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In biological organisms, an optimal temperature exists at which the system functioning is maximized or is
most effective. To obtain a general and quantitative understanding of the emergence of the optimal temperature
is a challenging task. We aim to gain insights into this significant problem in biological physics by addressing
the problem of propagation of action potential in myelinated axons. In particular, we construct a Hodgkin-
Huxley type of cortical, compartmental model to describe the nodes of Ranvier with coupling between a pair
of neighboring compartments characterized by internodal conductance and investigate the effect of temperature
on the propagation of the action potential. We conduct direct numerical simulations and develop a physical
analysis by taking advantage of the spatially continuous approximation. We find that increasing the temperature
requires a larger value of the critical internodal conductance for successful propagation. The striking finding is
the spontaneous emergence of an optimal temperature in the sense that, for the propagation of a single action
potential at a fixed value of the internodal conductance, the minimum average passage time for one node of
Ranvier occurs at this temperature value. A remarkable phenomenon is that the value of the optimal temperature
is similar to those of living biological systems observed in experiments.
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I. INTRODUCTION

The normal functioning of biological organisms depends
critically on the environmental temperature. In biological
physics, temperature is thus a fundamental parameter. The
existence of a “comfortable” or optimal temperature for any
biological system is common knowledge (e.g., the normal
human body temperature is about 36 ◦–37 ◦C). In spite of ex-
perimental evidence and qualitative or heuristic explanations
[1–9], at the computational or theoretical level, the emergence
of an optimal temperature has not been well understood.
Because of the vast complexity of biological systems, to
obtain a quantitative understanding is a challenging task. The
purpose of this paper is to generate insights into the prob-
lem by investigating the concrete problem of action-potential
propagation along a myelinated axon. Through constructing
and simulating a reasonably detailed compartment model as
well as a physical analysis, we find the general existence of an
optimal temperature that maximizes the propagation speed.

Myelinated axons play an impotent role in the propagation
of action potentials in neural systems [10–13]. Action po-
tentials, often manifested as complex spikes in systems such
as the olive fiber and pyramidal cell [14,15], are initiated
at the beginning part of the axon and propagate along it.
Along the axon, there is a distribution of myelin, by which
the action potentials are integrated. The resulting electrical
action can modulate the myelin thickness, the length, and
the distribution on the axon, leading to white matter and
myelinated axon plasticities [16]. An appropriate profile of
the myelin distribution along the axon can enhance the syn-
chronous arrival of action potentials [17], and changes in the

length and thickness of the myelin sheath can in turn modulate
the firing and the conduction velocity of the action potential
[18]. Another mechanism to regulate the action potential is
through the distribution of ionic channels on the nodes of
Ranvier (NoRs) in the axon. Especially, the inactivated Kv1
channels can expand the widths of the action potentials, and
de-inactivated Nav channels can enhance the amplitudes of
the action potentials to affect the neurotransmitter release
in the synaptic gap [19–22]. Myelinated axons are thus an
essential component in the integration of the action potentials.

Structurally, a myelinated axon is composed of the NoRs
and the myelin sheath, including the paranodal junction, the
juxtaparanodes, and the internodal region. Computationally, a
myelinated axon can be treated by using a multiple compart-
ment, Hodgkin-Huxley (HH) type of model to describe the
membrane potential kinetics of NoRs, which are coupled with
internode conductance that decays along the myelin sheath.
It was observed from the resonance induced by ion-channel
noise that there is an optimal number of ionic channels in
the NoRs [23]. In addition, a complicated model was ar-
ticulated which includes paranodal and myelin attachment
compartments to study the myelinated axonal oscillations in
developing mammals and the function of internodal sodium
channels [24,25]. A remyelinated factor was also proposed to
regulate the propagation speed of the action potential in the
myelinated axon [26].

