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ABSTRACT

The valley-dependent skew scattering of conduction electrons by impurities in two-dimensional
a-T3 materials is studied. The interplay of Lorentz and Berry forces, which act on mobile elec-
trons in position and momentum spaces respectively, is quantified. Interactions of electrons with
ionized impurities at two valleys are observed in different scattering directions. Both the zero-
and first-order Boltzmann moment equations are used for calculating scattering-angle distribu-
tions of resulting skew currents, which are significantly enhanced by introducing microscopic
inverse energy- and momentum-relaxation times to two moment equations.

Keywords: o-Tj3 lattices; valley; impurity scattering; momentum relaxation; energy relexation

1. INTRODUCTION

In electronics (spintronics),! information is encoded through charge (spin). Valley quantum
numbers can also be used to distinguish and designate quantum states of a crystal lattice, which
leads to the so-called valleytronics >3 and has already attracted a huge amount of interest .*1°
From physics perspective, valleytronics makes use of controlling the valley degree-of-freedom
of certain semiconductor crystals with multiple valleys inside their first Brillouin zone, i.e.,
band-extreme points. In fact, electron spins have already been used for storing, manipulating
and reading out bits of information. !t As a result, we expect valleytronics will acquire similar
functionalities through multiple band extrema, i.e., the so-called bit information could be stored
as discrete crystal momenta.

For graphene ,'? its two nonequivalent valleys can be regarded as an ideal two-state system,
and its K and K’ Dirac points in the first Brillouin zone have distinct momenta or valley
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quantum numbers. Since these two valleys are separated by a vary large crystal momentum, we
believe them robust against room-temperature external perturbations. Actually, quantum ma-
nipulation of valleys has already been demonstrated, '? in which electrons from different valleys
are used for quantum-information processing. Moreover, other two-dimensional materials, i.e.,
silicene, germanene, MoSy, WSes, also demonstrate similar valley characteristics.

Technically, for valleytronics it is very challenging to separate electrons from two valleys in
either position or momentum space, i.e., the so-called valley filters.!* The valley Hall effect '
(VHE) can be applied for separating electrons in position space. The other physical phenomena,
i.e., the anomalous Hall effect ' (AHE) and the spin Hall effect '® (SHE), are expected similar to
VHE, where the latter has already shown a connection between the electrical and spin currents
for spin-current generation and detection electrically in spintronics. In parallel, we hope VHE
will also produce transverse valley currents in position space like SHE.

Theoretically, the a-T3 physics model is recognized as the newest and best candidate for
novel two-dimensional materials. Its obtained low-energy dispersions in this model, including a
flat band, can be associated with a three-component generalization, i.e., pseudospin-1 particles,
of standard Dirac-Weyl Hamiltonian "' and possess a close relation to graphene. 20722

The idea of highly-efficient valley filtering in a-T3 lattices with a changing Berry phase, as
illustrated in Figs. 1(a) and 1(b), has been proposed?*?* with a Berry-phase-mediated VHE,
i.e., gVHE due to the geometric nature of the underlying mechanism. Here, the charge-neutral
valley currents appear through skew scattering from ionized impurities at valleys. A physical
explanation is offered to resonant valley filtering ?° assisted by skew scattering in order to ensure
that gVHE becomes robust against both thermal fluctuations and structural disorders due to a
large inter-valley momentum separation.

In this paper, the single-particle quantum-mechanical theory ?* for o-T5 lattices with variable
Berry phases will be generalized to include many-body effects by using Boltzmann transport for-
malism. This generalized formalism will microscopically compute the inverse energy-relaxation
time using the screened second-order Born approximation, the inverse momentum-relaxation-
time tensor resulted from scattering by ionized impurities, and the mobility tensor from the
force-balance equation. The zeroth- and first-order moment equations from the Boltzmann trans-
port equation will be applied to compute the longitudinal (near-horizontal) and skew-scattering
(near-vertical) currents. We will further analyze the competition between Lorentz and Berry
forces acting on electrons in position and momentum space, respectively, for non-equilibrium
and thermal-equilibrium currents.

2. ELECTRONIC STATES

The single-particle Hamiltonian !?3 for an a-Ty lattice has the form of ﬁo(k“) = hop'd - Ky,
where vp and ky = (kg, k) are the Fermi velocity and electron wave vector, o = {5

sponding to two valleys,

?"‘ <7'_0> ® ;‘}, <?)1,273 are three Pauli matrices, <?>0 = [ 549 is the identity matrix corre-
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0 cos¢p O 0 —1.COS ¢ 0

?fj = | cos¢p 0 sing | |, ?; = | icos¢ 0 —ising | (1)
0 sing O 0 isin @ 0

and a = tan¢ (0 < a < 1) to parameterize the a-T3 lattice. For this Hamiltonian, three

eigenvalues are given by e,(k)) = shvpk) with s = 0, &1 for three bands. The associated
eigenstates are

1| 7cos pe
5,7 K1) = —7 s |7) (2)
V2 T sin ¢ x|

for valley-degenerate eigenvalues e (k) = £ hvpk| (recorded as (c) for s = +1 and (v) for
s =—1), and

T singe T
0,7, k||>¢> = 0 |7) (3)

iT0
—T7 cospe “l

for eo(k) = 0, where 6y, = tan™"(k,/k,), and |7 = £1) represent two different valley states. The
Berry connection 26 of each band is defined as the quantum-mechanical average of the position
operator 7| = i@ku, ie., AT?(ky)) = 4(s, 7, k| ]i@ku |s, 7, k|)s. As a result, we get from Egs. (2)
and (3) that

1 —a? 1
T,@ _ T, _ T,¢
At(ky) = Tl a2 Vi b, Ak = —5 A" (k) - (4)
Moreover, the Berry curvature Q7%(k)) = Vi, X AT?(ky) is further calculated as
1—a?
1+ a2

Q0 (k) =7 <

where é, is the unit coordinate vector in the z direction, perpendicular to a-T3 plane. Connecting
to the Berry connection presented in Eq.(4), the ¢-dependent Berry phases are calculated as
D7(p) = § dky - AT?(ky) = Tmcos2¢ for s = £1 and Pf(¢) = —287(¢). For simplicity, we call
the geometry phase ¢ as the “Berry phase” in this paper.

