Available online at www.sciencedirect.com

ScienceDirect
Physics of Life Reviews 32 (2020) 1–40
www.elsevier.com/locate/plrev

Review

Long transients in ecology: Theory and applications
Andrew Morozov a,j , Karen Abbott b , Kim Cuddington c , Tessa Francis d , Gabriel Gellner e ,
Alan Hastings f,k , Ying-Cheng Lai g , Sergei Petrovskii a,l,∗ , Katherine Scranton h ,
Mary Lou Zeeman i
a Mathematics, University of Leicester, UK
b Biology, Case Western Reserve University, USA
c Biology, University of Waterloo, Canada

d Tacoma Puget Sound Institute, University of Washington, USA
e Integrative Biology, University of Guelph, Canada

f Environmental Science and Policy, University of California, Davis, USA
g Electrical, Computer and Energy Engineering, Arizona State University, Tempe, USA
h Ecology and Evolutionary Biology, Yale University, USA
i Mathematics, Bowdoin College, Brunswick, USA
j Shirshov Institute of Oceanology, Moscow, Russia
k Santa Fe Institute, Santa Fe, New Mexico, USA
l Peoples Friendship University of Russia (RUDN University), Moscow, Russia

Received 6 September 2019; accepted 9 September 2019
Available online 13 September 2019
Communicated by J. Fontanari

Abstract
This paper discusses the recent progress in understanding the properties of transient dynamics in complex ecological systems.
Predicting long-term trends as well as sudden changes and regime shifts in ecosystems dynamics is a major issue for ecology as
such changes often result in population collapse and extinctions. Analysis of population dynamics has traditionally been focused on
their long-term, asymptotic behavior whilst largely disregarding the effect of transients. However, there is a growing understanding
that in ecosystems the asymptotic behavior is rarely seen. A big new challenge for theoretical and empirical ecology is to understand
the implications of long transients. It is believed that the identification of the corresponding mechanisms along with the knowledge
of scaling laws of the transient’s lifetime should substantially improve the quality of long-term forecasting and crisis anticipation.
Although transient dynamics have received considerable attention in physical literature, research into ecological transients is in its
infancy and systematic studies are lacking. This text aims to partially bridge this gap and facilitate further progress in quantitative
analysis of long transients in ecology. By revisiting and critically examining a broad variety of mathematical models used in
ecological applications as well as empirical facts, we reveal several main mechanisms leading to the emergence of long transients
and hence lays the basis for a unifying theory.
© 2019 Elsevier B.V. All rights reserved.
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1. Introduction
Obtaining reliable long-term predictions is a major issue in ecology, epidemiology and climate science, and it is
a big challenge for sustainable ecosystem management [1]. Reliable forecasting is difficult due to the complexity of
dynamics of underlying biological systems. Predictions can be sensitive to initial conditions and small perturbations,
especially if the system’s dynamics exhibit chaos [2–4]. Exogenous and endogenous noise that is ubiquitous in natural
systems can substantially reduce predictability in a number of ways [5–7]. Additionally, insufficient information about
feedbacks and species trophic responses can make prediction unreliable due to the structural sensitivity [8–10].
Reliable forecasting is further complicated by the phenomenon known as the ‘regime shift’: a sudden qualitative
change in the ecosystem’s dynamics [11–14]. Should such a change happen, any conclusions or estimates based on
the observations made before the regime shift become irrelevant after the shift. However, the timing of the regime
shift is difficult to predict and the problem of identifying early warning signals remains largely open. Regime shift
often results in a population collapse and extinction of species, making it an important issue for nature conservation
and ecosystem management. Previously regime shifts have been linked to a slow change in ecological parameters
[11–14] which, under certain conditions, can push the system over the ‘tipping point’ (bifurcation) resulting in dramatic changes in the ecosystem properties (e.g. disappearance of a positive steady state). In its turn, variation of
parameter values can appear as a consequence of an exogenous process such as, for instance, global climate change.
More recently, it has been shown that regime shift can be a property of long transient dynamics [15] – an alternative
explanation that does not require a parameter change. Traditionally, long-term dynamics have been thought to correspond to the asymptotic behavior of the biological system, where trajectories have settled on some ‘final state’ (e.g. an
equilibrium or a cycle). However, there is a growing body of empirical evidence and modeling studies showing that
transient behavior and especially long transients play a pivotal role in the dynamics of ecosystems [16–21]. A similar
paradigm shift is happening in epidemiology as well as other life sciences such as neuroscience and embryonic development [22–24], in climate modeling and other natural sciences [25–27]. The necessity of shifting the main focus from
model attractors to transient dynamics lies in the very nature of biological systems: they often experience perturbations
(external and/or internal) that can prevent them not only from reaching an attractor in the large-time limit but even
from coming close to it [28]. Approximating the system’s dynamics by considering it in the vicinity of an attractor
then becomes irrelevant. Moreover, the time horizons of prediction in ecological practice and of action in ecosystem
management are often considerably shorter than the relaxation time of the corresponding biological system [21].
The presence of long transients may provide an alternative explanation of sudden regimes shifts which may lead to
species extinction and biodiversity loss. Indeed, the original mechanism of the regime shift mentioned above (‘tipping
point’) that relates it to a change in ecological parameters is not universal, as sudden changes in ecosystem properties
are not necessarily preceded by a noticeable change in the environment [29,30,15]. An ecosystem exhibiting long
transient dynamics would typically show a similar behavior to that observed in a tipping point-type regime shift: an
apparently stable dynamical regime suddenly experiences a fast transition to another regime or state (e.g. extinction).
However, the appropriate ecosystem management response would be quite different in the case of tipping points and
long transients [21]; it is therefore important to distinguish between the two scenarios.
Long transients observed empirically in biological and ecological systems have been frequently reported in the
literature; see [15] for a brief review. Long transient dynamics have also been seen in a number of mathematical
and computational models across several disciplines, e.g. [25–27]. Surprisingly, a regular consideration of this highly
relevant phenomenon in the context of life sciences is lacking. In spite of a large number of specific examples available, there is a lack of understanding with regard to the factors that may result in long transients, the types of the
corresponding regime shifts, early warning signals, etc. Any consistent classification of transients according to the
mechanisms causing them is largely missing. In particular, the important open question is what is the relation, if any,
between long transients and the tipping point phenomena.
This study intends to partially bridge the above gaps by providing a more systematic approach to mathematical
modeling of long transients in biological systems, with emphasis on ecological applications, combining theoretical arguments with empirical observation. In doing that, particular attention is paid to the scaling laws of the long transients,
i.e. how the lifetime of long transients depends on the controlling parameters of the system.
It should be mentioned here that, although transients have been emphasized more and more in recent studies, the
ecological background for this work in fact draws on a much longer legacy. Importance of transients is inherently
linked to the broader area of the nonequilibrium concept of ecological systems. A full treatment of these ideas is far
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beyond the current paper, but a look at some classic papers both helps to show the development within ecology of
transient thinking, and emphasizes the importance of the more structured approach that we take here. More recent
examples are referred to in our recent review [15] and are used to illustrate the ideas that we develop in the current
paper. Some of the earliest work focused on moving away from the single climax state as the end point of succession
in plant communities [31] and this idea of cyclic succession was essentially one that suggested that many ecosystems
were in a transient state. This line of thinking developed into ideas that multiple stable states are coupled with transitions between states, and there is good experimental evidence for that [32]. Thus, the states referred to as stable are
definitely not stable in a mathematical sense and this essentially means that the underlying ecological systems are best
thought of as in a transient state.
Ideas that suggested the importance of transients were not limited to plant succession. For freshwater lakes, the
paradox of the plankton as presented by Hutchinson [33] essentially says that these systems are not at their asymptotic
state. The role of disturbance and the intermediate disturbance hypothesis as emphasized for tropical systems, both
terrestrial and marine, by Connell [34], could also be viewed as an expression of the idea that ecological systems
are best viewed in transient states. The view that equilibrium is not the right way to think of ecological systems also
formed the basis for influential books by Botkin [35] and Rhode [36].
The paper is organized as follows. We first discuss an instructive definition of long transients in both deterministic
and stochastic systems (Section 2). In Section 3, we classify the scenarios of transients in low-dimensional deterministic systems, relating them to different mechanisms, and revisit some conceptual mathematical models of population
dynamics exhibiting long transients. In Section 4, we consider transients in stochastic systems and emphasize the role
of noise in promoting transient dynamics. The impact of system complexity on transient behavior is further addressed
in Sections 5 and 6 that deal with spatial systems and systems with time-delay, respectively. We then revisit the
methods of data analysis and modeling aiming to reveal transients from empirical observation with an ultimate goal
of anticipating possible regime shifts (Section 7). Finally, in Section 8, we summarize our findings and also briefly
discuss the role of transients in decision making in long-term ecosystem sustainable management.
2. Setting the scene: what is a long transient?
Systematic consideration of a phenomenon should start with a definition that would pick up the phenomenon’s
essential features. Given the high complexity of long transient dynamics across a variety of biological systems, its
very general definition is bound to be too broad and hence not instructive. Indeed, in the strict mathematical sense,
one should refer to all non-asymptotic regimes (unless the model trajectory starts exactly on an attractor) as transients,
which is not illuminating. However, we recall that here we are especially interested in long transients in the specific
context of regime shifts.
Let us consider a certain dynamical regime. In the case that this regime persists without changing its properties
(quantified by the average population densities, the amplitude of oscillations, Lyapunov exponents etc.) indefinitely,
then it corresponds to the asymptotical system’s dynamics. For convenience, we refer to such a regime as stable
dynamics. In the case that it persists for a finite but sufficiently long time, we call this dynamics quasi-stable. The first
point to clarify is when the duration of the given regime can be regarded as ‘long’. In the ecological context, it means
that it is much longer than the generation time of the considered species (for a brief review of specific cases see [15]).
In a somewhat more theoretical context, the duration is long if it is much longer than any characteristic time of the
regime (e.g. the period of oscillations).
Definition. Consider a system where all parameters (such as population growth rate, mortality rate, etc.) are constant, i.e. do not depend on time. We call the system’s dynamics a long transient if one of the following two properties
hold:
(a) apparently stable system’s dynamics (a ‘quasi-stable regime’ that goes on for a long time) at some point experiences a fast transition to another regime, stable or quasi-stable. This transition occurs on a timescale much shorter
than the duration of the preceding dynamical pattern;
(b) the system’s dynamics evolve with time ‘very slowly’ over a timescale much longer than any characteristic time of
the current dynamical pattern (e.g. the period of oscillations). This evolution of the dynamics properties eventually
brings the system to a stable or to a different quasi-stable regime.
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Fig. 1. Illustrative examples of the regime shifts in population dynamics models. (Top) Long transient dynamics in a model of structured population
with time delay. Large-amplitude periodic oscillations of the population density that are persistent over dozens of generations suddenly evolves
quickly to oscillations with a much smaller amplitude and a significantly different mean. From [37], adapted. (Bottom) Alternating steady states
in a bistable single-species model with noise. The system spends a considerable time in a vicinity of one of the states (experiencing random
oscillations around the average value shown by the horizontal line) before undergoing a fast transition to the other state. An observer who collects
the information about the system’s dynamics on a time scale much shorter than the system life-time in any one of the two transient states state can
easily mistake it for an asymptotic state. From [40], adapted.

What is meant by ‘long’ in the above definition is, however, not clear until it is made more quantitative. An
important benchmark of a long transient is the scaling property of its average lifetime. In either of the above cases,
the average lifetime of the transient regime is described by a scaling function (e.g. exponential or the power law) of
a controlling parameter, say p. There can be two possibilities: (i) there exists a finite critical value pc such that the
average lifetime tends to infinity when p → pc , or (ii) the average lifetime tends to infinity when p tends to infinity.
In other words, ‘long’ in our definition means that the transient’s lifetime can be made arbitrarily long by choosing
the value of the controlling parameter appropriately. Parameter p can either have an immediate biological or physical
meaning (growth or mortality rates, size of the spatial domain, noise intensity, etc.) or it can appear as a combination
of the original parameters, e.g. being the largest eigenvalue of the system in a given steady state. More details will be
given later, e.g. see Eqs. (5), (13), (19)–(20) and Tables 1 and 2.
The above definition is based on observed patterns of dynamics both in real-world systems and in relevant models
of ecological dynamics. Note that scenario (a) resembles the regime shift due to the tipping point mechanism; however,
in our case there is no tipping point as all the system’s parameters are constant. We further observe that long transients
can occur in both deterministic and stochastic systems (although due to different mechanisms). Two different examples
of long transient behavior in population models are shown in Fig. 1. The top panel of Fig. 1 demonstrates a transition
occurring in a fully deterministic system from the transient, quasi-stable regime of large-magnitude oscillations to the
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final, asymptotic regime of small-magnitude oscillations (a closer look reveals that the period of oscillations changes
too [37]). The bottom panel shows the regime of alternative phases (intermittency) in a population model with noise.
In this case, each consecutive phase can be regarded as a transient regime and the entire system’s dynamics are a
sequence of transients. Thus, the post-transitional regime can be either asymptotic or transient as well. In the latter
case, the existence of long transients can be linked to the geometrical properties of the system’s attractor. For instance,
in the Lorenz model of deterministic chaos with one saddle and two unstable focuses [38,39], the irregular switches
between one focus to the other may occur very fast but occasionally take a much longer time. Another example will
be considered in detail in Section 3.1.
The existence of a scaling law for the long transient’s lifetime (average lifetime in case of stochastic systems) is an
important property of long transients. This is a property that makes possible their classification (as will be examined
and explained throughout this paper). Also it creates a link between empirically observed long transients (e.g. counted
in numbers of generations) and the general framework of dynamical systems, thus enabling the application of powerful methods of quantitative analysis. In particular, tools of the bifurcation theory in many cases allow us to refine
the specific mechanisms behind long transient dynamics by identifying a few simple, “conceptual” (yet biologically
meaningful) models that exhibit long term transients with different properties. This will be done in the next section.
3. Long transients in low-dimensional deterministic models
3.1. Saddle points and crawl-by dynamics
Our analysis is based on a presumption common in theoretical studies that an ecosystem can be regarded as a
complex dynamical system whose properties arise as a result of interaction between many different factors and processes acting across a broad range of spatial and temporal scales. However, the high complexity of a real-world system
does not necessarily require a similarly high complexity of its mathematical description. It often happens that some
important general properties of the system can be grasped by a relatively simple model [2,4,41].
We start with a deterministic, nonspatial case; extension of our approach onto spatial systems will be discussed
in Section 5. A system of n interacting species can be described mathematically in a variety of ways. The two most
commonly used approaches are given by either a system of ODEs (ordinary differential equations):
duk (t)
(1)
= fk (u), k = 1, . . . , n,
dt
where u = (u1 , . . . , un ) and uk is the population density of the kth species at continuous time t , or by a system of
discrete-time maps:
ui+1
= Fk (ui ),
k