The role of temperature in catalytic reactions of biological
enzymes and the hydrolysis of ATP was studied quite early
[1,2]. In experimental neuroscience, sometimes temperature
is more effective at blocking signal conduction in axons than
chemical substances. In early experiments, it was observed
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that low temperatures could decrease the firing frequency and
induce conduction failures in myelinated and unmyelinated
axons [27]. Relatively low temperatures are thus useful for
improving methods in which high-frequency electrical signals
block information propagation along axons to prevent signals
with abnormally high electrical level [28]. However, at high
temperatures (e.g., fever-like temperatures), the amplitude of
the compound action potential in unmyelinated axons in the
gray matter decreases, causing a loss of information [29].
It was also demonstrated that, at high temperatures, high-
frequency electric signals can block the conduction of action
potentials in axons [30]. A model was constructed to explain
that the pointwise high-temperature distribution generated
by a laser beam can stimulate an axon to produce action
potentials [31]. Recently a formula was derived for the con-
duction velocity of the action potential and its dependence on
remyelination [26]. Three models of myelinated axons were
articulated to analyze the effect of the myelin sheath [32].
Based on the cable equation theory, the conduction velocity
along a myelinated axon was shown to be faster than that
along an unmyelinated axon [33]. All these works point at
the paramount importance of temperature in the propagation
of action potentials along axons, yet the quantitative influence
of temperature on spike propagation along myelinated axons
has not been well understood.

In this paper, we develop a multicompartment model to
study the effect of temperature on spike propagation in myeli-
nated axons. The main result is the following formula for tp,
the time required for a spike to traverse the axon:

tp � C

2

√
R

κ
, (1)

where C is the membrane capacitance per unit cross-sectional
area which has little dependence on temperature, R is the
membrane resistance that depends on the ionic channel con-
ductance and the gating probabilities, both being quantities
that depend strongly on the temperature, and κ is the intern-
ode conductance determined by the geometric and physical
properties of the myelinated axon and henceforth is also tem-
perature dependent. We derive Eq. (1) using the approximate
theory of spatially continuous cable equation, which indicates
that the temperature dependence of the propagation time is
determined by a combined effect on the temperature of R and
κ . Analysis reveals that the critical internodal intensity for
successful propagation increases with the temperature, and
the propagation velocity depends on the internodal intensity
and thus on the temperature. Both theory and numerics, which
agree with each other, give the existence of a critical temper-
ature at which the velocity reaches a maximum. We compare
the critical temperature value with those from a number of
experiments and find a remarkable consistence. Our results
thus establish firmly the existence of an optimal temperature
for the concrete problem of signal propagation in myelinated
axons with general implications to the temperature constraint
in biological functioning and optimization.

II. MODEL

We consider a myelinated axon composed of N coupled
HH type of compartments [34]. A schematic illustration of the

FIG. 1. Schematic diagram of action-potential propagation along
a myelinated axon. The NoRs are represented by the numbered
circles, the bidirectional arrows denote the myelin sheath, and Istim

is the external input.

propagation of the action potential is shown in Fig. 1. The ith
node’s kinetics can be described by the dynamical evolution
of the cortical membrane potentials as

C
dVi

dt
= −ḡNam3

i h(Vi − VNa) − ḡK ni(Vi − VK )

− ḡL(Vi − VL ) + Ii,stim + Ii,inter, (2)

dmi

dt
= 1

τmi

(−mi + mi,∞), (3)

dhi

dt
= 1

τhi

(−hi + hi,∞), (4)

dni

dt
= 1

τni

(−ni + ni,∞), (5)

where Vi is the membrane potential, and m, h, and n are the
gating probabilities of different ionic channels. The capaci-
tance is fixed at C = 0.75 μF/cm2, and the Na+, K+, and Cl−

conductances are ḡNa = 150.0 mS/cm2, ḡK = 40.0 mS/cm2,
and ḡL = 0.033 mS/cm2, respectively. Other parameters are
VNa = 60 mV, VK = −90 mV, VL = −70 mV, and

τmi = 1

αmi + βmi

, mi,∞ = αmi

αmi + βmi

, (6)

τhi = 1

αhi + βhi

, hi,∞ = 1

1 + e(Vi+60)/6.2
, (7)

τni = 1

αni + βni

, ni,∞ = αni

αni + βni

, (8)

where αmi , βmi , αhi , βhi , αni , and βni are defined as

αmi = φ
0.182(Vi + 30)

1 − e−(Vi+30)/8
, βmi = −φ

0.124(Vi + 30)

1 − e(Vi+30)/8
,

αhi = φ
0.028(Vi + 45)

1 − e−(Vi+45)/6
, βhi = −φ

0.0091(Vi + 70)

1 − e(Vi+70)/6
,

αni = φ
0.01(Vi − 30)