)M(ku)éz C 950 (ky) = 2900 (Ky) (5)

3. IMPURITY SCATTERING

For impurity scattering, the initial |7) and final |f) electron states with wave vectors ky and k|
eIl

VS
Eq. (2) and S is the sample area. We assume an isotropic step-like impurity-scattering potential

uf(r) = Vo O(rg — ), where Vj is the step height, r( is the interaction range, and 7 = +1

ik |
e |

can be written as |i) = |s, 7, ky)p and | f) = 5 |s, 7, k), Where |s, 7, k| ) is presented in
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(1 = —1) corresponds to a barrier-like (trap-like) potential. Consequently, the screened impurity
scattering matrix becomes 2”

Ui (q, Ug (q,
Une (K k) = > <q,”) (fle iy =S <q|,>

= €5(q)) ~ es(qy)
q I q |
O
iy 1 2 —ikix, € |
XY flOrg roll | ]i) = 35 drije ™ ——
¢ T\ r <r0
—i7(©,s —0/ iT(©, —0y/ -
X {Tcosgbe © "H)Rl(rl’|)+sR2(r|’|)+rsin¢e © “)R3(r’)} / A R
T'HSTQ
e iT(Or) =01, ) o . (OO )k
X {Tcosd)e R () + sRy(r) + Tsinge I Rg(m)} ; (6)
V2T

where Up(q|)/€4(g]) is the two-dimensional Fourier transform of the screened impurity potential,
and the intermediate quantum states are

with three radial wave functions for scattered electrons by an ionized impurity atom with a
locally-circular symmetry at the valley |7). In addition, the first integral with respect to rh in
Eq. (6) can be evaluated analytically and leads to

zé@/
m(0, —O,s)

Integral-r| = /dr” r”/d@ ¥/ Vo Z Im (k7)) € b (=)™

—iT (0, —0,/ iT(0, —0,/
X {TCOS¢€ O k‘l)Rl(rf|)~|—sR2(r|’|)+Tsin¢e O "|)R3(7~’)}
T0
. 00, / -
= V2r(—i)’e /d?“” 7| [(—i)~ 7 cos ¢ Jor (k) Ra(r))
0

+sJo(kjr) Ra(r)) + (=0)7 78in.¢ Jesr (k7)) Ra(r()] -
Similarly, for the second integral with respect to r| in Eq. (6), we find

Or)

() 2 15@1»
o
Integral-r| = /dr T/d@r| N Z I (ke + gl 72+ (0)™
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X {7’ cos e’ O )RT (r)) + sR5(ry) + Tsing e O )R§<7"H )}
0

= Vam(i)fe /dru rn{( i)" 7 cos ¢ Jo—r (| + qjlr) R (ﬂ\)ew‘i“’qﬂ
0

N —T . * 7iT:BS ’q/
+SJ5(“€|| + q’H]r”) R;(T’”) + (—1) TSlnd)Jg_H(’k” + q’H|r”) Rg(T”) e kjpa) } ,

where 513("’(],” = Hku +q —0x, is the scattering angle as illustrated in Fig. 1(c). Finally, by combining

these two integrals and putting them into Eq. (6) we arrive at

Us (q1)
es(q) S

where the scattering form factor 7, 4(k|, q|) is defined as

Uil (ky + qy, ) = Fro(kysq)) (7)

Fro(ky,q)) = Z{ )T cosd x|k + qyl) + sxa(lky + ql)

+(—i)"Tsin ¢ xs(|ky + q])} {( i)"7cos ¢ X1 (|ky +Q||D 70k + sxa(ky + qy)

NP —irBy, o
+(=1)TTsind x3([ky +qyl) e ks H} . (8)
Here, we have introduced in Eq. (8) the following three complex functions
xi(|k) +qyl) Jo—(|ky + qlr) Ri(r))

xa(|ky + q) \/_/drn rig Jellky + qylry) Ra(ry) : (9)
xa(|ky +q) Jesr (IR + qylry) Ra(r)

4. DIELECTRIC FUNCTION

Under the random-phase approximation,” the dielectric function €,(q),w) for a-T; lattices is
found to be

es(qw) =1+ ( - ) Qs(q)sw) (10)

2€06:q)

where the polarization function Q4(qy,w) is defined as

{ I lew (kg + qyl)] — f7es(y)] } (11)

Qolq),w) = Z Gro(ki.ay) hw +107) —eq([k) + qy) + es(ky)

Tk” SS/

The prefactor 2 in Eq. (11) comes from the spin degeneracy, S is the sample area, £,(k|) = shvpk
with s = 0, +1, w is the angular frequency of a probe field, f(o)( ) = {1+exp[(z —ug)/kpT]|}*
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is the Fermi function for thermal-equilibrium electrons, ug(T") is the electron chemical potential,
and T is the temperature. The overlap function Q;’ﬁ(k”, q) in Eq. (11) for different electronic
states is

2 (12)

?

Gro(ky, qp) = GU%ay k) =

¢<8, 7, k| ‘8', 7, k) + q>¢

and the wave functions |s, 7, k) for s = 0, &1 and 7 = %1 are shown in Egs. (2) and (3). For
kT < EF, the remaining nonzero terms in Eq. (11) in the summation over s and s’ correspond
to s’ = +1, s =0, £1, or vice versa. As a result, we get three finite terms'® from Eq. (12), i.e.,

Gyt (ki) = 5 sin®(26) sin* (5, ) (13)
T 1 s S . 20 ns
G0 (ko qy) = 7 {1 cos(B )} + 7 cos(260) sin?(5 q,) - (14)

which become independent of 7, where Bﬁlhqu = Ok, +q, — Ok, is the angle between wave vectors
k| and k| + q, and 0y, = tan~'(k,/k,) is the angle between kj and z-axis.