k = 1, . . . , n,

i = 1, 2, . . . ,

(2)

where uik = uk (ti ) is the density of the kth species at the ith step in time and discrete time is usually measured in
either generations or years. In our analysis below, we will consider (1) as a paradigmatic dynamical system; however,
most of the results appear to be generically valid for discrete-time systems too.
The traditional way to reveal the properties of the ecosystem in terms of the corresponding dynamical system (1) is
to consider its asymptotic properties, i.e. where the system’s trajectories go in the large-time limit. The corresponding
set in the phase space is called the ω-limit set. In particular, ω-limit sets include all attracting invariant sets of the
system, such as, depending on the system’s dimensionality, stable equilibria (steady states), stable limit cycles, tori
and chaotic attractors.
Whilst the attracting invariant sets determine the properties of the system in the large-time limit, the system’s
behavior at small and intermediate times is to a large extent shaped by non-attracting invariant sets (NAIS) – in the
cases where they exist. In particular, the presence of NAIS can lead to the emergence of long transients (an alternative
mechanism not related to NAIS will be considered in Section 3.2). In the baseline case where the NAIS is an unstable
steady state (unstable focus or node, or saddle), the emergence of long transients is readily seen. Let ū = (ū1 , . . . , ūn )
be a steady state of system (1). Considering the system’s dynamics in a small vicinity of ū, Eqs. (1) can be linearized
resulting in
dxk (t)
= ak1 x1 + . . . akn xn ,
dt

k = 1, . . . , n,

(3)
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where xk (t) = uk (t) − ūk are the deviations! from the" steady state (assumed to be sufficiently small in order to make
the linear approximation valid) and aij = ∂Fi /∂uj u=ū . Considering for the sake of simplicity the case where all
eigenvalues λ1 , . . . , λn of system (3) are different, its general solution is a linear combination of exponential functions eλi t . Let λ1 be the eigenvalue with the largest real part and Re λ1 > 0. Assuming that at a certain moment the
system is close to the steady state (e.g. because of the corresponding initial conditions), the rate at which the system
moves away1 is then determined by the term e(Reλ1 )t and hence by the exponent Reλ1 . Correspondingly, the time scale
τ at which the system remains in the vicinity of the unstable steady state is inversely proportional to the exponent:
1
τ∝
.
(4)
Re λ1
Obviously, in case Re λ1 is small the time that the system spends close to the unstable steady ū can be very long.
Hence, the system exhibits a long-term transient behavior. Note that system (3) is linear. Therefore, although long
transients play a more prominent role in nonlinear systems (as will be explained below), they can occur already in a
linear system.
Defining the controlling parameter as p = Reλ1 , the lifetime of the transient scales with p as a power law:
τ ∝ p −1 .

(5)

The unbounded growth in τ when the parameter approaches its critical value pc = 0 is a generic property of the system
behavior in the vicinity of the equilibrium. This agrees with our definition of long transients in Section 2. Note that
the power-law type scaling relation (5) is conventional rather than absolute as it can change to a function of a different
kind if the controlling parameter is chosen differently. For instance, if the system is predominantly considered in
the parameter range close to the bifurcation, i.e. where Reλ1 ≪ 1, it may be more convenient to define the control
parameter as p′ = − ln(Reλ1 ). It is readily seen that relation (4) then turns into an exponential function instead of the
algebraic:
′

τ ∝ ep ,

(6)
p′

with the transient lifetime tending to infinity for → ∞.
Note that the above analysis is valid even when ū is an unstable focus or node, i.e. where all eigenvalues have
positive real parts. However, in this case the long transients can only occur if the initial conditions are chosen already
in a small vicinity of ū. Although this is not entirely unrealistic, in the context of real-world dynamics it apparently
requires some rather special conditions (an initial kick that would push the system close to the unstable state or a
sudden change in the stability of the steady states) and hence may be regarded as a rare event. However, in case ū is a
saddle, the range of relevant initial conditions is much broader because of the existence of the stable manifold (where
in a general case the manifold can be multidimensional). Indeed, any point in the phase space that is initially close to
the stable manifold, e.g. see area B in Fig. 2a, will be eventually brought by the system flow into the required small
vicinity of the saddle and will stay there over the time given by estimate (4). The initial fast evolution of the system
along the stable manifold is followed by the long transient quasi-stationary dynamics, also known as a “crawl-by”
[15].
The effect of the initial conditions on the emergence of the crawl-by can become much less restrictive in a nonlinear
system. In particular, in a two species system, this happens if there is a separatrix passing close to the saddle (see
Fig. 2b), e.g. a limit cycle. In this case, trajectories starting in vast areas of the phase plane are channeled into the
small vicinity of the saddle, hence leading to the emergence of the long quasi-steady state transient dynamics described
by (4).
An example of an ecologically meaningful system exhibiting long transients due to the existence of a saddle point
is given by the Rosenzweig–MacArthur prey-predator model [42] which is characterized by logistic growth of the
prey and a Holling type II predator functional response:
#
du(t)
u$
γ uv
= αu 1 −
−
,
(7)
dt
K
u+h
dv(t) νγ uv
=
− mv,
(8)
dt
u+h
1 Here and below, by saying “system moves” or “system goes” we mean the corresponding solution.
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Fig. 2. A sketch of phase plane with a saddle point. Attracting and repulsing manifolds of the saddle are shown by curves 1 and 2, respectively. (a)
In order to get into the small vicinity (red circle A) of the saddle point where the system can spend a considerable time creating a long transient, see
Eq. (4), the initial state must lie close to the attracting manifold (domain encircled by red curve B). (b) Same as in (a) but now there is a separatrix
S lying close to the saddle. The trajectories starting in a broad area of the phase plane (e.g. the domain encompassed by red curve B) are channeled
to the small vicinity of the saddle.

Fig. 3. Phase plane of the prey-predator system (7)–(8). The intersection of the two isoclines (shown by the thin lines) produces the coexistence
steady state. For a sufficiently large carrying capacity K, the steady state is unstable and is surrounded by a stable limit cycle (shown by the thick
line). (a) For K just beyond the Hopf bifurcation, the size of the cycle is small. (b) With an increase in K the cycle grows in size and closely
approaches the two saddle-points (0, 0) and (K, 0).

where u and v are the densities of prey and predator, respectively, and the parameters have their usual meaning [42,
43]. It is readily seen that, depending on parameter values, this system can have up to three steady states, i.e. boundary
steady states (0, 0), (K, 0) and the positive (coexistence) steady (ū, v̄). In a broad range of parameter values, system
(7)–(8) is known to exhibit an oscillatory behavior, which corresponds to a stable limit cycle in its phase space (see
Fig. 3) emerging in a Hopf bifurcation when the coexistence state loses its stability. With parameters moving further
away from the Hopf bifurcation point (in this case, the boundary steady states are saddles), the limit cycle grows in
size and eventually approaches very close to the saddle-points (0, 0) and (K, 0) (see Fig. 3b). This is exactly the kind
of situation shown in Fig. 2b. The closer the system approaches a saddle point, the slower it moves along its trajectory
in the phase plane, and hence the longer it stays in a close vicinity of each of the unstable steady states (Fig. 4a):
the long term transient behavior emerges. We mention here that dynamics with similar properties are observed in
more realistic and more complicated models [29,44] (see Fig. 4b) which points out at the generality of the suggested
mechanism.
Note that, contrary to the baseline case shown in Fig. 2, in the above example of the Rosenzweig–MacArthur
model the dynamical system possesses not a single saddle-point but two saddles forming a heteroclinic connection.
Correspondingly, there are two transient quasi-stationary states. Due to the existence of the stable limit cycle passing
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Fig. 4. (a) Population density vs time as predicted by a prey-predator system with two patterns of crawling-by behavior; in the corresponding
parameter range the system becomes arrested when its trajectory in the phase plane comes too close to the two saddles (cf. Fig. 3b). (b) The
biomass of Daphnia (black curve) and algae (grey curve) obtained in a realistic phytoplankton-grazer model [44] (the dashed curve shows algal
C:P ratio). The system shows a long term transient behavior when it is arrested by the saddle-point at (0, 0).

Fig. 5. Long transients in the three species cyclic competition model. (a) The structure of the phase space of the model, the three boundary ‘one
species only’ states are connected into a hereroclinic cycle. (b) The corresponding temporal dynamics showing transient quasi-stationary states of
ever increasing duration.

through a close vicinity of these saddles, each of the two crawl-bys becomes recurrent. The entire system’s dynamics
are a sequence of transients; long intervals of apparently stable quasi-stationary dynamics are connected by fast transitions between them (cf. Fig. 4a). For each of the crawl-bys, its lifetime is determined by the closeness of the limit
cycle to the corresponding saddle showing an unbounded increase when the vertical isocline of the system approaches
axis v.
Depending on the type of interspecific interactions and the number of species explicitly included in the model,
the phase space of the system can be more complicated, e.g. contain several saddles. In the case where heteroclinic
connections form a loop – a heteroclinic cycle – the overall asymptotic dynamics may become transient, i.e. the life
time of the crawl-bys increases unboundedly in the course of time. One classical example of such behavior is a system
of three cyclically competing species (known as well as the rock-paper-scissors game) [45,46]. In this system, there
are three boundary steady states where only one species is present and the other two are absent; these three states are
connected together into an attracting heteroclinic cycle (see Fig. 5a). The system’s trajectory eventually approaches the
cycle infinitesimally close, correspondingly passing closely to each of the boundary states in turn, hence creating the
transient quasi-steady states where the density of one species is approximately at its carrying capacity and the densities
of the other two species are very small (Fig. 5b). Since each new turn of the trajectory brings it closer and closer to
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Fig. 6. A sketch of the phase space of a higher-dimensional (multi-component) system. Several saddles are linked by heteroclinic connections
(dashed lines). A hypothetical system’s trajectory (thick curve) lies close to the heteroclinic connections and hence passes close to the saddles, thus
staying for a long time near one saddle before moving on to the next. From [53], adapted.

the boundary states, the time spent in the vicinity of the states is ever increasing with time. The transient’s lifetime is
scaled as τ ∝ π T where the quantity π > 1 depends on the species’ growth rates and the competition coefficients, and
T = 1, 2, . . . counts the number of cycles repeated over the entire loop [46]. We mention here that a similar transient
behavior is shown by the Guckenheimer–Holmes cyclic model [47] and by a number of other models where transients
include periodic or even chaotic solutions [48]. Although heterogenic cycles are not often seen in a general dynamical
system, they are a common feature of dynamical systems with a symmetry [49]. Note that, generally speaking, the
unbounded growth of the crawl-by’s lifetime is not robust to noise. When noise is included into the model, its effect
can stabilize the dynamics resulting in a finite lifetime of the transients.
Crawl-by behavior in real-world population dynamics has been observed in several field and laboratory studies.
Evidence of long term transient behavior induced by saddle-points includes zooplankton-phytoplankton interaction
in lakes [44] and various examples of cyclic succession of competing species such as side-blotched lizards [50] or
competing bacteria [51] as well as some yeast strains [52]. In each case, a long term dominance of one species
occurred before displacement by another species, in the full agreement with the prediction of the theory (cf. Fig. 5).
A well-known example of crawl-by behavior in laboratory settings is the dynamics of the flour beetle Tribolium
[29]. In the course of time, population dynamics of the beetle typically showed an onset of oscillations. However, in
many cases the oscillatory dynamics were preceded by a long period of an approximately constant population size.
An apparent explanation for the emergence of the quasi-stationary state is that the initial state of the system placed
it close to a saddle point. Indeed, the corresponding population dynamics model that describes Tribolium dynamics
quite accurately does possess a saddle in its phase space [29].
In a more complex, higher dimensional system (e.g. with a larger number of species), the transient dynamics can
have more complicated properties. One possibility is given by a straightforward generalization of the above ideas.
Consider a system where the phase space contains multiple saddle-points linked by heteroclinic connections (see
Fig. 6). Apparently, this structure of the phase space may lead to the emergence of multiple quasi-steady states and
multiple different crawl-bys respectively. A trajectory that at some moment comes close to the heteroclinic connection
(e.g. by the choice of the initial conditions) will follow it closely, thus passing through a small vicinity of the saddles.
The system then may stay in the vicinity of a saddle for a long time before following the heteroclinic connection to the
next saddle [53]. Transition to a next saddle is likely to mean a significant change in the state variables: a regime shift
occurs. (Note that from the point of an ‘external’ observer who is not aware about the phase space design such regime
shift would happen without any obvious reason as the system’s parameters remain constant.) After a number of such
regime shifts due to the crawl-by behavior, the trajectory would either settle on an attractor in another part of the phase
space or, if there is a stable limit cycle passing close to the saddles, will repeat its journey. Whilst in the former case
each quasi-steady-state long transient will only happen once, in the latter case the long transients are recurrent. We
mention here that, apart from the application of this mechanism to population dynamics [50,54] and to epidemiology
[55], there have also been several studies where models with the above properties (existence of multiple connected
saddles) were used to simulate neural activity behind the sense of smell [56,53] being motivated by experimental data
obtained for zebrafish, locusts and other insects.
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Note a long transient behavior of one system can be the asymptotic dynamics of another, modified system. As an
example, consider the following generic dynamic system:
du
= f (u),
dt