1 − e−(Vi−30)/9
, βni = −φ

0.002(Vi − 30)

1 − e(Vi−30)/9
,

φ = Q(T −23)/10
10 . (9)

φ is an experimentally determined factor characterizing the
effect of temperature, and Q10 = 2.3 is the temperature coef-
ficient. Note that T denotes temperature on the Celsius scale.
The internodal current Ii,inter is given by

Ii,inter =
⎧⎨⎩κ (Vi+1 − Vi ), for i = 0,

κ (Vi−1 − Vi ), for i = N − 1,

κ (Vi−1 − 2Vi + Vi+1), elsewhere,
(10)

where κ is the internodal conductance determined by the
geometric and physical characteristics of the myelinated axon,
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FIG. 2. Interspike intervals (ISIs) of firing patterns of a single
neuron. (a) Dependence of ISI on external current Istim in the range
from 1 to 40 mA/cm2. The range of temperature variation is from 0
to 45 ◦C. (b) Dependence of ISI on temperature for values of Istim =
2.0, 5.0, 10.0, and 40.0 mA/cm2.

such as the axon diameter, the internodal length, the nodal
length, and the cytoplasmic resistivity.

Figure 2 shows the dependence of the interspike interval
(ISI) on temperature with increasing external current Istim

for a single cortical HH neuron. For any positive value of
Istim, the cortical HH neuron described by Eq. (2) generates
action potentials. Figure 2(a) shows that the ISI decreases
with increasing temperature and input DC current. In fact,
the neuron is much more sensitive to external currents at low
temperatures. Figure 2(b) shows the dependence of ISI on
temperature for several different values of Istim.

To be concrete, we choose Istim = 10 mA/cm2 to gener-
ate spike trains and study their propagation in a myelinated
axon. The range of ISI variation is from 100 ms to 10 ms,
and the temperature ranges from 0 ◦C to 45 ◦C. We use the
fourth-order Runge-Kutta algorithm to simulate the HH type
of coupled compartment chain model of the axon, with the
time step h = 0.002. The transient period is approximately
3000 time units, and the initial values are chosen to be
(−59.9, 0.414, 0.095, 0.398). In the first 100 time units, the
coupling strength κ is 0.0. Then κ is set at the given value.
The external current Istim is injected to the first node for 150
time units.

III. RESULTS

A. Propagation of action-potential trains

We consider continuous periodic spike trains induced by
a constant direct current, which propagate in the myelinated

axon. Figure 3 shows the propagation of action-potential
trains for different values of the internodal conductance κ

at temperatures T = 15 ◦C and 23 ◦C. The spike trains are
triggered at the first NoR, but the firing frequencies at low
temperatures (upper panels) are larger than those at high
temperatures (bottom panels). This is consistent with the
firing behaviors of a single NoR (Fig. 2). For weak coupling
conductance [Figs. 3(a), 3(e), and 3(f)], no action potential
can reach the last 50th NoR. With increasing values of κ ,
the action-potential trains pass through the axon partially
[Figs. 3(b) and 3(c) and 3(g)] or completely [Figs. 3(d) and
3(h)].

The behaviors of propagation of spikes as illustrated
in Fig. 3 indicate that there are two critical values of
temperature-dependent internodal conductance, correspond-
ing to transmission κc1 and complete transmission κc2, where
κc1 means that spike propagation occurs [Figs. 3(b) and 3(g)],
while κc2 signifies that the spikes can propagate through the
myelinated axon [Figs. 3(d) and 3(h)]. Figure 4(a) shows the
ratio between the spike counts at the terminal NoR and the first
NoR for different values of the temperature T and internodal
conductance κ . Note that the white region denotes the case
where there is no firing at the end NoR or that the propagation
is totally blocked. Both critical values of κ increase with
the temperature. For example, as shown in Fig. 4(b), we
have κc1 = 0.0562, 0.1343, 0.3212, and κc2 = 0.1923, 0.3051,
0.5944 for T = 20 ◦C, 30 ◦C, and 40 ◦C, respectively. If the
internodal conductance value κ is smaller than κc1 [the white
area in Fig. 4(a)], no action potential is triggered at the
terminal NoR. For κc1 < κ < κc2 [the narrow area between
the white and red areas in Fig. 4(a)], the spike sequence
appears at the final NoR, but some spikes are still missing.
For κ > κc2 [the red area in Fig. 4(a)], the fraction of the
spikes that pass the axon increases to one, indicating that all
spikes generated at the initial NoR transit successfully the
50-node-long myelinated axon.