Setting w = 0, we get the static dielectric function €4(gy) from Eq. (10) by using

Qo(q,w = 0) = ag(qy) + (g — 2kr) by(q)) , (15)
where kp = |/Tpy and pg is the areal electron density. If ¢ < 2k is further assumed, we find

4 = (€2/2€0€6,) ag(qy) = (€*kp)/(meoe,hvp) for €4(q)) = 14 qs/q)- As qp < kp, ag(q)) becomes
independent of ¢ and is given by '®

ag(q)) =

7ThUF )

2
qj 2kp
4k — |~ — 16
27ThUF< F_'_kF) ( )

5. ENERGY-RELAXATION TIME
Under the detailed-balance condition, the microscopic energy-relaxation time 7,(kj, 7) in Eq. (42)

can be calculated from 2°

b
T4(K), T)

where the scattering-in rate for electrons in the final kj-state is

= WD (k) + W3i(ky) (17)

U (g k)| { fe e Olens — e 5(en, — 18
im (1 R Sieay 0(E = Exp—ay) + Sieyray (6 — Expray) p 5 (18)

T 7TNi
Wil k) === >

q

and its scattering-out rate in the initial k-state is
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SCT k”)’Q {(1 = figjray) 0(Expqy — 21))

q
(1 = figy—a) (61 —qy — Ekn)} : (19)

For simplicity, we have introduced the notations fi, = f}o) [e(ky)] and ey, = 4 (ky). We have

also assumed kg1 < Er and low pg so that both electron-phonon and electron-pair scattering

can be neglected compared with dominant impurity scattering. N; is the number of ionized
2

impurities in the system, and ‘U ’¢ qH, k:”)‘ can be obtained from the the second-order Born

approximation.

Using the results in Sec. 3, we arrive at the screened impurity scattering interaction, given
by

Us (qy) ? 2
Stags| Pl 2

where S is the sample area, and €4(q)) is a static dielectric function determined from Egs. (10)
and (15). Here, the scattering form factor F. 4(k|, q)) is

2
‘Ui:f(q”, k||)’ =

Frolky q)) = Z{ ) TTeosdxa(lky + qyl) + sxa(lk) + qy)

+(—i)"Tsin ¢ xs(|ky + q])} {( i)' cos g xi(|ky +CI||D Py + sxa(ky + qy)

N . —iTB o
(i) sing (g + qyl)e ) (21)

where s = +1 is selected for electrons, 7 = +1 for two inequivalent valleys, a = tan ¢, 518<”,q” =

O rq, — bi, and O = tan'(k,/k,). We define the scattering factors x,(|kj + g|) with
n=1,2 31in Eq.(21) as

) A / (RAE)F + [Rae)? + [Ra©)?) -
——4 Xo(|k| +4q = d§ & (JR1(§)]” + |R2(8)|” + | Rs(§
V2T | ik + ) J
! Jo—-([k) + qlrof) Ri(§)
x / deed Tk +q i) Rale) b (22)
0 J£+r(|kH + CI|||7"0§) Rs(§)

where Jy(x) is the Bessel function of the first kind, ¢ is the angular-momentum quantum num-
ber and 7y represents the range of impurity interaction. The radial wave functions R, (§) for
n = 1,2, 3 in Eq.(22) satisfy the matrix-form Dirac equation for massless three-component
generalization of Dirac-Weyl particles,? i.e.,
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ug(é‘) _ZTf’wFCOb(b (dis + %)
_W (dig _ @) 5) zTi‘wFsmd) ( 7—(€+7— )
0 ZTthsm¢ (% . %) ug
Ri(€) Ri(€)
R | Ra&) | = Eolhy) | Ral6) | (23)
Rs(&) Rs(§)

where Ey(kj) is the kinetic energy for incident electrons, uj(§) = 7Vo ©(1 — §) is a barrier-like
(1 = +1) or a trap-like (7 = —1) impurity potential, and V} is a potential-step height within the
region of 0 < ¢ = r/ry < 1. The Fourier transform of the scattering potential uJ(¢) in Eq. (23)
takes the form

1

Ug (a) = TVa(2mr2) / de Eo(€roqy) (24)

If ¢ # 7/4, we find from Eqs. (21)-(23) that F; 4(ky,q) # F-rs(k),q)) and xi([k| + q|) #
xs(|ky + q|||), leading to valley-dependent impurity scattering. This results from a switching
from the translational symmetry in a crystal to locally-rotational symmetry around an impurity
atom., and from the valley-dependent barrier- or trap-like impurity potential as well. Equation
(23) can be solved analytically?® for an electron interacting with an ionized impurity atom,
giving rise to

1e(8) cos ¢ Jo—-(£n5)
R3.(&) | = iS¢ Je(&ng) : (25)
5(8) —sin ¢ Jo-(€ng)

where ng(kH) = |E’o(k:||) — 7Vo|ro/hvg, and S = sgn(EO(k:H) — 7Vp) with (56)2 =1

From Eq. (18) we find

WP (k) = s Fufiy, / 5 cosof | EERLODE 2 sor L o)
in A 2rh2vp 17y — * €4(2k)| cos 6]) e\ eIl
where |cosf| = [sin(|fs]/2)], n; = N;/S is the areal density of ionized impurities, and the

summation ) is associated with ey = i +q, for two delta-functions in Eq. (18). From Eq. (21)
£

we further find

Frolky, Bs) = 5 Y _{(=i) T cos o xT ,(ky) + X3, (ky) + (—i) 7 sin o X3 ,(ky) }

L

N | —
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{(iymeos oxtliy) 1 - x5 (k) + () T sin gy e R )
= rio(ky &, 7) + w1k, &, 7) €7+ Kok b, 7) €7 - g Ry, @, 7) (1 €7)