(9)

which has a stable equilibrium û. Clearly, û is an asymptotic state for the system. If the system is two dimensional,
i.e. u = (u1 , u2 ), one can easily modify it by multiplying the right-hand side in (9) by a suitably defined function g(u)
to change the eigenvalues of the equilibrium from the case with two negative eigenvalues to the case where one is
positive, but arbitrarily small. In the new system,
du
= f (u)g(u),
dt

(10)

û is a saddle; thus, it exhibits as a long ‘crawl-by’ transient the asymptotic behavior of the previous system (9). From
this observation it is clear that any transient that is a saddle (crawl-by) could equivalently be the asymptotic behavior
of a different system.
Apart from NAIS such as simple saddles and sets of connected saddles causing crawl-by behavior, a number of
nonlinear models in ecology, epidemiology and economics demonstrate the existence of more complicated transient
regimes known as chaotic saddles. Dynamical systems theory defines chaotic saddles as compact invariant sets which
are neither attractors nor repellers and which contain a chaotic orbit with a positive dominant Lyapunov exponent
[26,57]. For the transient chaos to emerge, there are restrictions on the system’s dimensionality: the minimum dimension is two for invertible discrete maps and three for continuous flow systems. Chaotic saddles can arise in a crisis
bifurcation (collision with another attractor), for instance, when a stable node collides with the basin of a chaotic
attractor [58,27]. As a result of the crisis (collision), the chaotic attractor turns into a chaotic saddle: there emerges a
channel (usually very narrow, ultimately of zero measure) through which the trajectory can leave the former chaotic
attractor’s basin to asymptotically approach another attractor. Correspondingly, the system’s trajectories would normally stay close to the chaotic saddles for a long time before escaping it through the channel: a long term chaotic
transient occurs. During this time, the dynamical system would exhibit behavior indistinguishable from that of the
pre-bifurcation chaotic dynamics. The average lifetime of a chaotic transient typically scales with the bifurcation
parameter as a power law. The existence of chaotic saddles was established both theoretically [59] and experimentally [60]. Also, a number of population models predict extinction of species via a long term transient chaos [61,
62].
Interestingly, although chaotic saddles possess the defining properties of a saddle (e.g. the existence of attracting
and repulsing manifolds), they also can be considered from a different point of view taking into account their relation
to a bifurcation changing the phase space properties. Namely, the emergence of chaotic saddles is often related to the
so-called ghost attractors. This will be considered in details in the next section.
3.2. Ghost attractors
In the previous section we considered the long-term transient behavior occurring due to the system being close to
the NAIS. A simple yet instructive example of this “crawl-by” dynamics is induced by a saddle-point in the phase
space of the system. Once the system’s trajectory brings it to the vicinity of the saddle, it can remain there for a
considerable time; the closer to the saddle the system is and/or the smaller is the largest (positive) eigenvalue, the
longer is the crawl-by’s lifetime.
In this section, we consider an alternative mechanism where the observed system’s dynamics have similar features,
i.e. the system remains within a certain domain of the phase space for a considerable time mimicking an asymptotical
behavior (e.g. steady-state, periodic or chaotic) yet not actually being asymptotics. The essential difference from
the above is that now in that domain there is neither attractor nor NAIS. As we will show below, this can happen
for parameter values close to a bifurcation that destroys the attractor. For parameters below their bifurcation value,
there exists an attractor with the properties corresponding to those of the long transient; for parameters beyond the
bifurcation, there is no attractor but the system’s dynamics mimic its existence.
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Fig. 7. (a) Phase plane of the plankton-oxygen model (11)–(12) for parameters A = 1.9, B = 1.8, c1 = 0.7, c2 = 1 and η = 0.2. Black and red
curves show the isoclines of Eqs. (11) and (12), respectively, the arrows show the direction of the phase flow. (b) The oxygen steady-state values
(the high-oxygen branch and the low-oxygen branch, blue and red curves respectively) as functions of the oxygen production rate A. A decrease in
A results in the two positive steady states merging and disappearing. For the values of A less than Acr (shown by the vertical dashed line) there are
no positive steady states.

As an instructive example, we consider the following model that described the oxygen-phytoplankton dynamics in
the ocean [63–65]:
dc
Au
uc
− c,
=
−
dt
c + 1 c + c2
&
%
du
Bc
− u u − ηu,
=
dt
c + c1

(11)
(12)

(in dimensionless variables). Here c is the concentration of dissolved oxygen at time t , u the phytoplankton density,
parameter A quantifies the rate of oxygen production in photosynthesis, B is the maximum phytoplankton per capita
growth rate in the large-oxygen limit, η is the phytoplankton mortality rate, and c1 and c2 are half-saturation constants
in the Monod-type kinetics. The first term in Eq. (11) describes the oxygen production, the second term parameterizes the oxygen uptake by phytoplankton as required for its metabolism (note that phytoplankton produces oxygen
during the day but consumes it during the night), and the last term accounts for the oxygen loss due to its natural
depletion (e.g. due to biochemical reactions in the water). In Eq. (12), the first term describes the logistic growth of
phytoplankton and the last term stands for the phytoplankton mortality. For more details, see [63,64].
The phase plane of system (11)–(12) is shown in Fig. 7a. Considering A as the bifurcation parameter, it is readily
seen that, for values of A not too small, there exist three steady states, i.e. the extinction state (0, 0) and two positive
steady states to which we refer as the high-oxygen state and the low-oxygen state. Stability of the steady states is
readily seen from the direction of the phase flow (cf. the arrows in Fig. 7a): the extinction state and the high-oxygen
state are stable nodes and the low-oxygen state is a saddle.
The position of the isoclines and hence the existence of the positive states depend on the parameters. It appears that
a decrease in A eventually brings the system to a tipping point (see Fig. 7b). With a decrease in A, the first isocline
moves upwards so that the two positive steady states move towards each other, merge for a certain critical value Acr
and disappear in a saddle-node bifurcation. For A < Acr , the extinction state (0, 0) is the only attractor of the system.
However, since the solution of the system depends on the parameters continuously, for a value of A just slightly below
its bifurcation value (in which case the isoclines do not intersect but come very close to each other), the properties of
the phase flow and the corresponding vector field are very similar to what they are prior to the bifurcation. In particular,
in the vicinity of the location in the phase plane where the equilibrium used to be for the subcritical values A > Acr ,
the dynamics of the system are still largely determined by the vector field previously generated by the stable node;
hence, the norm of the vector field is very low. Therefore, the system movement along the trajectories passing through
that vicinity slows down considerably. As a result, beyond the tipping point the system’s dynamics can mimic its
behavior at the attractor over a considerable time (see Fig. 8). In the mathematical literature, this situation is referred
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Fig. 8. Oxygen concentration vs time as described by model (11)–(12). Curve 1 (red curve) shows the solution obtained for parameters just beyond
the tipping point (for A = 1.38, other parameters as in Fig. 7). The initial conditions are c0 = 0.8 and u0 = 0.24. Before going to extinction, the
oxygen concentration converges to its ghost steady state value and remains in its vicinity (as shown by the dotted lines) for a considerable time: for
the interval between t ≈ 30 and t ≈ 300, the change in the oxygen concentration is less than ±10% of its ghost steady state value. For comparison,
curve 2 (blue curve) shows the solution before the tipping point (for A = 1.9) where it converges to a stable steady state.

to as a ‘ghost attractor’ [22,39,66] (or, somewhat more generally, slow manifold [67–69]) and the corresponding long
transient as a ghost. Curve 1 in Fig. 8 shows a typical solution of the system (11)–(12) in this parameter range. After
a fast decay of the initial oxygen concentration (approximately over the first twenty time units), the system enters the
regime of slow dynamics: for the interval of about t ≈ 300, the system stays in the vicinity of the ghost steady state
value (shown by the dashed line) followed by a fast decay to extinction.
We therefore conclude that the relation between the tipping point and the long-term transient dynamics is the one
between the cause and the effect. The bifurcation destroying the stable steady state – more generally, an attractor –
is necessary to initiate the transition to another attractor. The long transient is a scenario of the transition where the
system beyond the tipping point is hanging around its previous dynamical state (ghost state), so that its observed
dynamics mimic the dynamics before the tipping point for a long time before any noticeable change occurs. When
the parameter approaches its bifurcation value, the life span τ of the ghost-induced transient increases unboundedly.
The time spent by the system’s trajectory in the vicinity of the ghost steady state beyond a saddle-node bifurcation
is typically scaled as a power law, τ ∝ |A − Acr |−γ , γ > 0, although the precise form can depend on the choice of
the controlling parameter (see Appendix A). This result is generic; a similar long transient behavior due to a ghost
attractor emerging from a saddle-node bifurcation is demonstrated by different models in life sciences, including
models of embryonic development [24] and models of neural dynamics [22].
With regard to model (11)–(12), we mention here that it was developed in order to investigate the effect of global
warming on oxygen production by ocean phytoplankton [63]. The dynamics of the system beyond the tipping point
result in oxygen depletion which arguably can lead to a global ecological and humanitarian catastrophe [64]. In the
corresponding real-world systems, in order to decrease the scale of the disaster or to avoid it altogether, the approach
of the system to the tipping point would have to be closely monitored. The existence of the ghost steady state and
the corresponding long transients could make this task challenging. Indeed, if the system is monitored on a time scale
inconsistent with the inherent time scale of the transient dynamics, the ghost state may give a grossly misleading
impression that the system is in a safe state.
Long transients resulting from a ghost attractor mechanism can also occur in the form of periodical oscillations.
Periodical oscillations are ubiquitous in natural systems, arising either as a result of internal nonlinear interactions
(e.g. between prey and predator) or due to strong external periodic forcing such as seasonality. Mathematically, a longterm periodical transient can occur via a fold bifurcation of stable and unstable limit cycles and creation of a narrow
region (a channel) via which system trajectories eventually escape from the post-bifurcation ghost limit cycle (cf. [27]).
This scenario was firstly applied by Pomeau and Manneville to model turbulence [70]. The corresponding population
dynamics exhibit periodic oscillations for a long time, with almost constant amplitude, before suddenly switching to
another regime. It can be shown that the lifetime of this transient behavior is scaled as τ ∝ ϵ −0.5 , where ϵ is the width
of the escape channel created after the bifurcation [27].

A. Morozov et al. / Physics of Life Reviews 32 (2020) 1–40

13

Fig. 9. Emergence of long term chaotic transients in a resource-consumer-predator system [61,71]. (a) For a subcritical value of the bifurcation parameter (carrying capacity), the system shows ‘bistability’ where the chaotic attractor coexists with a stable limit cycle; in particular, any trajectory
started in a vicinity of the strange attractor will remain there. (b) The phase space after the bifurcation that turned the chaotic attractor into a ghost;
any system’s trajectory eventually converge to the stable limit cycle which is now the global attractor.

Apart from ghost steady states and ghost limit cycles, there are ghost chaotic attractors as well and they can arise in
a number of ways [72]. For example, from dynamical systems theory it is well known that a cascade of period-doubling
bifurcation would eventually result in chaotic dynamics (known as the Feigenbaum scenario [73]). In such systems the
parameter set corresponding to the chaotic dynamics is extremely scarce in the sense that it contains no open intervals
[74,75]. Parameter values corresponding to chaos are separated by ‘windows’ of parameter values where the dynamics
are periodic. Unlike chaotic attractors, periodic windows are dense in the parameter space [73]. Correspondingly, a
small variation of a parameter’s chaotic value takes the system, via a tangent or a saddle-node bifurcation, to the
window where the dynamics are asymptotically periodic. However, the dynamics do not change instantly; it takes
a long time for the system to slowly converge to the periodical solution (cf. scenario (b) in our definition of long
transients in Section 2). During this convergence time, the system’s dynamics can be undistinguishable from the
chaotic dynamics. The corresponding regime is called transient chaos. Therefore, a change in the bifurcation parameter
destroys the chaotic attractor and create a chaotic ghost attractor where the dynamical variables behave chaotically for
a long but finite time before settling into the final non-chaotic (periodic) state. An immediate important conclusion
that apparently follows from the above is that, in real-world systems, transient chaos is likely to be more prevalent
than permanent (asymptotic) chaos since the probability of finding parameters corresponding to asymptotic chaos is
extremely small [72]. This message, however, should be taken with care, because the effect of noise, which is always
present in empirical systems, can turn chaotic transients into permanent chaos (see also Section 4).
An example of a population dynamics model exhibiting a ghost chaotic attractor, and hence transient chaos, is
given by a three-level trophic system consisting of a resource R, its consumer C and a predator P [61,71]. For certain
parameter values, the dynamics of this system are known to be chaotic; Fig. 9a shows the corresponding ‘strange’
chaotic attractor in the phase space [71]. An increase in the resource carrying capacity destroys the strange attractor
and brings the system to a periodic window. Population densities then demonstrate a long-term transient irregular
behavior following the ghost of the strange attractor before the trajectory finally settles at the limit cycle (Fig. 9b). We
mention here that long chaotic transients with similar properties are also observed in discrete-time systems [76].
Note that, with respect to the structure of the dynamical system’s phase space and the corresponding behavior of
the system’s solutions, there is no essential difference between chaotic ghosts and chaotic saddles. In either case, the
system can exhibit an apparently chaotic dynamics that last for a long but finite time before the system converges to a
non-chaotic attractor. However, what makes the difference is the context in which chaotic ghosts and chaotic saddles
are considered. Whilst the effect of chaotic saddles is associated with variable initial conditions but fixed parameter
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Fig. 10. Sketch of the dynamical mechanism of a chaotic supertransient emergence. Consider a nonlinear two-dimensional discrete-time dynamical
system where p is a bifurcation parameter and pc is its critical value. (top) For p < pc , there is a chaotic attractor, the solid curve showing its
basin’s boundary. The two large black dots denote two unstable periodic orbits: one saddle-point on the attractor (with a stable and an unstable
eigendirections) and another repeller (locally with a pair of unstable eigendirections) outside of the chaotic attractor. The small black dots on the
boundary denote the preimages of the saddle-point. (bottom) At p = pc , the saddle merges with the repeller, creating a narrow escaping channel
near the saddle together with an infinite number of preimages of the channel for values of p slightly above pc : a supertransient arises.