Similarly, two critical temperature values arise for a given
value of the internodal conductance: Tc1 for the emergence
of transmission and Tc2 for complete transmission. For κ �
0.109, only incomplete transmission has occurred (Tc1 only),
as shown in Fig. 4(a). The κ-dependent critical temperatures
for κ = 0.2024, 0.3934, and 0.5944 are shown in Fig. 4(c). An
increase in the temperature drives the spike passing fraction
from one in the middle region to zero [from the red com-
plete propagation region to the totally blocked white region
in Fig. 4(a)]. This behavior of propagation is qualitatively
consistent with the phenomenon of nerve heat block.

B. Propagation of an action potential

Figures 3(b) and 3(d) and 3(g) and 3(h) demonstrate that
the propagation times of the action potentials are different,
indicating differences in the propagation velocity along the
myelinated axon. To study the issue of propagation time (or
velocity), we consider a single action potential propagating in
the axon containing 50 NoRs. Under a 5 ms-duration Istim =
10 mA/cm2 input pulse, the first node generates one action
potential at t = 150, which will propagate along the axon.

Figure 5 illustrates the propagation of one action potential
at temperatures T = 15 ◦C and 23◦C for different values of
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FIG. 3. Propagation of a train of action potentials. The axon contains N = 50 NoRs with Istim = 10 mA/cm2. Shown are the results for
different values of temperature: (a–d) T = 15 ◦C and (e–h) T = 23 ◦C.

the internodal conductances κ . While the action potentials can
successfully propagate through the entire axon for κ > κc1,
the arrival times at the end of the axon are different and depend
on both the temperature and the conductance values, as shown
in Figs. 5(b) and 5(d), 5(c) and 5(g), and 5(d) and 5(h).

Using the same protocol as that for the propagation of a
single spike in a myelinated axon, we carry out extensive sim-
ulations to reveal the dependencies of the velocity on temper-
ature T and internodal conductance κ , as shown in Fig. 6(a),
where the white regions correspond to those in which the
spike fails to propagate the axon. The results indicate that,
at higher temperatures, larger values of κ are required for
successful spike transmission through the myelinated axon.
In Fig. 6(a) the color bar denotes the average passage time
tp through one NoR, and the contour plots indicate that the
value of tp decreases (or the propagation velocity increases)
as the value of κ is increased for any given temperature
T . The remarkable phenomenon is that, for a fixed value
of κ , tp does not depend on the temperature monotonously.
In particular, as T is increased from zero, the value of tp

decreases, reaches a minimum, and then increases, signifying

the existence of an optimal temperature value at which the
propagation speed is maximized. At the optimal temperature,
there is rapid propagation of the action potential through the
myelinated axon.

Our use of the HH type of equation to model the NoR
and the fact that the myelin sheath can be quantitatively
described by the internodal conductance κ (cf. Fig. 1) justify
a continuous approximation for the spatially discrete ODE
model. The details are given in the Appendix. Analyzing the
spatially continuous model, we arrive at the main quantitative
result Eq. (1). The results of this theoretical formula are
displayed in Fig. 6(b), where the average passage time of a
spike is plotted as a function of T and κ . Comparing with the
directly simulated results in Fig. 6(a), we obtain a reasonable
agreement.

Figure 7 shows the minimal average passage times of a
spike through one NoR and the corresponding optimal temper-
ature value as a function of the internodal conductance κ . Both
the simulation results and the theoretical prediction of Eq. (1)
indicate that the minimal propagation time decreases and the
corresponding optimal temperature increases monotonically
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FIG. 4. Fraction of spikes successfully propagating along the entire axon. (a) Color-coded fraction in the parameter plane of temperature
T and internodal conductance κ , (b) the fraction versus κ for three temperature values, and (c) the fraction versus T for three values of κ . The
input is Istim = 10 mA/cm2, and the number of NoRs is N = 50.
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FIG. 5. Propagation of a single action potential. The axon contains N = 50 NoRs. The temperature values are (a–d) T = 15 ◦C and (e–h)
23 ◦C. With the input pulse Istim = 10 mA/cm2, 5 ms is required to generate only one action potential at the first NoR.