+’f4<k‘||7 ¢7 T)(l + 6_”68) + R5(k\|7 ¢7 T) COS(Tﬁs) ) (27)
where
- ~1/2
X1,e(Fy) ; o ) . /
Xa(ky) ¢ =vor / d€ & [cos? pJ7_(&ng) + JZ(Eng) + sin® ¢ J7,(€n7)]
X () 0
cos ¢ y Jo—r(kyro&) Joe—7(€M5)
< Qasg [ deed i) iten) , (28)
—sin ¢ 0 J€+T(k|\r0§)J€+T(§W8)
and six real coefficients x; for e =0, 1,--- , 5 are defined as

1 (o]
ko(ky, ¢, 7) = 5 Z ‘Xg,e(kll)|2’

P
ki(ky, o, 7) = %COS%ei IXTo(k]”

ka(ky, ¢, 7) = %Sin%ei [Gek)]”

r3(ky, ¢, 7) = —%coscb;j: XTe(k)x2.e(Ry)

ka(ky, ¢, 7) = +%Sm¢£i Xa.e(kXze(ky)

ol ) = =520 3 ). 29

For kT < Ep, from the detailed-balance condition and Eq. (26) we obtain the energy-relaxation
rate

e ’fn -
W (k) O (kp — k
(kF, pog; ok, T) 5%: (k) ©(kr — ki)
4n; U§ (2ky| cos 6]) |?
= ———— [ dBs|cos| [ dkyki|=> sk, B
W2h2UFPO/ 5 |COS |/ I (2k|‘|0089| |]: 74)( ||7ﬁ)| (30)
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6. MOMENTUM-RELAXATION-TIME

The inverse momentum-relaxation-time tensor ?; '(7,¢) in Eq.(44) can be calculated using
the average resistive forces f(7,¢) in the presence of electron scattering by ionized impurities
under kT < Ep.3%32

For electrons moving with a center-of-mass momentum hK 8’¢, the resistive force f(7, )
from impurity scattering is *°

F(1,0) = —N; <2%) Z—i Z hq (hq” ‘KS’(#)

kj.qy

T "
Uir{1¢(q||’ k’ll)’ (‘é) 0(Ex)+q) — Exy) - (31)

X

Using the definition ?;1(7, o) - KJ? = —f(7,¢)/Noh, we get

Ofx,

Uiﬁ?(qlh kll)‘z (‘?) 0(Ex +ay — €x) lq,® qﬂ ) (32)
k

?_1(7_’ gb) _ 27TNZ"UF Z

P Nokp

kjq

where the notation

2
T] — qm q$Qy
lgy®qj] = {qum ¢ } :

For kT <« Ep, from Egs. (31) and (32) we have

‘ 2

Ui:f(q\\’ k)| oex, — Er)0(ex ay — €i)) g ® qlﬂ

RCRURECESDY

po k.q

m2h2vEpo

Ui (2kp| cos b))
¢ (2kr| cos 0])

/dﬁs | cos ] cos? 0

—T

2
‘ ‘f7,¢(kF7 ﬁs)’Q

cos’f  cosfsinf
[ sinfcosf  sin@ } ’ (33)
where €,(q)) is the static dielectric function, the structure factor | 4(kr, 5s)* is given by

Eq. (27), cos§ = —sin(|fs]/2), sinf = sgn(fs) cos(|fs|/2) for —m < B, < w, and sgn(x) is a sign
function.
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7. MOBILITY

From Eq. (44), we get the linear equations®? with respect to center-of-mass wave vector K¢ =
(Kp?, K;?), yielding

T, qOUFBz e _
bzx(Tv ¢)Kx ¢ + |:bwy(7-7 QS) - TF} Ky ¢ = E Ex ) (34)
qovrB. T e _ 40
by (T, ¢) + ———— | K;% + by (1,0)K)* = — E, , (35)
hkp Y h

where B, = (0,0,B.), E| = (E,, E,,0), go = —e, and we have formally written the matrix

<?1;1(7, ¢) = {b;j(1,¢)} with 4,j = z,y. The determinant Det{?T,d,} of the coefficient matrix
in Egs. (34) and (35) is

B. B.
Det{'C .o} = byu(r, &) byy (7, ) — [bwy(T, ) — qO;ZF } [bym(f, @) + % . (36)

Defining the source vector s as

s = |: qOEx/h :|
qoby/h |7

<
we rewrite the linear equations as a matrix form C .4 - K 6’¢ = s with the solution K 8’¢ =
<~
C ~! . s. Here, the solution K6’¢ = (K7, K;"ﬁ) with 7 = z,y is found to be

(37)

T,
<—>7.7¢
KT Det{ A7} (38)
] g b)
D€t{ C 7—7¢}
where
g q q [ qovrB. ]
Det{ AT%} = %0 Ey by, (7, ¢) — EO By |byy(T,0) — OHZF : (39)
YIRS [ B, ]
Det{ A%} = 5 Bybus(r,6) = 3 B |bye(r.0) + T (40)

The mobility tensor .4 = {M;¢} can be obtained from ,u%‘p = (vp/kp) (OK]?JOE;).
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8. ELECTRON TRANSPORT

For transport of electrons in doped two-dimensional (2D) a-Tj3 lattices, we first write down the
Boltzmann transport equation for electrons in a conduction band e(kj) = hvpk). Here, the
distribution function f(r|, ky;t) in position-momentum spaces is determined by 2