values (or parameter values varying over a range that does not include bifurcations), the concept of chaotic ghosts is
used to describe the response of the system to a change in parameter values resulting in the bifurcation in the system’s
dynamics.
In systems with chaotic attractors, the lengths of transients can be especially large. In the literature, such transients
(first discovered by Grebogi et al. [77,78]) are called supertransients. They usually arise as a result of the boundary
crisis bifurcation when an unstable periodic orbit of a chaotic attractor collides with another unstable periodic orbit
at the boundary of the attractor basin. Fig. 10 shows a schematic illustration of the dynamical setting in which a
supertransient arises. Consider a two-dimensional discrete map. Let p be the bifurcation parameter and pc its critical
value, so that for p < pc there is a chaotic attractor. At the boundary of the attractor there is an unstable periodic
orbit, which in two dimensions is typically a saddle-point with a stable and an unstable eigendirections. Outside of the
attractor, there is a repeller on the basin boundary which locally has two unstable eigendirections. At the bifurcation
point pc , the saddle and the repeller merge, creating an infinite number of narrow “escaping” channels at the locations
of the original saddle and all its preimages. Chaos is not sustainable any more; it becomes transient. Let T be the time
(the number of iterations) required for a trajectory to travel through the channel away from the ghost of the chaotic
attractor (in the vertical direction in Fig. 10). In order for this to happen, the trajectory must stay close to the entrance
to the channel, i.e. approximately at the same location in the horizontal direction, consecutively for T iterations. For
p slightly above pc , the probability for a random trajectory on the original attractor to stay in the vicinity of the saddle
for T consecutive iterations is approximately P ∝ e−λT where λ > 0 is the largest Lyapunov exponent. This estimate
follows from the fact that, if the trajectory is in the channel, after T iterations it can be anywhere in the horizontal
direction, so we obtain that leλT ∝ 1 (assuming that the size of the original chaotic attractor in the horizontal direction
is on the order of unity) where l is a measure of the size of the escaping channel. Typically, the tunneling time depends
on p algebraically [73] as T ∝ (p − pc )−γ . Combining this relation with the expression for the probability P , we
arrive at the following scaling law for the chaotic supertransient’s average lifetime [77,78]:
τ ∝ exp [k(p − pc )−γ ],

(13)

where γ > 0 is the scaling exponent and k > 0 is a constant coefficient. Transient dynamics occur for p > pc ; as p
approaches the critical value pc , the transient lifetime grows unboundedly at a rate much faster than the power law.
In conclusion to this section, we briefly mention some empirical examples of long term transients linked to the
ghost attractors. These include the switch from a macrophyte-dominated state to a turbid water state in freshwater
lakes [79], the transition from coral to macroalgal dominance in Caribbean coral reefs [80,81], the shift from forage
fish state to the state with dominance of large body benthic fish species in Scotian Shelf at Canada’s East coast [82]
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and the shifts between populations of fish and invertebrates in watersheds in Western North Carolina after habitat’s
restoration [83]. In each of these cases, the transient dynamics were observed over a large number of generations
(between five and fifty). We also mention that the existence of ghost attractors and their significance for the system’s
dynamics were reported in other life sciences, in particular in neuroscience where it was suggested that multistable
ghost attractors could play a crucial role in brain functioning [84].
3.3. Slow-fast systems
Long transients can emerge in a population system where different populations have intrinsic time scales (as given
by the generation times, the mortality rates etc.) of a different order of magnitude. The dynamical features related
to the population with the shortest time scale are then referred to as ‘fast’ and those related to the population with
the longest one as ‘slow’ [85]. Systems with these properties are ubiquitous in nature. The fast dynamics are often
associated with the prey (resource) and the slow with the predator (consumer) [86,87], although opposite cases are
well known as well (e.g. an insect-tree system [88,85]). One immediate real-world example where the prey’s dynamics
are fast and the predator’s dynamics are slow is given by a plankton community where the phytoplankton growth can
be 10-30 times faster than that of the zooplankton [89–91]. This is readily extended into a tri-trophic food chain as the
fish feeding on the zooplankton would typically have intrinsic rates much smaller than the zooplankton [86]. Another
example is given by an avian population feeding on insects where the ratio of the relevant characteristic times can be
even larger depending on the biological traits of the species involved.
As an example of a slow-fast system, we consider a generic two-species model where the dynamics of species u
are fast and the dynamics of species v are slow:
du(t)
dv(t)
= f (u, v, ϵ),
= ϵg(u, v, ϵ).
(14)
dt
dt
Here ϵ ≪ 1 is a positive dimensionless parameter describing the ‘difference’ between the time scales. We mention
here that in the theory of ordinary differential equations such systems are called stiff and they are known to present a
considerable challenge for their numerical solution, exactly because of the existence of multiple time scales [92,93].
Note that, in original (dimensional) variables, the model does not necessarily contain a small parameter. However,
a small parameter will inevitably appear explicitly, e.g. as the ratio of the growth rates, as soon as dimensionless
variables are chosen. In more general terms, if the time scale of biological processes is considerably different for
different species (see the examples above), an appropriate transformation of the original model is always possible that
brings up a small parameter.
Introducing a rescaled time as τ = ϵt, Eqs. (14) can be written as
du(τ )
dv(τ )
= f (u, v, ϵ),
= g(u, v, ϵ).
(15)
dτ
dτ
The time scale given by t is said to be fast whereas that for τ is slow. For any ϵ ̸= 0, systems (14) and (15) are
equivalent. However, in the limit ϵ → 0 system (14) turns into
ϵ

du(t)
= f (u, v, 0),
dt
and system (15) turns into

dv(t)
= 0,
dt

(16)

dv(τ )
= g(u, v, 0),
(17)
dτ
which are apparently different from the original systems. System (16) is sometimes called the fast system and system
(17) is called the slow system, e.g. see [94]. For values of ϵ positive but small, the two limiting cases (16) and (17)
give two different approximations to the original system, more specifically providing the (approximate) description of
the system’s dynamics for the fast and the slow phases, respectively.
In order to demonstrate the emergence of long transients due to the separation of fast and slow phases, we now
consider the case where species u is the prey and species v is the predator. For the convenience of comparison to
the non-stiff case, we consider functions f and g in Eqs. (16)–(17) to be the same as the right-hand sides in system
(7)–(8) and focus on the case where the dynamics are oscillatory due to the stable limit cycle. For ϵ ≪ 1, the limit
0 = f (u, v, 0),
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Fig. 11. Long term transients in a slow-fast prey-predator system. (a) The limit cycle in the phase plane of the system obtained for ϵ = 0.01, all
other parameters are the same as in Fig. 3a. Note the change in the shape of the cycle. The solid (red) and dashed (black) arrows indicate slow and
fast dynamics, respectively. (b) The corresponding time courses of prey (solid black curve) and predator (dashed red curve).

cycle becomes deformed in a certain way (see Fig. 11a) so that different parts of the cycle correspond to slow and fast
dynamics (indicated by solid and dashed arrows, respectively). During the fast phases the predator density remains
approximately constant (cf. the second equation in (16)) and the corresponding parts of the cycle are aligned along
axis u; during the slow phases the trajectory follows closely the isocline of the prey equation (cf. the first equation
in (17)). Fig. 11b shows the corresponding time courses of the prey and predator densities. Arguably, each of the
slow phases can be regarded as a long term transient dynamics. Almost-steady state dynamics of prey at low density
accompanied by a gradual decrease in the predator density (as shown by the left-hand side of the cycle in Fig. 11a
and the troughs of the solid curve in Fig. 11b) can go on for many generations of prey before suddenly changing to an
outbreak in the prey population. The next long transient phase is a slow, gradual decrease in the prey population along
with a slow increase in the predator population (the right-hand side of the cycle, a hump of the solid curve) before
accelerating to a fast drop in the prey density. This sequence of slow and fast dynamics along the limit cycle repeats
indefinitely. The natural scaling of the transient’s lifetime in slow-fast systems is the inverse value of the timescales
ratio ϵ, as readily follows from the definition of the slow time τ .
The shape of the limit cycle shown in Fig. 11a depends on the shape of the isoclines and hence on the properties
of functions f and g. Correspondingly, the slow-fast dynamics can be analyzed via geometric methods [94]. For a
different density dependence of the growth rates, the shape of the cycle can be different too. However, the splitting
of the cycle to slow and fast phases (where slow phases are essentially the long term transients) is a generic property
of slow-fast systems. In particular, it does not depend on the interpretation of u as prey (resource) and v as predator
(consumer). System (14) was originally considered by Rinaldi at al. [85,95] as a model of insect-tree interaction where
the insect species (consumer) has much higher growth rates compared to the trees (resource); see Fig. 12.
Note that it is not always possible to designate one of the species as fast and the other one(s) as slow and in
fact the application of slow-fast systems is not restricted to this special case. In a somewhat more general situation,
the slowness may refer to some of the processes but not necessarily to the population dynamics of a given species
as a whole. In mathematical terms, it would mean that the right-hand side of at least one of the equations in the
system (14) (or a similar model) does contain a small parameter, but not as a factor. Even more importantly, the
concept of multiple time scales is by no means limited to the differential equations and can occur in other modeling
frameworks, in particular in discrete-time systems [96]. The dynamics consisting of a sequence of fast and slow
phases that is typical for stiff differential equations can turn into something more complicated, e.g. to a sequence of
intermittent irregular oscillations of small and large amplitude. Fig. 13 shows an example of such dynamics observed
in a discrete-time population model with control [96].
The existence of multiple time scales does not necessarily result in long transients being recurrent. Whether the
long transient phase occurs periodically or happens only once depends on the properties of the system. One example
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Fig. 12. The phase plane of the insect-tree population dynamics model [95]. The system’s dynamics along the limit cycle split to slow phases
(arrows) and fast phases (double arrows). Note that due to the different shape of the isoclines the shape of the cycle is different from that of
Fig. 11a.

Fig. 13. Intermittent long term dynamics observed in a discrete-time single-species population model with a particular type of control. Each of the
intervals where the oscillations are in the low-amplitude mode is a long transient. For details see [96].

of a unique, aperiodic long transient is given by the following two-species competition model:
du1 (t)
du2 (t)
(18)
= r1 u1 (1 − b1 u1 − a1 u2 ),
= r2 u2 (1 − a2 u1 − b2 u2 ),
dt
dt
where u1 and u2 are the population densities, r1 and r2 are the per capita growth rates, and a1 , a2 , b1 and b2 are
the coefficients describing the strength of intra- and interspecific competition. The difference of the time scales is
quantified by the ratio ϵ = r1 /r2 . The analysis presented above for model (14) readily applies to model (18). In
case ϵ ≪ 1, the parts of the system’s trajectory in the phase plane corresponding to fast dynamics are becoming
approximately straight lines aligned in the vertical direction and the parts of the trajectory corresponding to the slow
dynamics closely follow the relevant isocline; see Fig. 14a. Clearly, in this case the dynamics are not periodic; the
stable steady state (0, 1/b2 ) (which is the only attractor in the system for these parameter values) is an ω-limit set of
the system. The corresponding time courses of the population densities are shown in Fig. 14b. Unless the existence
of the long transient is identified, and the population dynamics are observed only for a limited duration of time (say,
over the first twenty units), this may send a grossly misleading message as species 2 apparently goes to extinction.
Thus, the slow-fast dynamics lead to the emergence of long transients but with somewhat different properties
compared to ghosts and saddles/crawl-bys. Apparently, they are not directly related to the existence of NAIS (as with
saddles) or to a bifurcation destroying an attractor (as with ghosts). In particular, the approximately constant values
of some of the population densities observed during some of the slow phases may have little to do with invariant sets.
However, a closer look reveals that the existence of NAIS does shape the properties of long transients significantly.
The matter is that the slow dynamics can occur not only when the system moves along the attractive part of the critical
manifold f (u, v, 0) = 0 (cf. the slow system (17)) but also along its repelling part [94,97]. The latter is related to the
so-called canard solutions or canard cycles, which are a benchmarks of slow-fast systems. Combined effects of NAIS
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Fig. 14. Aperiodic long transients in a two-species competition system. (a) The phase plane of the system obtained for parameters, dashed (black)
curve for ϵ = 1, solid (red) curve for ϵ = 0.002, the arrows show the direction of the phase flow. Dotted lines show the system’s isoclines. (b) The
corresponding population densities vs time, curves 1 and 2 for species 1 and species 2, respectively.

