable
phenomenon of spontaneous remission. From the point of view of
dynamics, AD is a transient process: the system can stay in some ‘‘bad’’
state (AD) for a finite amount of time before approaching a ‘‘good’’ or
healthy state. The key question is thus how long such transients can
be. If the transient time is generally short on reasonable physiological
time scales, then treatment may not be absolutely necessary. Clinically,
short transients or speedy recovery can occur, but typically for patients
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of relatively young ages. There are cases of long-lasting AD. Existing
empirical data are not sufficient to give statistically reliable information
about the duration of the AD, as it depends on many physiologi-
cal parameters. Mathematical modeling provides a viable approach
to gaining insights into AD transients and providing a quantitative
characterization of their lifetime.

Due to the complexity of the dynamical system underlying AD,
deriving an exact formula governing the dependence of AD transients
on physiological parameters is infeasible. Nonetheless, uncovering a
scaling law characterizing the leading dependence of the transient
lifetime on some key parameter is possible. In this regard, it has been
known that in smooth dynamical systems, a typical type of scaling
of the average lifetime of chaotic transients follows an algebraic or
power-law dependence on the parameter variation [33]. In this case,
as the bifurcation parameter approaches the critical value, the aver-
age lifetime becomes infinite but according to some algebraic power.
However, another type of transient behavior can arise: as the criti-
cal parameter value is reached, its lifetime approaches infinity in an
exponential-infinite way: 𝑒∞ - superpersistent transient [24,25,31]. A
inding of this work is that the lifetime of the AD transients follows this
uperpersistent scaling law. The implication is that there can be cases
here the AD duration can be infinite in any realistic time scale. For

hose patients, treatment is necessary. We also identify a practical con-
rol/mitigation strategy to break the superpersistent scaling through,
.g., application of emollients.

In several clinical diseases, transient behavior can be observed,
uch as acute myeloid leukemia [34], neuroblastoma [35], metastatic
elanoma [36], hepatitis [37], tuberculosis [38], and others. We hope

hat our research results will help understand various diseases that
xhibit transient phenomena.
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