Ofr(ry, ky; t) +<d7‘|(t)

ot dt >av Vi da(ry i)

dk(t Of-(ry, ky;t
(T i) = LR (a1)
where 7 = £1 correspond to two inequivalent valleys K and K', 7| = (z,y) and ky = (ks, ky)
are in-plane position and wave vector, respectively. The right-hand side of Eq.(41) repre-
sents a collision (coll) contribution to electrons from ionized impurities. For electrons, we
get v(ky)) = (1/h)Vie(ky) = (kj/kj)vp for their group velocities. Moreover, we find*
(dr(t)/dt)a = v(k)) —dK(t)/dt x Q2 (k) = v*(k|,t), where v*(kj, t) includes the anomalous

group velocity ,*® K (t) is the wave vector for center-of-mass motion, (k) = Vi X Ry(k)
is the Berry curvature, and Ro(k|) = (kj|7||k)) = <k|||i@k“|ku> is the Berry connection .?®
Furthermore, we introduce a Newton-type force equation?® for the wave vector of electrons,
leading to (dk(t)/dt)ay = (1/E)(Fan(ky, t))ay = —(e/h)< [E|(t) + v(k) x BL(t)] > where

E|(t) and B (t) are applied electric and magnetic fields, and Fn,(k|,t) is the electromagnetic
force acting on an electron in the |k|) state.

By using Eq. (41), the zeroth-order Boltzmann moment equation 3 3* can be obtained after

summing over all kj states on both sides of the equation. Having ignored the inter-valley
scattering, we find dp/0t + Vi, - J =0, where the electron number per area p(r|,t), and the

number current per length J(r|,¢) as well, are defined by p(ry,t) = 2 > f-(r), ky;t) and

T’kH
J(ry,t) =2 > v (ky,t) fr(r), ky; t) with S being the sample area.
7.k
For the first-order Boltzmann moment equation, we require the Fermi kinetics .>3* Here,
we introduce the following energy-relaxation-time approximation
0
Ofe(rp ki) folrykyst) = £ [ (k)] (12)
ot coll T¢(k||’ 7—) ’

where fi(po) (r) = {1+ exp[(z — up)/kpT]} ! is the Fermi function for thermal-equilibrium elec-

trons, 1" is the sample temperature, uo(7) is the chemical potential of electrons, and 74(k, 7)

is the energy-relaxation time for electrons in the kj state. The calculation of 74(k, 7) is given

in Sec. 5, and ug(T") is determined from Ny = ppS =4 f:(po) le(Ky)], where Ny and py are the
kj

total number of electrons and the electron areal density. Applying Eq. (42) to Eq. (41), we find
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oty )+ () B o~ 0T k1) - W £
T,71)

—75 (T, ) v (k) - Vo S0 [e(Ry)] = £ e(Rey)] — L) k1)) Vi 2 [e(ey)] . (43)

h
zzm

where T" and wug are assumed spatially-uniform, and 1/7,(7,7) = o TER
Ky TOIT

Making use
of an inverse momentum-relaxation-time tensor ?1; 1(7, ¢), under the steady-state condition we

rewrite the force-balance equation *> with respect to the macroscopic center-of-mass wave vector
K(j°(t) as

7,0
) P ) KG0) + 4 Pl
T k0 - ¢ B () Ko xBuoh =0, )

where F. 4(t) = (Fem(kj,t))ay = —€ {E”(t) + (vp/kp) K3?(t) x BL(t)} is the macroscopic
electromagnetic force, and krp = /mpg is the Fermi wave number. The calculation of ?Ij YT, )

can be found from SEc.6. Equation (44) leads to K3®(t) = (kp/vr) Wrs(BL(1), ?Ijl) :

E(t), where W, (B, 7 ~1) is the electron mobility tensor. The calculation of the mobil-
I @ p
~1) are shown in Sec.7. Using ‘@, 4(B., T o), we find Fry(t) =

p

(B /vr) T ;1 r,0) - { T ro(BL), T ) By},

ity tensor @ ,4(B.,

Similarly, multiplying both sides of Eq. (43) by v*(ky,t) and summing over all electron k|
states afterwards, we find

Toa®) 4 71 m) 2T 2 S e, 1) 19

k)

O,
—7o(T,7) 5 D v (ko) [Frg(t) - w(ky)] W

= % S A[E0 + (FralBL0), T3 By0) x BL)] x Q) b A7 1Ck)]
K
hkp\ 2
‘f‘ﬁﬁ(T, T) — | = Z ’U(k”)
( o ) 5 k)
o),
AT w0 [FraBae), Tr) B10)]) v<k||>{ L a[g(”} W)

Proc. of SPIE Vol. 11129 1112902-13

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 30 Dec 2019
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



where the second term on the left-hand side of the equation represents the non-adiabatic cor-
rection to the macroscopic number current per length J, ,(%).

If kT < Ep is low and external fields are assumed static, we obtain from Eq. (45) the total
charge (—e) current j(7,¢) = 3,(7, ¢) + Jo(7, ¢) per length, where Er = hvpkp is the electron
Fermi energy. Explicitly, we have

2

K27y (k
di(7,0) = —%(Ug”)/dekl o(0) { T, ke, 7.0) - [Bra(BE T, Bl } w6y
0

_6]6%7_'¢(kp', 7')

= /dﬁs [€.Co(kp, T, 0, Bs) + &,Cy(kp, 7,6, B5)] = /dﬁsjl(r, 6, 8),  (46)

—T —T

which is mediated by the Lorentz force in position space, and

2

3a(r6) =~ [ ke~ ) {[EL+ (B (B3, T, 1) BL) < BE] < 20}
- _2;'271 /d2k O(kr — k) {ér [Ey — B, (oo (kp, T, 0) Ey + ploy(kp, T,0) Ey)] QT7¢(k:||)

_éy [E90 + BZ (Myl"(ka T, (b) EI + lu’yy(ka T, (b) Ey)] QT@(’{:H)}

2 1— 2
— —276T2h {T(l - ZQ)W} {é,[B, — B. (ttax(kp, 7, ¢) By + iy (kp, 7, ) E,)]

—€y [Ey + B (pya(kp, 7, 0) Bz + piyy(kp, 7,0) Ey)I} = Jjou(T, 0) €5 + oy (T, 0) €y (47)

which is mediated by the Berry curvature (or Berry force) in momentum space. Here, ©(x)
is a Heaviside step function, p;;(kp, 7, ¢) are four elements of the mobility tensor W(]{?F,T, o)
in Eq. (53), Qu(k|) = Qrs(ky) €:, Qy(ky) = [7(1 — a®)r/(1 + a?)]d(k)), @ = tang, b =
tan~!(k,/ks), v(0k,) = vr(cosby, sinby, ), and &,, &, &, are three unit coordinate vectors.