(e.g. saddles or unstable nodes) and fast-slow dynamics can result in new patterns of long transient dynamics such
as “canard explosion” and the emergence of mixed-mode oscillations where small-amplitude and large-amplitude
excursions alternate [94,97].
4. Effect of noise on transients
We have previously considered transient dynamics in fully deterministic models. In biological systems, however,
there is always some noise both due to external and internal perturbations. Depending on the amplitude and the nature
of noise, it can strongly affect transient dynamics. In particular, a supercritical noise can convert transient regimes in
asymptotic ones.
Consider firstly a simple system exhibiting crawl-by dynamics near a saddle point (see Figs. 2, 3). The dynamics
can be heavily affected by noise, causing substantially increased or reduced transient’s length. In the case where the
saddle point is located on a zero axis, stochasticity near this point may drive the species to extinction. On the other
hand, noise can promote transient dynamics by setting possible initial densities such that the probability of settling in
the basin of attraction of the stable manifold of the saddle point increases. This was empirically documented in the
study of Tribolium where transients were observed in only some experiments and not the others despite the fact that
the initial numbers of beetles in the experiments were close to each other [29].
Noise can be the main mechanism of formation of long transients when it causes random switching between two or
more dynamical states; the system remains in each state for a long time (cf. Fig. 1b). Irregular switching of trajectories
to various attractors due to noise is known as chaotic itineracy, attractor hopping or flickering [98]. Variation of the
level of noise can largely affect the extinction time of a population, for example, by several orders of magnitude. This
phenomenon is known as noise-delayed extinction and is due to interplay between system non-linearity, additive noise
and variation of model parameters [99].
Stochastic perturbations can induce sustained transient oscillations around an equilibrium or a limit cycle that
would be stable in the absence of noise. A well-known example of the transient dynamics generated by stochastic perturbation of a stable equilibrium is the population dynamics of Dungeness crab Cancer magister in USA west coast
ports [100]. Using a combination of data analysis and model fitting to data it, is shown that observed chaotic-like
oscillations are actually long transient relaxation dynamics occurring due to stochastic perturbations of a stable equilibrium. In another experimental setting, it was shown that random perturbations of the cyclic population dynamics
can result in a chaotic-like behavior of the population density of Tribolium [101].
The noise can interplay with ghost attractors and promote recurrent long transients. In a simple case, where a
channel of the ghost attractor is formed after fold bifurcation of limit cycles, the trajectory is kicked back to this
channel from time to time due to noise resulting in a series of sustainable transients [27]. In more complicated settings,
the recurrent transient dynamics will be chaotic.
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Fig. 15. Scaling laws of chaotic supertransient before and after the tipping point. The average lifetime of the chaotic transient is shown (in logarithmic coordinates) vs noise intensity shown for the subcritical (p < pc , triangles), critical (p = pc , filled circles) and supercritical (p > pc , asterisks)
cases. Adapted from [108].

On the other hand, a weak but supercritical noise can convert long chaotic transients into an asymptotic regime with
chaotic dynamics. This phenomenon is known as noise-induced chaos [102–104], which is fundamental in nonlinear
and statistical physics with significant applications in biology [105–107]. Noise-induced chaos can arise in periodic
windows, where there is a periodic attractor and a chaotic NAIS lead to transient chaos. Noise can cause a trajectory
to visit both the original attractor and the non-attracting chaotic set, resulting in an extended noisy chaotic attractor.
Unlike purely deterministic systems, in models with stochasticity a chaotic attractor can occur in open sets in the
parameter space [74,75]. This provides us with greater chances to observe chaotic attractors in real biological systems.
Noise-induced chaos can arise in systems where a non-chaotic attractor coexists with a non-attracting chaotic set.
Noise can induce a supertransient for the parameter range where the chaotic attractor exists and the chaos is
sustainable in the corresponding deterministic system. To see this, we again consider the setting in the upper part of
Fig. 10 where the chaotic attractor still remains. From dynamical theory systems, it is known that such an attractor
naturally embeds an infinite number of unstable periodic orbits. A subset of these orbits can be accessible to the basin
boundary of the attractor in the sense that a path of finite length can be found that connects a periodic-orbit point to
some point on the basin boundary. Likewise, there can be a subset of periodic orbits on the basin boundary that are
accessible to the attractor. When noise is present, there can be a non-zero probability that two periodic orbits, one
belonging to the accessible set on the attractor and another to the set on the basin boundary, can get close and coalesce
temporally, giving rise to a non-zero probability that a trajectory on the chaotic attractor crosses the basin boundary
and moves to the basin of another attractor. In this case, a transient chaos arises.
Due to noise, the channels through which a trajectory escapes from the chaotic attractor open and close intermittently in time. As in the absence of noise, because of chaos, the probability of escape is extremely small because
escaping through the channel requires the trajectory to remain in a small vicinity of the opening of the channel for a
finite amount of time, which is an event with extremely small probability. In this sense, the channel must be “super”
narrow [77,57], leading to a supertransient. The creation of the channel by noise and the stochastic dynamics in the
channel are the key to understanding the noise-induced transient behavior. Thus, noise creates a link between the two
different mechanisms of emergence of transients, i.e. ghost attractors and saddles, the resulting supertransients being
an interplay of these mechanisms.
Adding noise to a system with a strange attractor can result in the emergence of very long chaotic transients [109].
Fig. 15 shows the dependence of lifetime of transients on the amplitude of noise. Here the underlying deterministic
system has a chaotic attractor before the tipping point, i.e. for p < pc , at p = pc the chaotic attractor turns into
a chaotic saddle so that for p > pc chaotic dynamics are transient. In the presence of chaos, there is a non-zero
probability of the system leaving the basin of the attractor, hence the sustainable chaotic dynamics become transient.
Interestingly, the effect of noise can be distinct in different parameter regions, i.e. for p < pc , for p = pc and p > pc ,
which is shown in the figure. As such, we divide the parameter interval into two regimes: subcritical and supercritical;
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for each region the scaling law for the average life time is different. In particular, in the case of weak noise the transient
lifetime shows a much faster rate of increase described by a double-exponential with algebraic law (see Eq. (20)).
A rigorous mathematical analysis led to the following results [109,108].
• At the critical point (p = pc ), noise induces transient chaos with the average lifetime obeying the normal superpersistent scaling law:
τ ∝ exp (Cε −γ ),

(19)

τ ∝ exp [K0 exp (K1 ε −γ )], for p < pc ,

(20)

where C > 0 is a constant and γ > 0 is the algebraic scaling exponent in the exponential dependence of τ . While
the scaling law is general, these constants are system dependent.
• In the subcritical regime (p < pc ) where a chaotic attractor exists in the absence of noise, for relatively large noise
(e.g., ε > εc , where εc depends on |pc − p| and εc → 0 as p → pc ), the average lifetime of the noise-induced
chaotic transients obeys the normal scaling law (19). However, for weak noise (ε < εc ), the average lifetime scales
with the noise amplitude ε according to the following double exponential and algebraic law:

where K0 > 0, K1 > 0, and γ > 0 are constants. Because of the double exponential dependence and the algebraic
divergence for small noise, the corresponding transient’s lifetime can be significantly longer than that given by
the normal superpersistent scaling law (19). Such transients are called “extraordinarily-superpersistent chaotic
transients” [109].
• In the supercritical regime (p > pc ) where there is already a chaotic transient, the lifetime has no dependence on
the noise amplitude if it is small. However, for relatively large noise, the lifetime decreases following the normal
superpersistent scaling law (19). Thus, in this case the chaotic transient lifetime in the presence of noise can be
significantly shorter than that in the absence of noise.
The reported supertransients caused by noise as well as extraordinary supertransients may play a significant role
in observing chaotic behavior in empirical systems since the models predict large parameter ranges where chaotic
behavior can be observed, whereas in purely deterministic models chaos is often structurally unstable.
5. Transients in spatial systems
In general, spatial systems tend to exhibit more complicated dynamics than their nonspatial counterparts. Indeed,
in the context of the dynamical systems theory, a spatial system has higher dimensionality than the corresponding
nonspatial one, and hence intuitively can be expected to have a greater dynamical complexity. A straightforward
example is given by a space-discrete system of N coupled patches where each patch is inhabited by a population
community of M interacting species; obviously, the dimension of this system (e.g. described by coupled ODEs or by
coupled maps) is M × N . Space-continuous systems can be thought of as higher dimensional systems too. The range
of situations where long transients are observed in spatially extended systems is broader and the transients themselves
can be more complex. Although nonspatial counterparts create a ‘skeleton’ for understanding long transients in spatial
systems, the existence of spatial dimension(s) affects the properties of long transients significantly, for instance, by
changing the scaling laws (i.e. the dependence of the transient’s lifetime on the controlling parameters). Moreover,
as we will show below the spatial dimension brings in new types of long transients that simply do not exist in the
nonspatial systems.
Long transients are ubiquitous in spatial systems (albeit restricted to a certain parameter range) and occur both in
space-discrete and space-continuous settings. The properties of the long transients as well as the mathematical models
and methods that are used to study them are, however, somewhat different in discrete and continuous space. Thus, we
consider these two cases separately.
5.1. Spatially continuous systems
Ecologically meaningful mathematical frameworks commonly used to model population dynamics in continuous
space are given by partial differential equations and integral-difference equations. The type of transient dynamics and
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Fig. 16. Transient spatiotemporal dynamics of an alien species invasion in a large yet finite spatial domain described by the scalar reaction-diffusion
equation with the logistic growth. At the boundaries of the domain, the zero-density Dirichlet boundary conditions are used. A finite initial population distribution (red line) fast develops into the propagating front (cf. curves 3-5) that travels with a constant speed without changing its shape
until it reaches domains boundary. Front propagation is therefore a long transient. Blue curve 6 shows the stationary large-time asymptotics.

its properties depend on the initial conditions, and hence on the ecological context in which the population dynamics
are considered. Two different cases are given by the compact initial conditions where at least one of the species is
initially present only in a finite area or small subdomain, and by the distributed initial conditions where all species are
initially present everywhere in the spatial domain.
Compact initial conditions. This type of the initial species distribution arises naturally in modeling biological
invasions [110,111]. The evolution of compact initial condition typically leads (unless the introduced population is
driven to extinction by a strong Allee effect [112]) to the formation of a traveling population front propagating away
from the place of the species introduction. As an illuminating example, Fig. 16 shows the spread of invading species
described by a single-species reaction-diffusion model. Ahead of the front the species is absent, behind the front it is
present at considerable density (not necessarily uniform in a more realistic case, see below). The regime of traveling
population wave is a common property of growth-dispersal models [111]. In an unbounded space, the traveling population front is the asymptotic dynamics of the system. In a bounded domain, the traveling front propagation is not the
asymptotic dynamics but a long transient. The front stops and converges to the actual large-time asymptotics when it
reaches the domain boundary (i.e. the limits of the species range); see the thick blue curve in Fig. 16. The duration
of the traveling front propagation therefore depends on the spatial extent of the domain as τ ∝ L/c where L is the
domain’s length in the direction of the front propagation and c is the speed of the front. This situation is different from
that observed in the nonspatial systems. In nonspatial systems, the duration of long transient is an inherent property
of the dynamics, i.e. of the equations. In the spatial systems, whilst the traveling wave speed is an inherent property
of the dynamics, the domain length is an external factor. Obviously, for the same system (e.g. the same invader in the
same population community) but in a different spatial domain the duration of the traveling wave regime can be very
different depending on the domain’s spatial extent. The dependence on the system size is a specific property of spatial
systems.
Note that the population distribution behind the front depends on the interaction of the invading species with other
species or agents, e.g. with the native species or endemic infection. In a more realistic model that accounts for these
interactions, and hence consists of a system of coupled reaction-diffusion equations, the population density distribution
in the wake of the front can become heterogeneous or even patchy due to the self-organized pattern formation [113,
114]. In this case, the spread of the invading species usually takes place through the propagation of a sequence of
traveling waves. Fig. 17 shows two examples of this dynamics obtained in the following 1D spatial prey-predator
system:
∂u(x, t)
∂u2 (x, t)
∂v 2 (x, t)
∂v(x, t)
+
f
(u,
v),
+ g(u, v),
(21)
= Du
=
D
v
dt
∂x 2
dt
∂x 2
where Du and Dv are the diffusion coefficients and functions f and g are the same as in (7)–(8). In the case shown
in Fig. 17a, the traveling population front is followed by a wavetrain of almost periodical oscillations propagating
with the same speed and without changing is shape – effectively, a traveling wave of a complicated structure. In the
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Fig. 17. Invasion of predator into the space occupied by prey (described by a 1D reaction-diffusion system) through a succession of traveling
population waves. (a) Propagation of the population front is followed by a band of nearly-periodic wave which is followed by the onset of irregular
oscillations [115]. (b) Propagation of the population front is followed, after a few promptly decaying oscillations, by the transient regime of the
‘dynamical stabilization’ (the formation of a plateau corresponding to an unstable steady state) [115,117].