with κ . The predictions of Eq. (1) are qualitatively consis-
tent with the simulation result. Table I lists some relevant
experimental data of spike propagation along the axon. By
calculating the value of the internodal conductance κ , we can
get the optimal temperature value for minimal propagation
time through direct simulations and Eq. (1). Strikingly, the
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single-spike propagation. The axon has 50 nodes. The results are
based on (a) simulations with Eqs. (2)–(10) and (b) an approximate
theory of the continuous cable equation [Eq. (1)]. The unit of the
average passage time is indicated on the top of the color bar in each
panel.

temperature values are quire similar to those from experi-
ments, as indicated in Table I and the black stars in Fig. 7.

IV. DISCUSSION

In this work, motivated by the lack of a general understand-
ing of the existence of an optimal temperature of functioning
for a large variety of biological systems, we study the effect
of temperature on the propagation of action potential along
a myelinated axon. Our simulation results and a physical
analysis suggest that inappropriate values of temperature can
block spike propagation and an optimal temperature does exist
to maximize the propagation velocity.

For spike trains, a previous work [23] showed that the
fraction between the number of action potentials at the end
NoR and that of the input exhibits distinct patterns as the
value of the internodal conductance κ is increased. We have
observed that the critical value of κ for propagation increases
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FIG. 7. Dependence of optimal temperature on internodal con-
ductance. Shown are the minimal average time of a single action
potential propagating through one NoR and the corresponding tem-
perature Tm as a function of the internodal conductance κ . The blue
dashed and red solid curves are the simulation results. The blue
triangles and red circles are the prediction from Eq. (1). The black
solid circles represent the data in Table I.
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TABLE I. Relevant experimental results of spike propagation in a myelinated axon

Temperature (◦C)

Label d (μm) Rc (�cm) l (μm) μ (μm) Experiment Simulation Eq. (1) κ = d
4Rclμ

1 Rat optic nerve [18] 0.73 70 139.26 1.08 24a 23.3 24 0.1733
2 Rat cortex [18] 0.64 70 81.7 1.5 24a 24.1 25.3 0.1865
3 Rat GBC lateral [19] 1.68 70 187.2 1.0 24 29.3 28.6 0.3205
4 Frog [35] 20 110 2200 1.0 24a 25.1 25.9 0.2066
5 Rat model [36] 10 166 1000 1.5 20 17.8 21.1 0.1004
6 Xenopus laevis model [37] 0.7Db 65 100Db 2.5 23 18.5 21.5 0.1077

aRoom temperature.
bD is the diameter of the axon.

with the temperature. There were also previous results that the
speed of spike propagation increases monotonically with the
environmental temperature [27,37,38]. However, the temper-
ature ranges in these studies were narrow. Distinct from the
previous studies, we have found that the average passage time
through one NoR decreases and then increases with increasing
temperature (Fig. 6), stipulating the existence of an optimal
temperature warranting the fastest possible spike propagation
under the circumstances (Fig. 7). A remarkable observation is
that the optimal temperature values are similar to those in a
number of experiments (Table I).

We have employed a Hodgkin-Huxley type of cortical
model to describe the kinetics of the NoR in the myelinated
axon, which is justified by previous biological experiments
[34]. Utilizing a continuous spatial description of the cable
equation to approximate the spatially discrete compartment
model used in the simulations, we obtain that the average pas-
sage time is determined mainly by the membrane resistance R
for a fixed value of the internodal conductance κ [Eq. (1)]. In
general, R depends on the state of the ionic channels, which is
greatly influenced by the temperature. A higher temperature
is beneficial to ionic movements but, at the same time, leads
to greater thermal fluctuations in the structure of the channels.
The emergence of an optimal temperature is the result of these
two competing factors, at which the propagation is the fastest.
It is quite striking that the optimal temperature values are
similar to the living temperatures of the species resulting from
evolution and adaptation. We note that, in a recent paper [39],
it was demonstrated through a combined analysis of cross-
covariance, information entropy, and mutual information of
spike trains that, to maintain the normal body temperature
in the optimal range 36◦−38 ◦C is essential for reliable and
effective information processing in rodent cortical neurons,
which corroborates our result. Our finding has implications
for the consequences of global warming that may force bio-
logical organisms to operate at extreme temperatures [40].
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APPENDIX: PROPAGATION OF AN ACTION POTENTIAL
IN THE MYELINATED AXON