7.(7, ¢, B) in Eq. (46) is the non-equilibrium scattering current along the direction of a scattering
angle s, which is 7 dependent, while j,(7,¢) in Eq.(47) is the Ss-independent anomalous
thermal-equilibrium current under doping (Er > 0). We have also denoted C, ,(kr, T, ¢, 3;) as

two spatial components of the vector C(kp, T, ®, Bs) = ?;1(1@, T, 0, Ps) - {W(kp, T,0) - Eg} in
Eq. (46).

The elements of a conductivity tensor ‘@ (7, ¢, 8;) are given by 0i;(1, 0, 8s) = 3,(1,0, Bs) -
e/ (Eg - &;). From Eq. (46), we know ‘& (7, ¢, 8,) depends on the mobility tensor, conduction-
band energy dispersion and how electrons are distributed within the conduction band. To
highlight scattering dynamics, we study the longitudinal j; (7, ¢) and transverse jp (7, ¢) currents
flowing along and perpendicular to the direction of 5,, which are given by
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/dﬁs l]:L(T» f;gj ] _ _ek%%qﬁ(kl’ﬂ—) /dﬁscm(kaT; ¢’BS> { C?Sﬁs :|

Jr (Ta ¢) g Jr (T7 s 2m E S1n 53
ks (kp,m) [ in g,
D [ ieriom | 0] (48)

where the terms containing cos s select out the diagonal elements of ? (kp,7,0,08;) in

Eq. (51), while those containing sin /35 keep only the off-diagonal elements of ? (kp, T, ®, Bs).

As kT < Ep, from Eq. (30) 75(kp, 7) n Eq. (46) is calculated as

S Z Wit (kO (ke — Ky )

kj

an 2
:m/dﬁs|cosﬁ|/dkjk

—T

(kFa

U§ (2k)| cos ])
€4 (2K | cos b))

2
\ ol B2 (19)

which is valley dependent, where 0 < ¢ < /4, |cos| = |sin(5s/2)|, n; = N;/S is the areal
density of ionized impurities, and €,(g)) is the static dielectric function presented in Egs. (15)
and (16). The scattering form factor in Eq. (49) is given by

sk, Bs) = Z{ )77 cos @ X7 o(Ky) + Xg,0(ky) + (—0) T sing x5 (k) §

x { ()7 os o xEo(hy) € —xGal) + (=) Trsing Xk e e |
= ro(ky, &, 7) + k1 (ky, &, 7) €7 4 ok, &) €T - w6, 7) (14 €7

+ra(ky, 0, 7)(1 + e~ Py 4 rs(ky, @, 7) cos(Ths) (50)
where X7 ,(kj) with n = 1, 2, 3 are the complex scattering factors defined in Eq. (28), and six
real scattering coefficients x; with j =0, 1, --- , 5 are presented in Eq. (29).

The inverse momentum-relaxation-time tensor in Eq. (46) can be calculated from Eq. (33)
under kT < EFr as

P (7, ) = 22 (“—F)

2
Po kp Jf)(q”’ k”)‘ 5(8k\| — Er) 5(5ku+qu - 5kH) [qH & qﬂ

kjqy

— m2h2uppo

U3 (2kr|sin(B,/2))) |
eo(2kp| sin(B,/2))

/ 4B, |sin(Bs/2)| sin?(8,/2) sl B

—T
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» sin?(B,/2) —sin(B3,)/2 _ T . :
[—sin(ﬁs>/2 cos?(B,/2) ]—/ 48, T 3 ke, 7,6, 5) (51)

Here, the off-diagonal elements of ? (kr, T, ) become zero after performing the integral with

respect to Bs. On the other hand, the diagonal elements of ? (kp,T,¢) are kept nonzero

and different. The diagonal elements of ? (kp, T, 0, Bs) are associated with the case in which
directions of the scattering force and center of-mass momentum are parallel to each other. The

off-diagonal elements of T ; Ykp,T,¢,08s), however, are connected to a situation where the
directions of the scattering force and center-of-mass momentum are perpendicular to each other.

By writing ? (kp,T,0) as

T, (k7. 0) = {b”(kg’“b) byy(kgm ¢)} , (52)

‘W (kp,7,¢) in Eq. (46) can be calculated from Egs. (36), (38)-(40), and from wij(kp, 7,¢) =
(v /kr) OK]? JOE; as well, and becomes

__evp
W (k. 7.0) = e PRy
bxw(kFa T, ¢) byy(kF’ 7 ¢) - <e%’:Fz>
byy(kFa T, ¢) el;l]‘;BZ
% " k 53
[ #fz bxm(kFa T, ¢) ( )

which depends on 7 and ¢, where By = (0,0, B,) leads to a normal Hall mobility.