wake of the wavetrain, chaotic spatiotemporal oscillations develop [113]. The succession of waves shown in Fig. 17b
is even more curious. In this case, in the wake of the population front, after a few promptly decaying oscillations
the population densities converge to a spatially uniform distribution corresponding to the coexistence steady state
of the nonspatial system. Interestingly, for these parameter values the steady state is unstable. The formation of the
unstable plateau in the wake of the propagating front is called the dynamical stabilization [115]. Behind the plateau,
the spatiotemporal chaos eventually develops; however, since the boundary separating the plateau from the chaotic
oscillations moves very slowly [116], usually much slower than the leading population front, the length of the plateau
can grow with time and reach a significant size. Extension of system (21) onto 2D space shows similar properties [117].
The mathematical theory of dynamical stabilization in reaction-diffusion systems (which relates it to the so-called
convective stability, i.e. the stability of solutions in the moving reference frame) predicts that, in an unbounded domain,
the length W of the plateau grows unboundedly as a scaling law, W ∝ p −γ , where p is a controlling parameter [118].
In a bounded domain, as the area occupied by the chaotic oscillations grows with time, eventually the plateau is getting
destroyed when chaos occupies the whole domain [116].
Arguably, the regime of dynamical stabilization can be regarded as a long transient. An observer with a limited
information about the spatial dynamics of the system (a situation which is not uncommon in ecology), ultimately in
possession of the data collected at just one fixed spatial location, would apparently arrive at a conclusion that the
alien species, after experiencing some fluctuations of decreasing magnitude, reaches a stable steady state. However,
this conclusion would be obviously wrong and any management decisions based on it would likely be inefficient and
largely irrelevant.
The formation of transient spatiotemporal patterns in the wake of the propagating population front, such as a
wavetrain of regular spatiotemporal oscillations or the dynamical stabilization (see Figs. 17a and 17b, respectively)
is not limited to the prey-predator system but in fact is a generic property of a reaction-diffusion system in the parameter range where its nonspatial counterpart possesses an unstable positive steady state (unstable focus) [119]. As
another example of an ecologically meaningful model exhibiting this type of long transient dynamics, we consider
a three-species system with cyclic or near-cyclic competition [45,46]. In this system, in the 1D space the compact
initial conditions develops into a sequence of traveling fronts followed by the dynamical stabilization and/or a nearlyperiodical wavetrain and, eventually, spatiotemporal chaos [120]. In the 2D and 3D space, the species spread follows
a largely the same scenario but exhibiting more complicated spatial patterns, e.g. where the spread takes place via
growing ice-cream-like, cone-shaped area (see Fig. 18). The regular pattern developing behind the propagating vertex
of the cone is essentially long transient dynamics. In the wake of the propagating regular pattern, chaotic oscillations
develop, so that eventually the system is invaded by spatiotemporal chaos, which is the asymptotic regime of system’s
dynamics [121].
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Fig. 18. Snapshot of the species distribution over space in a three-species competition system described by a 2D reaction-diffusion system [121].
Different colors show that areas dominated by different species. The species spread takes place through the growth of the cone-like area. Behind
the propagating vertex of the cone, a transient regular pattern is formed.

Fig. 19. Transient regime of pattern formation in a reaction-diffusion prey-predator system with the strong Allee effect [122]. Compact initial
distribution of a small size centered around the origin develops into a patchy distribution that occupies considerable space and mimics a sustainable
regime over a considerable time before suddenly collapsing to extinction.

Spatial systems can also exhibit long transient dynamics that follow the generic scenarios identified for nonspatial
systems (see Section 3). In particular, long transients due to ghost attractors emerge for parameter values close to
the parameter range of sustainable dynamics [122]. The transient regime than mimics the corresponding asymptotic
regime. For instance, the evolution of initial population distribution can result in the formation of spatiotemporal
patterns (cf. Fig. 19) that persist for a remarkably long time before collapsing to extinction. During that time, the
properties of the dynamics are practically indistinguishable from the prototypical, truly asymptotical, sustainable dynamics. We emphasize that, contrary to the case of front propagation discussed above, in the case of transient patterns
emerging from compact initial conditions the transition to the large-time asymptotics occurs due to the inherent properties of the dynamics, not due to the effect of the domain boundaries. The domain size has no effect on the transient’s
lifetime. The closer parameter values are to the boundary of the parameter range of sustainable dynamics (i.e. to their
bifurcation value) the longer the duration of the long transient is, exactly as it happens in case of ghost attractors in
nonspatial system.
Distributed initial conditions. In case of distributed initial conditions, population fronts are not directly relevant
but population waves of other types can emerge. The type of population dynamics show stronger dependence on the
properties of the initial distribution than in case of the compact initial conditions. If the local (nonspatial) dynamics
are oscillatory (e.g. because of the Hopf bifurcation), the initial conditions that include large gradients lead to the
onset of spatiotemporal chaos following the ‘wave of chaos’ scenario [116,123]. At an early stage of the dynamics, a
subdomain appears with chaotic population oscillations inside but nearly-periodic oscillations outside (see Fig. 20),
the two dynamical regimes being separated by a narrow self-organized interface. In the course of time the chaotic
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Fig. 20. Transient regime of the ‘wave of chaos’ propagation in a spatial prey-predator system [116]. The regular mode of the system’s dynamics is
eventually displaced by the chaotic mode but the two modes can coexist for a very long time.

domain grows in size, so that eventually chaos occupies the whole domain. For the diffusive prey-predator system,
it can be shown that the self-organized interface propagates with a constant speed estimated as v ∝ (Re λ)1/2 where
Re λ is the real part of the eigenvalues of the system linearized in the vicinity of the positive steady state [116]. Thus,
for a given length of the domain, the lifetime of the transient regime of the wave of chaos propagation depends on the
parameters as τ ∝ (Re λ)−1/2 . An observer monitoring the population dynamics at a fixed location in space, originally
positioned outside of the chaotic domain, would have perceived long-term regular, nearly-periodic dynamics suddenly
changing to chaos without any apparent reason.
On the contrary, a smooth, small-gradient initial condition does not lead to the onset of chaos even if the local
dynamics are oscillatory, but the system exhibits a long transient of a different kind. At the early stage of the dynamics,
the initial conditions quickly evolve to a smooth large-amplitude spatial pattern (similar to what is shown in the
right-hand side of Fig. 20 but now occupying the whole domain), with local oscillations being nearly-periodic in
time. However, this pattern is not sustainable and shows an extremely slow convergence to, in the large-time limit, the
spatially uniform distribution [116].
Long transients apparently caused by a chaotic saddle have been observed in a three-species reaction-diffusion
model of the plankton-oxygen dynamics, i.e. the spatial extension of model (11)–(12) accounting also for the effect of
zooplankton [64]. In a certain parameter range (for intermediate values of the oxygen production rate A if considering
it as a controlling parameter), the system exhibits sustainable spatiotemporal chaos. Once the value of the bifurcation
parameter changes to a higher, over-critical value, chaos is not sustainable in the large-time limit but can persist over
a long time before the system collapses (see Fig. 21). During this interval of the quasi-sustainable long transient
dynamics, both the time-dependence of the average densities (cf. Fig. 21) and the spatial patterns (not shown here for
the sake of brevity) show qualitatively the same features as in the sustainable dynamics for under-critical parameter
values.
The average lifetime of long transients in space-time-continuous systems, in particular in reaction-diffusion systems, is known to increase along with an increase in the size of the domain L. Depending on the type of the
nonlinearity, i.e. the density-dependence of the population growth rate (reaction), the corresponding scaling can be
described either by a power law [124]:
τ (L) ∝ Lγ1 ,
or by an exponential function:
"
!
τ (L) ∝ exp aLγ2 ,

(22)

(23)

where γ1 and γ2 are positive exponents and a is a coefficient. In the physical literature, the corresponding dynamics
are referred to as Type-I and Type-II transients, respectively [124].
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Fig. 21. Long-term transient dynamics of spatially-average oxygen concentration in a marine ecosystem described by a three-species reactiondiffusion model [64]. At small time, the system is in the sustainable regime of spatiotemporal chaos. At time t ∝ 100, the value of the controlling
parameter changes to an over critical value where the system is not sustainable in the large-time limit; however, the dynamics mimic the sustainable
regime over a remarkably long time before experiencing a fast transition to extinction.

Fig. 22. Long transients in the space-continuous discrete-time model (24). From [125].

We emphasize here that long transients are not only a property of the reaction-diffusion framework. Long-term
transient dynamics were observed in a space-continuous discrete-time model described by the following integraldifference equation [125]:
u(x, t + 1) =

'L
0

g(x − y)F (u(x, t))dx.

(24)

where u(x, t) and u(x, t + 1) are the population density distributions in generation t and generation t + 1, respectively,
function F describes the rate at which the offsprings are produced in generation t , function g is the probability for the
offspring to travel to a new location x from the release location y, and L is the size of the spatial domain. We mention here that integrodifference equations are commonly used to model the population dynamics of stage-structured
populations, in particular, in the case where the reproduction stage and the dispersal stage are clearly different [126,
127].
Using the Ricker map for F and the normal distribution for g and assuming random initial population distribution,
it has been shown in numerical simulations that model (24) exhibits a variety of long transients. As an example,
Fig. 22 shows the spatially averaged population density as a function of time. It is readily seen (for more details see
[125]) that long intervals of periodic dynamics alternate with long intervals of chaotic dynamics (lasting hundred or
event thousands of generations) before the system finally settles down on the attractor which, depending on parameter
values, can be either periodic or quasi-periodic. The lifetime of chaotic transients depends on the parameter values; in
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particular, for randomly chosen parameter values long chaotic transients are only observed in a certain percentage of
simulations [128].
5.2. Spatially discrete systems: coupled maps
Spatial models that are discrete both in time and space arise as a natural modeling framework to describe the
dynamics of a population with non-overlapping generations dwelling in a fragmented habitat consisting of an array
of patches coupled by dispersal. Mathematically, they are given by coupled map lattices (CML). As a paradigmatic
model, we consider the population dynamics on a 2D rectangular lattice , consisting of Nx × Ny nodes:
, = {(xj , yl ), j = 1, . . . , Nx , l = 1, . . . , Ny }.

(25)

In case each of the nodes is inhabited by a community of M interacting species, the dynamics are described by the
following system:
$
$
#
( % µk & #
i+1
i
ˆ , k = 1, . . . , M.
uk (j, l) = (1 − µk )Fk u (j, l) +
(26)
Fk ui (jˆ, l)
sV
ˆ jl
jˆ,l∈V

!
"
Here ui (j, l) = ui1 (j, l), ui2 (j, l), . . . , uiM (j, l) is a vector made of the population densities of all species at node
(j, l) and discrete time i (e.g. counted in generations), and Fk is the number of offsprings produced by species k
during the reproduction stage. Coefficients µk quantify the strength of dispersal coupling: it is the fraction of the
population size of species k that leaves the given node during the dispersal stage to migrate to the neighboring nodes.
Thus, the first and second terms in the right-hand side of (26) describe the migration out of and into the given node,
respectively. The multiplicity of the nodes V coupled by dispersal is sometimes called the dispersal stencil; sV is
the number of nodes in the stencil. Depending on the properties of dispersal, e.g. short distance vs long-distance,
V can include only close neighboring nodes or neighboring nodes and more distant nodes. In the former case, as
two immediate options V can include either four or eight neighboring nodes. In Eq. (26), we have assumed that all
nodes in the dispersal stencil contribute equally to the inbound population, which is arguably a reasonable assumption
in the case of short-distance dispersal (where only close neighbors are coupled) but not necessarily in the case of
long-distance dispersal.
Depending on the number of species M and the parametrization of reproduction rates Fk , model (26) is known
to exhibit a variety of spatiotemporal patterns including spiral patterns, spatial chaos and spatiotemporal chaos as its
large-time limit [129–131]. In the case where model (26) describes a prey-predator system, long transients due to
ghost limit cycles and ghost chaotic attractors were observed [131].
A special yet instructive case of CML is given by a 1D string of single-species nodes (patches) where only close
neighbors are coupled:
*
µ)
ui+1
= (1 − µ)F (uij ) +
j = 2, . . . , N − 1.
(27)
F (uij +1 ) + F (uij −1 ) ,
j
2
In this case, the dispersal stencil obviously consists of only two points. The value of the scalar state variable u at the
furthermost nodes in the string, i.e. for j = 1 and j = N , are defined by the boundary conditions.
Model (27) has been studied intensively in physical applications as a model of turbulence [133,134] and it was
shown that its spatiotemporal dynamics can exhibit long-term transient chaos. The corresponding spatial pattern consists of irregularly alternating domains (groups of nodes) with chaotic or non-chaotic local dynamics (see Fig. 23).
Because the lifetime of these chaotic transients can be very long, they are sometimes referred to as super-persistent
transients or supertransients. As well as in space-continuous systems, the average lifetime of the transients depends
on the system size which, in case of a 1D string (27), is measured in the number of nodes N . The dependence of the
lifetime on the system size can be different for different strength of dispersal coupling. There are two critical values
of the coupling strength, say µ0 and µc . For µ0 < µ < µc , the lifetime is scaled with the system size as a powers law
and for µ > µc as an exponential, that is
"
!
(28)
(a) τ (N) ∝ N γ1 and (b) τ (N) ∝ exp aN γ2 ,
hence corresponding to Type-I and Type-II supertransients, respectively [124].
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Fig. 23. Typical spatiotemporal plot of the dynamics of system (27) during a long-term transient chaos. Vertical axis for space (node number),
horizontal axis for time. White color shows domains with local chaotic dynamics, black color shows domains with local non-chaotic (periodic or
quasi-periodic) dynamics. In the course of time, the transient intermittent chaotic structure eventually disappears, so that, in the large-time limit,
the dynamics of the system at all locations in space become periodic. From [132].