When an action potential propagates in a myelinated axon
as schematically demonstrated in Fig. 1, the current between
the (n − 1)th node and the neighboring nth node is given by

in = −πd2

4Rc

∂V

∂x
= πd2

4Rcl
(Vn−1 − Vn), (A1)

where l is the internodal length, d is the axon diameter, μ

is the node length, and Rc is the cytoplasmic resistivity of the
axon. Using the definition of the HH-type NoR (2), we obtain,
for the nth node,

μπd

(
C

∂Vn

∂t
+ Iion

)
= in− in+1 = πd2

4Rcl
(Vn+1 − 2Vn + Vn−1),

C
∂Vn

∂t
+ Iion = κ (Vn+1 − 2Vn + Vn−1), (A2)

where the internodal conductance is κ = d/(4Rclμ) and the
electric current in the membrane ionic channels is Iion. We
approximate this equation by

C
∂V (x, t )

∂t
+ Iion =κ[V (x + 
x, t )−2V (x, t )+V (x − 
x, t )],

(A3)
where 
x is the distance between two neighboring NoRs. In
the spatially continuous form, this equation becomes

C
∂V (x, t )

∂t
+ Iion = κ

(
∂V

∂x

∣∣∣∣
x,t

− ∂V

∂x

∣∣∣∣
x−
x,t

)

x,

C
∂V

∂t
+ Iion = κ

(
∂2V

∂x2

)

x2. (A4)

By defining the membrane resistivity in the NoR: R =
V/Iion = V/(INa + IK + ICl ), we rewrite this equation as

CR
∂V

∂t
+ V = κR
x2 ∂2V

∂x2

or

τ
∂V

∂t
+ V = λ2 ∂2V

∂x2
, (A5)

where τ = CR and λ = √
κR
x.
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With the input current on the left starting point given by
Istim(x, t ) = I0δ(x)δ(t ), we have that the membrane potential
of the NoR is given by

τ
∂V

∂t
+ V − λ2 ∂2V

∂x2
= RI0δ(x)δ(t ). (A6)

Taking the Fourier transformation

V̂ (k, t ) =
∫ ∞

−∞
e−ikxV (x, t ) dx,

Î (k, t ) =
∫ ∞

−∞
e−ikxIstim(x, t ) dx,

we obtain Eq. (A6) in the Fourier space as

τ
dV̂

dt
+ (1 + λ2k2)V̂ − RÎ = 0, (A7)

with its solution given by

V̂ (k, t ) = V̂0(k)e− 1
τ

(1+λ2k2 )t + R

τ

×
∫ t

0
e− 1

τ
(1+λ2k2 )(t−s) Îstim(k, s) ds, (A8)

where V̂0(k) denotes the Fourier form of the initial state.
Taking the inverse Fourier transformation, we obtain

V (x, t ) = RI0

τλ
√

4πt/τ
exp

(
− τx2

4λ2t
− t

τ

)
. (A9)

The local extreme is the peak position in an action potential.
Taking the time derivative of Eq. (A9), we get

dV (x, t )

dt
= I0R

8
√

πλ3τ 3/2

−2λ2t (2t + τ ) + τ 2x2

t3/2

× exp

(
− τx2

4λ2t
− t

τ

)
. (A10)

Setting dV (x, t )/dt = 0, we obtain the time tm that V (x, t )
reaches the maximum at position x as

tm = τ

4

[√
1 + 4(x/λ)2 − 1

]
. (A11)

Inserting x = N
x, τ = CR, and λ = √
κR
x into this ex-

pression, we obtain the arrival time of the spike at the N th
node:

tm = τ

4

⎡⎣√
1 + 4

(
N
x

λ

)2

− 1

⎤⎦ = CR

4

(√
1 + 4N2

κR
− 1

)
.

(A12)
Consequently, the average passage time of a spike through one
node tp is given by

tp = tm
N

= CR

4N

(√
1 + 4N2

κR
− 1

)
� C

2

√
R

κ
. (A13)
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