From Eq. (53), we find C(kp, T, ¢, 55) = (C4,Cy) = ?;1(]{@,7-7 ¢, Bs) - [W(klfﬂ', ¢) 'Ep) in
Eq. (46) to be

Cm(kFa T, ¢7 Bs) - -

evp B
<6UF> byy(kF,T, Qb)Ew - < hI;;F >Ey dmm<kF’T’ Qbaﬁs)
b

hk ev 2
F mx(kF7T7¢> byy<kF7T7¢)+ < ﬁ?ffz)

d (kFa T, ¢a 63) ’ (54)

B 2 w
o, 7. 0) byy (ke 7, 6) + (2522

v (522) Bo o+ bralhr, 7, ),
- (hkF) b

O, (6, B) — — (

evp Bs E + bzz(k Ty Qb)
evp) ( > i 5 ¢ dyy(kr, 7,0, Bs)
b

hk evp B
F :mc(kFaT7 ¢) byy(kFaTv (b) + ( hl;;f >
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d (kF7 T, ¢a /68) ) (55)

AN, (452)
evp B, 2 ry
bxx(kF’ ™ ¢) byy(kFa T, ¢) + < hkp >

hkp

where Eg = (E,, E,,0) is assumed. Moreover, d,;, dy,, d, in Eq. (55) are calculated as

dﬂ?m(kF7T’ ¢7 68) - gS(kF7T’ ¢7 ﬁs) (1 - COSBS) )
dyy(kF7T7 03 68) = QS(kFaT7 0, 55) (1 + COSBs) )
dxy(kFa T, Qb, 53) - _gs(k:Fa T, ¢, /BS) sin Bs ) (56)

where the scattering function G,(kg, 7, ¢, 55) is defined as

nkh Ug (2kr| sin(3,/2)]) | 2
s k s) = —F 3 s 2 0 ® T k s . 57
g ( F7T7¢76) 4W2h2UFp0 |Sln (5/ )} €¢>(2k§F|Sln(ﬁs/2)|) |F,¢>( F?ﬂ )’ ( )
Physically, the terms containing d,,(kp, 7, ¢, Bs) in Egs. (54) and (55) represent the skew-scattering
contributions.
9. RESULTS

The major parameters chosen for our numerical calculations are listed in Table 1. The other
parameters, such as, ¢, 7, B,, will be given directly in figure captions.

We show in Fig.2 the s dependent ji(7,¢,5s) (a)-(b) and jr(7,¢,Bs) (¢)-(d) in Eq. (48)
with various ¢ and B, for 7 =1 (a), (¢) and 7 = —1 (b), (d). From Figs.2(a) and 2(b) we find
a triplet peak for j.(7, ¢, 3s) in both 55 > 0 and B < 0 regions. We always see one backward
plus one forward near-vertical (near-horizontal) scattering of electrons from two different valley
impurities, characterized by 7 = 1 (7 = —1). j.(1,¢,08s) for 7 = 1 is about one order of
magnitude larger than that for 7 = —1 because of a larger mobility for the barrier-like potential.
Increasing B, significantly reduces ji(7, ¢, 5s) at ¢ = 7/6 for both 7 = +1 (black and red)
due to cyclotron motion. Meanwhile, increasing Berry phase ¢ further reduces j (7, ¢, Bs) at
B./By = 0.01 for both 7 = +1 (red and blue) due to decreasing Berry force. Furthermore, we
see the negative triplet peak for jr(7,,s) in both fs > 0 and 35 < 0 regions, as displayed
in Figs.2(c) and 2(d). jr(7,¢,5s) presents the same dependence as for the triplet peak in
Jr(T, ¢, 85) on B, and ¢. In this case, however, one always finds a counter-clockwise tangential
current jr(7, ¢, fs) for dominant near-horizontal forward- and backward-scattering of electrons
with an impurity at both valleys.

For a comparison with measurable currents, we display in Fig.3 the calculated total back-
scattering current ji,(7,¢) in (a)-(b), and total skew-scattering current ji,(7,¢) in (¢)-(d) as
well, in Eq. (46) as a function of B, with various ¢ for 7 =1 (a), (¢) and 7 = —1 (b), (d). From
Figs.3(a) and 3(b), we find a slow (fast) monotonic decrease of ji.(7,¢) with increasing B, in
the scale of ~ 1/B2% for 7 = 1 (7 = —1) due to cyclotron motion. Such different behaviors result
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from higher (lower) longitudinal mobility at the 7 = 1 (7 = —1) valley. However, increasing ¢
decreases j1,(7, ¢) for both 7 = 1. For ji,(7, ¢) in Figs. 3(c) and 3(d), on the other hand, the
same Lorentz force initially enhances ji,(7, ¢) dramatically for all values of ¢ and 7 = £1 at
very low B, but eventually reduces ji,, (7, ¢) slowly (quickly) for 7 =1 (7 = —1) for large B, (in
the scale of ~ 1/B,) due to cyclotron motion of electrons. This huge initial increase in j, (7, ¢)
at very low B,, however, is greatly suppressed in graphene with the maximum Berry force at
¢ = 0 (black). Therefore, a Berry-phase dependent asymmetry in suppressing the skew currents
by electron cyclotron motion can be verified by a comparison of Figs. 3(c) with Fig.3(d). For
a gVHE, the Berry phase can be employed for mediating the VHE. In our case, an external
magnetic field can be applied further to control this gVHE. Experimentally, one can measure
both the back-scatter and the skew-scattering non-equilibrium electrical currents in Eq. (46) as
a function of B, using the standard van der Pauw method 3¢ so as to verify unique features
associated with different ¢ at low B.. In this case, however, the contributions from equilibrium
longitudinal and Hall currents in Fig. 4 should be deducted from the corresponding total current
measured.