The evolution of the two types of supertransients with time is different too [135]. For Type-I supertransients,
dynamical invariants such as the Lyapunov exponents and entropies gradually decrease with time. Type-II supertransients are, in contrast, statistically steady over a long period of time, i.e. the average characteristics of the chaotic state
are time-independent, and at the end of the transient’s lifetime, the transition to the ω-limit attractor is rather abrupt.
We mention here that these two types of behavior are paradigmatic for the long-term transients; see the definition in
Section 2.
6. Transients in systems with time delay
In all previous examples, it was assumed that reproduction, maturation, competition, predation, etc., are instantaneous processes, i.e. the rate of the corresponding change in the population density at a given moment depends on the
value of the population density at the same moment [137–140]. However, in real biological systems this is not always
true and many processes are subject to time delay [141,142]. The question therefore arises as to how the presence of
time-delay in the system may affect the existence of long transients and their lifetime. Although this issue is relatively
poorly understood, several case studies are available from the literature and some inferences can be made based on
semi-heuristic arguments. In the context of the dynamical systems theory, the presence of a time delay in a model is
known to increase its dimensionality and hence to enhance its dynamical complexity. It can therefore be expected that
long transients are likely to be even more common in systems with time delay than they are in instantaneous systems.
It was demonstrated in several studies that a sufficiently long time delay can result in the emergence of long
transients [37,143]. Considering the value of the delay (say, ζ ) as a natural controlling parameter, it has been shown
in simulations using a nonspatial time-continuous single-species model with the strong Allee effect that the lifetime
of the emerging long transients is proportional to delay, τ ∝ ζ . In another study [37], it was shown that delay-caused
long transients are similar to those caused by ghost attractors (e.g. see Fig. 1a). However, we mention here that this
apparent similarity should be regarded with care: as systems with time delay are usually infinitely-dimensional [142,
144] (except for a special choice of a distributed delay), the phase space arguments used to visualize ghost attractors
become largely irrelevant.
The effect of time delay on the emergence of long transients in spatial systems can also be understood, at least
in some cases, through the increase in the system dimensionality. For instance, it is well known that the evolution
of compact initial conditions in a scalar (single-species) reaction-diffusion system can only result in monotonous
traveling fronts (cf. Fig. 16). More complicated regimes and the corresponding long transients such as periodical
wavetrains and dynamical stabilization can only occur in a system that includes two or more species. The presence of
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Fig. 24. Snapshot of the population distribution obtained in a space-time-continuous single-species model with time delay. At the beginning, the
population is only present in a small area around the origin, i.e. in the bottom-left corner of the domain. The evolution of the initial condition results
in the formation of the traveling population front, behind the front the unstable plateau (shown by light-blue color) emerges as a result of dynamical
stabilization. The plateau is a transient dynamical structure. In the wake of the unstable plateau, spatiotemporal chaos develops. From [136].

time delay, however, makes these transient regimes possible already in a single-species system [136]; an example is
shown in Fig. 24.
7. Anticipating transient-related regime shifts
In order to determine appropriate management actions, we will need to know if the dynamical behavior of the
system we are currently observing is transient or asymptotic. This is particularly important if we need to anticipate
a regime shift possibly resulting in a population collapse. The main difficulty here is that a regime shift associated
with long transient dynamics may not contain a specific parameter of which variation would indicate a possible
switch between regimes, as in the case of the ‘classical’ regime shift paradigm. Even if a transient-mediated regime
shift would occur as a result of a change in a certain parameter (the habitat size, temperature, etc.), it is hard to
predict eventual outcomes based only on the information about initial push, because transients can persist for many
generations. Ecological time series are usually short and noisy and this makes it extremely complicated to determine
whether the current stationary regime is actually a transient one.
There are several approaches to revealing transient dynamics. Most of them include a combination between mathematical modeling and analysis of empirical data; however, they vary according to the degree of modeling involved.
The methods requiring less modeling are based on observation of the population dynamics, i.e. time series of species
densities. Some of them are similar to those currently used in forecasting conventional regime shifts.
Simplest case for describing transients is where population densities show a clear change of dynamical pattern
over time, for example in the case of the disappearance of periodic cycles of voles, lemmings and grouses in Europe
[79]. Alternatively, it can be a slow but steady population decline, as in the extinction debt phenomena [145]. More
challenging is the situation where the dynamics do not show a well pronounced trend. In this case, novel methods are
needed to reveal possible presence of transient regimes. One recently developed promising method takes a Bayesian
approach to nonlinear forecasting using Gaussian processes and only requires short time series [146]. This approach
allows us to predict population dynamics for the next few steps. To uncover transients one can consider the population
time series not only of the targeted species but also some other species with which the species interacts (competitors,
predators or prey). The related species can show a more pronounced shift indicating the oncoming transient shift
whereas the targeted species may remain fairly constant as was shown in some models [114]. Note that in the laboratory study of transient dynamics of Tribolium spp [29], the population size of adult beetles showed oscillation whereas
those of larvae and pupae were constant during the transient stage.
A productive idea to uncover the ongoing transients in a complex ecological community is to compare its main
characteristics with some universal relationship that is known for a typical healthy community at the stationary state
or for the considered community in the past. An example can be anticipating the extinction debt caused by habitat
fragmentation via comparing the current species richness related to the area with a similar pattern in the past [145].
While examinations of population densities may suggest stability, despite the changing habitat, other emergent prop-
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Fig. 25. Schematic illustration of compressive sensing based framework for reconstructing system equations. The system can be in an asymptotically
stable state or in a transient state but, at the current operating point, it exhibits no apparent shift in its dynamical behavior. Using short measured time
series of all dynamical variables of the system, one can exploit compressive sensing to accurately reconstruct the system equations and parameters.
One can then perform computational analyses to determine if the system is in a transient state and if a catastrophic collapse is imminent.

erties may signal transient behavior. For example, changes in the strength of the species-area relation can be a good
indicator that currently the biodiversity is experiencing a transient regime [147].
A possible universal approach may consist in building a ‘mechanistic’ mathematical model based on first principles
and fitted to empirical data. Exploring the model within realistic parameter ranges, one can use the current population
sizes as initial conditions and conclude whether the ecosystem is currently experiencing transient dynamics or, alternatively, whether the influence of noise can destroy a deterministic attractor. This was done to predict the long transient
in the extinction debt of butterflies in the UK [148]. On the other hand, construction of mechanistic models cannot be
always possible (e.g. we do not know some key model parameters) and their predictions may not be accurate.
An alternative to constructing mechanistic models can be building a model entirely from the time series. In the
past few years, a nonlinear systems identification framework was developed through exploiting compressive sensing
[149–153] – a powerful sparse optimization approach. The basic principle of this approach is that the velocity fields of
many natural and engineering systems are smooth functions that can be approximated by a finite series expansion. If
the coefficients in the series representation can be accurately determined from measurements, the velocity field can be
then reconstructed. Such a series would in general contain high order terms, so the total number of coefficients to be
estimated can be quite large. However, if a large number of the coefficients are zero (or negligibly small), the vector
constituting all the coefficients will be sparse, and the problem of sparse vector estimation can then be solved by the
paradigm of compressive sensing [149–151] that reconstructs a sparse signal from limited observations. The idea of
exploiting compressive sensing (or sparse optimization) for identifying equations of nonlinear dynamical systems was
first introduced for predicting catastrophic bifurcation [154]. The approach was subsequently extended to reconstruct
complex networks with discrete or continuous time nodal dynamics [155] and evolutionary game dynamics [156].
After constructing the model one can perform computational analysis to verify if our system is in a transient state.
Fig. 25 illustrates the basic principle of the compressive sensing based reconstruction framework.
To understand the method, consider a nonlinear ecological system described by a system of ODEs
dx
= F(x, p),
dt

(29)

where x(t) is the d-dimensional state vector, F is a vector of nonlinear model function, and p denotes a set of parameters. Assume that the system operates at a fixed set of parameter values: p = p0 , where the components of the
state vector x(t) exhibit random but statistically stationary variations with time, i.e., there is no apparent shift in the
dynamical behavior.
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We would like to address the fundamental question of whether or not the system has reached a stable asymptotic
state or is in a (possibly long) transient state.
For system (29), assuming that the current operating point is characterized by a fixed set of parameter values p0 , in
general we can expand the j th component of F(x, p0) into a power series:
[F(x, p0 )]j =

n (
n
(

l1 =0 l2 =0

···

n
(

lm =0

lm
(aj )l1 ,··· ,lm · x1l1 x2l2 · · · xm
,

(30)

where xk (k = 1, · · · , m) is the kth component of the dynamical variable, and the scalar coefficient of each product
term (aj )l1 ,··· ,lm ∈ R is to be determined from measurements. Note that the terms in Eq. (30) are all possible products
of different components with different powers, and there are (1 + n)m terms in total.
To illustrate the basic principle of system equations reconstruction, we examine one dynamical variable. For example, for m = 3 (dynamical variables x, y, and z) and n = 3, we have the following explicit equation for the first
dynamical variable:
[F(x)]1 ≡ (a1 )0,0,0 x 0 y 0 z0 + (a1 )1,0,0 x 1 y 0 z0 + · · · + (a1 )3,3,3 x 3 y 3 z3 .

Denote the coefficients of [F(x)]1 by a1 = [(a1 )0,0,0 , (a1 )1,0,0 , · · · , (a1 )3,3,3 ]T . Assuming that measurements of x(t)
at a set of time t1 , t2 , . . . , tw are available, we can write
,
+
g(t) = x(t)0 y(t)0 z(t)0 , x(t)0 y(t)0 z(t)1 , · · · , x(t)3 y(t)3 z(t)3
such that [F(x(t))]1 = g(t) · a1 . From the expression of [F(x)]1 , we can choose the measurement vector as
X = [ẋ(t1 ), ẋ(t2 ), · · · , ẋ(tw )]T ,
which can be
X = G · a1 :
⎛
ẋ(t1 )
⎜ ẋ(t2 )
⎜
⎜ ..
⎝ .

ẋ(tw )

calculated from time series. We then obtain the standard compressive sensing equation of the form
⎞

⎛

⎟ ⎜
⎟ ⎜
⎟=⎜
⎠ ⎝

g(t1 )
g(t2 )
..
.
g(tw )

⎞

⎟! "
⎟
⎟ a1 .
⎠

(31)

To ensure the restricted isometry property [157], we normalize
34 G by dividing elements in each column by the L2
M
′ ′
2
norm of that column: (G ′ )ij = (G)ij /L2 (j ) with L2 (j ) =
i=1 [(G)ij ] , so that X = G · a1 . After the normalization,
′
a1 = a1 · L2 can be determined via a standard compressive-sensing algorithm [157]. As a result, the coefficients a1
are given by a′1 /L2 . To determine the set of power-series coefficients corresponding to a different dynamical variable,
say y, we simply replace the measurement vector by X = [ẏ(t1 ), ẏ(t2 ), · · · , ẏ(tw )]T and use the same matrix G. This
way all coefficients a1 , a2 , and a3 in the three dimensions can be estimated. In Ref. [154], a number of classic chaotic
systems were used to demonstrate the principle of compressive sensing based reconstruction of system equations from
sparse measurements.
8. Discussion
Robust and timely forecast of any significant change in ecosystem’s state, function and properties is required in
order to ensure efficient ecosystem management, especially in the face of great current challenges such as global
warming, habitat fragmentation, biological invasions, etc. Reliable forecasts require a good understanding of patterns
of ecosystem dynamics through the identification of the factors and mechanisms responsible for the change. Statistical
analysis of field data routinely used in ecology may not always be sufficient, especially when an ecosystem undergoes
a regime shift resulting in a qualitative change in the system state and/or dynamics. Mathematical modeling has long
been used as a powerful supplement and sometimes even alternative to statistical ecology. In particular, mathematical
models of population dynamics have greatly facilitated the progress made in ecology, as well as in the life sciences
more broadly, over the last few decades.
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The standard use of mathematical models, however, usually focuses on their large-time asymptotical behavior,
that is, in the context of the dynamical systems theory, on the model’s attractors. However, there have been growing
understanding and increasing amount of evidence that often the time required for the system to converge to the attractor
is very long [15–21]. It means that any inferences made about the ecosystem dynamics based only on the geometry of
the attracting invariant sets can be misleading and the corresponding management decisions are likely to be inefficient
or even irrelevant. Transient dynamics of mathematical models, especially long transients are arguably more relevant
to ecosystem dynamics than the asymptotical properties that in real-world systems may be never reached.
Interestingly, although long transients have been a topic of considerable interest in physics, there has been surprisingly little theoretical work done about this in the context of ecology. In order to bridge the gap, in this paper
we have provided a rather comprehensive review along with necessary ‘close-to-rigorous’ mathematical analysis of
ecologically relevant models that exhibit long-term transient dynamics. Several baseline mechanisms resulting in
long transients have been identified and analyzed, such as ghost attractors, crawl-bys (saddles), slow-fast systems,
noised-induced transients, transients caused by wave propagation, spatial chaotic transients and transients in systems
with delay. The dependence of the transient’s lifetime on the controlling parameters as well as their properties more
generally have been revealed and discussed; see Tables 1 and 2 for a brief summary.
Note that one general mathematical property of the nonspatial models exhibiting long transients is the existence
of a small parameter. The smaller the parameter is, the longer the transient lasts, tending to infinity (according to
a given scaling law) when the parameter tends to zero. In slow-fast systems, this is obviously a defining property
(see Section 3.3). For transients associated with saddles, the small parameter is the largest eigenvalue; see Eq. (4).
For ghosts attractors, it is less obvious. However, we recall that, for the transients to be caused by ghost attractors,
the system must be just beyond the tipping point. Let p be the controlling parameter and pc is its critical value
corresponding to the bifurcation. Then “just beyond” means that p̃ = |p − pc |/pc is small. In a general case, the
controlling parameter p can be a combination of the original parameters and as such might not have a clear biological
meaning. Therefore, the fact that p̃ is small does not necessarily mean that any of the parameters with immediate
biological meaning (e.g. growth rates, mortality rates, etc.) is small. With spatial models, the situation is essentially the
same except for the dependence on the system size, which is exact opposite: the transient’s lifetime grows unboundedly
when the system size tends to infinity.
Our study reveals the connection between long transients and tipping points. For a transient to emerge, there
must be a factor that pushes the system out of its stable equilibrium (or, more generally, out of its stable dynamics).
Apparently, such a push can be a result of perturbation applied to the state variables, e.g. it can be associated with
noise. Alternatively, it can result from a structural perturbation: a bifurcation that eliminates the steady state altogether
(see Section 3.2). Once the equilibrium disappears, the system starts converging to another attractor. The important
difference between the ‘conventional’ and the long-term transient scenarios is that the required initial perturbation
may have happened long time ago. An observer would then need to deal with the long-term transient dynamics but
without knowing the event that had triggered it. Besides, the question as to what is the specific change that can break
the stability of the ecosystem is not always clear; hence it can easily remain unidentified. Therefore, the danger of the
transient-related regime shift is that, over the time of observation, the system’s parameters would apparently remain
unchanged. Moreover, if the system is just beyond the tipping point, the rate of changes in its state is very low (see
Fig. 26). Altogether, it may give a false impression that the system remains in a stable steady state (or in a sustainable
dynamical regime).
However, the existence of long transients also opens a possibility for a regime shift to occur without any preceding
structural perturbation at all. This happens in case of recurrent long transients, e.g. see Figs. 1b, 4, 5, 11 and 13.
In this case, the long-term regimes are not large-time limits of the system’s dynamics but stages in a periodic or
quasi-periodic dynamics occurring on a much longer time scale.
Understanding of the relation between tipping points and long transients has immediate implications for ecosystems
management. As an illuminating example, consider the paradigmatic case where the unique positive stable steady state
disappears as a result of a saddle-node bifurcation and the only remaining attractor is the extinction state; see Fig. 26.
Once the system is beyond the tipping point, the population starts declining. A straightforward management response
might try to counteract this tendency by increasing the population numbers (e.g. by means of artificial breeding), see
Arrow 1 in Fig. 26. However, this response cannot bring the system back to the safe state: at this parameter value the
stable steady state does not exist. Therefore, this approach is unlikely to be efficient unless the desired ecosystem state
is the transient state; in the latter case, the approach consisting of periodical interventions (which, in mathematical
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Overview of long transients in different nonspatial models of population dynamics and their scaling behavior. Index “c” marks the critical (bifurcation) value of the parameter, NAIS stands for a
non-attracting invariant set.
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Fig. 26. Sketch of different ecosystem management strategies in case the ecosystem experiences a long term transient dynamics beyond the
tipping point. Black ball S shows the hypothetical state of a given population community experiencing a ‘free fall’ to extinction after the system
experienced a bifurcation that eliminated the stable steady state. Different arrows correspond to different management strategies: arrow 1 for the
strategy focusing on restoring the population numbers without changing the environment, arrow 2 for the strategy to restore the population numbers
along with changing environment, arrow 3 for the strategy to only change the environment without restoring the population numbers. From [21],
adapted.