At last, from Eq. (47) we know there exists another conduction current j,(7, ¢) even in the
thermal-equilibrium state due to Berry curvature €2, (kj), leading to the so-called anomalous
Hall effect (AHE) as ¢ # m/4. Figure 4 displays the calculated AHE current components
J22 (T, @) in (a)-(b) and jay (T, @) in (c)-(d). Since j,(7, ¢) is proportional to 7, we expect the sign
change in Figs. 4(a) and 4(b) for js, (7, ¢) and in Figs. 4(¢) and 4(d) for jo, (7, ¢). As an indication
of gVHE, the increasing Berry force (or decreasing ¢) in momentum space will slowly (quickly)
enhance jo, (7, ¢) at small B, and jq, (7, ¢) at B, = 0 due to large (small) longitudinal mobility
at 7 =1 (1 = —1). However, the AHE current is weakened by the Lorentz force (or increasing
B.) in position space for large B,, where jo, (T, ¢) comes only from one term ~ B, i, F,, while
Joy (7, @) is produced by two terms ~ (1 + B, ) E,. As a result, jo, (7, ¢) decreases like ~ 1/B,
in the high-field limit. Meanwhile, j, (7, ¢) also approaches zero in the same strong-field limit
but it scales as ~ 1/B2. Since there are two orders of magnitude difference in p,, and p,, for
7 =1 and —1, we expect the decrease in j,(7, ¢) and jo, (7, ¢) to become much faster at the
7 = —1 valley, and therefore, a net AHE current (sum of currents from both valleys) exists and
will be mainly decided by the 7 = 1 valley for large B,. We can make use of the experimentally
measured mobility tensor and Eq. (47) to independently quantify the Berry-curvature induced
longitudinal and Hall currents as a function of perpendicular magnetic field B,.

10. SUMMARY

In this paper, we have demonstrated the Berry-phase mediation to valley-dependent Hall trans-
port in a-T3 lattices. We analyze the observed interplay between the Lorentz force in position
space and the Berry force in momentum space for the total sheet current density including
both normal longitudinal and Hall currents as well as anomalous Hall current. We also in-
corporate many-body screening to electron-impurity interactions, which is crucial for avoiding
overestimation of scattering. We further demonstrate triplet peak at two distinct valleys and in
near-horizontal and near-vertical scattering directions for forward- and back-scattering current,
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which favor small Berry phases and low magnetic fields. We also present a magnetic-field de-
pendence of both non-equilibrium and thermal-equilibrium currents from Berry-phase-mediated
and valley-dependent longitudinal and transverse transport.

In our theory, we have employed the first two Boltzmann moment equations in calcula-
tions of scattering-angle dependence for extrinsic skew-scattering currents due to the pres-
ence of randomly-distributed impurities in a-T3 lattices, where both energy- and momentum-
relaxation times are computed microscopically. We attribute this scattering-angle dependence to
an anisotropic inverse momentum-relaxation-time tensor calculated within the screened second-
order Born approximation and using a static dielectric function within the random-phase ap-
proximation. Meanwhile, we also include the isotropic intrinsic current due to Berry curvature
for electrons in thermal-equilibrium states. Under a perpendicular magnetic field, we observe an
interplay by Lorentz and valley-dependent resistive forces acting on electrons, leading to field-
dependent skew currents. We further find these skew currents can be mediated by Berry phases
of a-Tj lattices and depend on barrier- or trap-type impurity potentials at two inequivalent
valleys.
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Table 1. Parameters for Calculations

Parameter Value (unit)
vp 5 x 10" em ™2
kg 1.25 x 105 cm™!
EF 130 meV
n; 2.5 x 10" em =2
€r 13.0
Vo 420 meV
ro 560 A
E, 0.5kV/cm
E, 0

Figure 1. (a) a-T3 lattice with three atoms (A, B, C) per unit cell within the xy-plane, where o = tan ¢
characterizes the ratio of the bonding strengths between A-C' and A-B atoms; (b) illustration for three
bands of a-T3 lattice, including a flat middle one; (c¢) schematic for a scattering angle 35 of an incident
electron with wave vector ki, by impurities at two valleys characterized by 7 = +1 under an electric
field E, in the = direction, where a magnetic field B, and the Berry curvature € are in the z direction
and the longitudinal (transverse) scattering is labeled by L (T"), respectively.

Proc. of SPIE Vol. 11129 1112902-22

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 30 Dec 2019
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



10f =~ 6 =n/6 | < =
] i < 1S
0.0 ' o 17
i B. = 0.005B, S 1l
10F  ¢=m/6 13 =
g L p=m/4 ] o
2.0¢ | 0.01B,1
—m —m/2
0.0¢ - 8 | £
06F i < i <
-1.2¢F : I : ] |
E | = | Il
-1.8£ 0.01B, | X | =
o4f O =1/6 i _m 4l i __é
sof 7oLV, [ B=0005B0) g5 T=1 1 | BA=0.00580 ]
-7 —71'/2 0.0 Bs T —m —m/2 0.0 55 T

Figure 2. Calculated j(7, ¢, 5s) (a)-(b) and jr(7,¢,Bs) (c)-(d) in Eq. (48) as a function of s with

(r
¢ =7/4, B,/By = 0.01 (blue), ¢ = w/6, B,/By = 0.01 (red) and ¢ = 7/6, B,/By = 0.005 (black) for
7 =1 (a),(c) and 7 = —1 (b), (d). Here, jo = n;evr and By = hk%/e.
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Figure 3. Calculated ji,(7,¢) (a)-(b) and ji,(7, ¢) (c)-(d) in Eq. (46) as a function of B, with ¢ = 7/4
(green), ¢ = w/6 (blue), ¢ = 7/8 (red) and ¢ = 0 (black) for 7 =1 (a), (¢) and 7 = —1 (b), (d). Here
By and jgp are given in Fig. 2.
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Figure 4. Calculated jo, (7, ¢) (a)-(b) and jo, (7, ¢) (¢)-(d) fin Eq. (47) as a function of B, with ¢ = /4
(green), ¢ = w/6 (blue), ¢ = 7/8 (red) and ¢ = 0 (black) for 7 =1 (a),(c¢) and 7 = —1 (b), (d). Here
By and jp are given in Fig. 2.
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