terms, can be associated with the flow-kick dynamics [28,158]) must be a part of a long-term management strategy. An
alternative strategy aiming to restore the environment to its before-bifurcation state without increasing the population
numbers (see Arrow 3) might not be sufficient because of the threshold effect of the unstable steady state (the dashed
curve in Fig. 26): unless the environmental restoration is substantial enough, the system would remain in the attraction
basin of the extinction state. Therefore, one can expect that a more efficient strategy should be the one that combines
restoration with measures to increase the population numbers (cf. Arrow 2).
A major issue arises with regard to reliable ways to reveal and forecast long transients in natural systems. One
considerable challenge is development of the mathematical and computational framework to distinguish transients
from the asymptotical dynamics. Although some progress has recently been made (cf. Section 7), this area of research
is still in its mathematical infancy. The situation is different compared to the well-established theory of early warming
signals for tipping points [14,13]. We believe that the classification and analysis of possible transient regimes, scenarios and mechanisms provided in this paper will facilitate the development of relevant mathematical methods and tools
for efficient ecological forecasting.
Ecologists have long been aware, often intuitively, about the importance of transient dynamics. It has been increasingly recognized that, much of their time, ecological systems are far away from stable states or even from stable
dynamical regimes [18,19,30,31,36,76,82,125]. A systematic consideration of this notion has been largely lacking
though. In this paper, we have endeavored to develop a consistent theoretical framework to deal with transients, especially long transients. Such framework can be useful for better understanding of many old and new problems such
as, for instance, the extinction debt [16,145] and challenges associated with the global climate change. Application of
the framework to specific ecological cases and systems will require a considerable additional work. Such work should
become a focus of future research.
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Fig. 27. Sketch of the phase plane structure corresponding to the emergence of a ghost attractor. (a) Relative position of the isoclines for the critical
value pc of the parameter where two positive steady states, a stable node and a saddle, merge to create a single steady state A. (b) Relative position
of the isoclines for p > pc where distance ϵ is small if δ = p − pc is sufficiently small. Arrows indicate the generic direction of the phase flow.
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Appendix A. Scaling law for a ghost attractor
Consider a general two-species system described by the following equations:
u̇(t) = F (u, v; p),

v̇(t) = G(u, v; p),

(32)

where the dot denotes the derivative with respect to time and p is a certain controlling parameter. We assume that
the dependence of F and G on p is smooth, so that the dependence of the system properties (e.g. the position of the
isoclines in the phase plane) depends on p continuously.
We focus on the case where functions F and G are such that the isoclines of the system have a concave-convex
shape hence allowing for the existence of two steady states (e.g. see Fig. 7a in the main text) in a certain range of
parameter p, say for p < pc . With an increase in p, the isoclines moves away from each other, so that the steady
states moves towards each other, merge for p = pc (cf. Fig. 27a) and disappear, usually in a saddle-node bifurcation.
For p > pc , there are no steady states as the isoclines do not intersect any more. We mention here that this type of
a population model’s response to a change in a relevant parameter is in fact rather general; examples are given by
the nonlinear competition model [15], the oxygen-phytoplankton model [63] (see also Section 3.2) and Scheffer’s
plankton-fish model [159,160].
At the bifurcation value p = pc , the isoclines have a single joint point, say A (Fig. 27a). Let the corresponding
points at F -isocline and G-isocline be B and C, respectively. We now mark the position of these points at the corresponding curves (e.g. by choosing a relevant parametrization of the curves) and trace the change in their position
in the phase plane as a result of an increase in p. When parameter p increases from its bifurcation value, points B
and C moves away from each other (Fig. 27b). However, since the dependence on p is assumed to be continuous, for
the values of p just slightly larger than pc , the distance between points B and C (and hence the distance between the
isolines) is small. This can be rephrased in a more rigorous way. Let dAB , dAC and dBC be the distances between the
corresponding points and d̄ = max{dAB , dAC , dBC }. Then for any ϵ > 0 (arbitrarily small), there exist δ such that, for
any p ∈ (pc , pc + δ), d̄ < ϵ (Fig. 27b).
We now consider A as a certain ‘reference point’ and estimate the time that the system spends in the vicinity of
A. We therefore need to estimate the value of u̇ and v̇ in the vicinity of A. For this purpose, we consider system (32)
where the right-hand sides are transformed using the Taylor formula for a function of two variables:
"
!
u̇(t) = F (uB , vB ; p) + (∇F )B · eBA dAB + o(dAB ),
(33)
"
!
v̇(t) = G(uC , vC ; p) + (∇G)C · eCA dAC + o(dAC ).
(34)
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Here eBA is the unit vector in the direction from B to A, eCA is the unit vector in the direction from C to A, and
%
%
%
%
&
&
&
&
∂F
∂F
∂G
∂G
(∇F ) =
(35)
eu +
ev , (∇G) =
eu +
ev ,
∂u
∂v
∂u
∂v
where eu and ev are the unit vectors of axes u and v, respectively.
Taking into account that F (uB , vB ; p) = 0 and G(uC , vC ; p) = 0, because points B and C belongs to the u-isocline
and v-isocline, respectively, from (33)–(34) we obtain:
5!
5
5!
5
"
"
|u̇| = 5 (∇F )B · eBA dAB + o(dAB )5 ≤ 5 (∇F )B · eBA dAB 5 + |o(dAB )|
5!
5
≤ 5 (∇F )B 5 ϵ + |o(ϵ)|,
5!
5
5
5!
"
"
|v̇| = 5 (∇G)C · eCA dAC + o(dAC )5 ≤ 5 (∇G)C · eCA dAC 5 + |o(dAC )|
5!
5
≤ 5 (∇G)C 5 ϵ + |o(ϵ)|,

(36)

(37)

where we also took into account that max{dAB , dAC , dBC } < ϵ.
Obviously,
TϵA ∼

χϵ
,
S

(38)

where TϵA is the time that the system spends in the close vicinity of point A, χϵ is the size of the vicinity in the
tangential direction, and S is the speed of the system’s movement along its trajectory in the phase plane. Since S = |S|
where S = (u̇, v̇) is the corresponding velocity, we obtain that
6
S = u̇2 + v̇ 2 .
(39)
From (39) and (36)–(37), in the first order of ϵ, we obtain:
S=ϵ

3!
"2 !
"2
∇F B + ∇G C ∼ ϵ.

(40)

The choice of χϵ depends on the definition of the closeness to point A. Perhaps the most straightforward would be
the spherical vicinity of radius ϵ (cf. Fig. 27b). However, this definition is not constructive as it misses the fact that,
due to the assumed smoothness of the curves, the size of the vicinity where the isoclines lie close to each other (and
hence the dynamics are very slow) in the tangential direction is actually significantly larger than in the transversal
direction. Having taken the effects of the isocline’s curvature into account, it is readily seen that
χϵ ∼ ϵ σ ,

(41)

where σ = 0.5 in a standard, non-generated case where the isoclines are approximated by the second order algebraic
curves; in a more general case 0 < σ < 1.
From (38), (40) and (41), we therefore obtain:
TϵA ∼ ϵ −(1−σ ) .

(42)

In case σ = 0.5, Eq. (42) coincides with the result obtained by Strogatz [39] for the quadratic nonlinearity; see p. 99
in [39].
Thus, when the distance ϵ between the isoclines tends to zero, the time that the system spends in the narrow
channel tends to infinity as an inverse power law of the distance. Note that, generally speaking, ϵ is not the controlling
parameter. However, due to the continuous dependence on parameter p, ϵ must be a monotonously decreasing function
of the difference (p − pc ) tending to zero for (p − pc ) → 0. Therefore, the lifetime τ = TϵA of the transient caused
by the ghost attractor tends to infinity for p → pc ; however, the precise form of the scaling law can vary depending
on the choice of the controlling parameter.
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“The only thing that is constant is change”
(Heraclitus, 500 B.C.)
For many centuries, complexity and change of real-world systems have been a major challenge for scholars and
thinkers [1]. While different sciences have their own subject-specific ways to address this challenge, the dynamical
systems theory’s powerful generic approach endeavours to systematize the changeability by introducing mathematical
objects such as invariant manifolds and attractors [2,3]. Projected back to the real world, attractors of the corresponding
mathematical model are thought to be particularly important: it is in their vicinity that the real world system is to be
normally found, as the relaxation time from an initial or perturbed state of the system is believed to be short or, at
least, finite. This view on systems dynamics is widely used across natural sciences; in particular, it is commonly used
as the theoretical framework for ecosystem management and forecasting.
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Over the last thirty years, however, there has been growing understanding that the traditional approach essentially
relating a system’s dynamics to its attractors may not always be relevant, and that the transients are important. For
instance, the rate of a system’s convergence to an attractor may be too slow to bring the system to any close vicinity
of the attractor before non-stationary exogenous factors will push it away. This is particularly relevant for ecosystem
dynamics where the environment can be regarded as stationary only over relatively short times. As a result, the
corresponding attractor of the system can change significantly or disappear altogether before the system approaches
it, so in fact the system may never come to the attractor’s vicinity [4,5]. Moreover, transients can persist for a long
time creating the wrong impression of a stable dynamical regime [6,7]. Not being aware of the long transient can
therefore result in wrong management decisions that will be ineffective or even lead to catastrophic consequences.
Long transients provide an alternative mechanism of ecological regime shifts. Previously, such regime shifts were
almost entirely attributed to the existence of tipping points, i.e. to the disappearance of the attractor (usually via a
saddle-node bifurcation) as a result of a slow change in a key parameter [8]. A regime shift due to long transients does
not require a change in parameters. It therefore can occur in a stationary environment, for instance, under controlled
laboratory conditions [9].
A generic, mathematical, argument highlighting the role of long transients comes from dynamical systems theory
by linking the long transients to non-attracting invariant manifolds. The dynamics in their vicinity can be slow (cf.
“slow manifolds”) so that the system can stay there for a considerable time. The geometry of such manifolds can
therefore shape the system’s dynamics on a long time scale, hence mimicking asymptotic behaviour [10]. Depending
on the properties of the manifold, the corresponding long-term transient dynamics (‘intermediate asymptotics’) can
be regular or chaotic [11].
What transients can be regarded as anomalously long may not be immediately clear, especially because in a nonlinear dynamical system there often exist several characteristic times [12], some of them can be considerably longer than
others. To consider a transient as “long” simply because its lifetime is longer than one could expect from the coefficients of the models or characteristic times of the elementary constituting processes is not instructive. Looking for a
more rigorous and less ambiguous definition, in our paper [7] we suggest that a transient can be considered as “long”
if its lifetime increases unboundedly when a certain controlling parameter approaches a critical value. We showed
that this definition works well as it makes possible the consideration of transients emerging in systems of various
origin within the same unifying framework. It also allows us to distinguish between different dynamical mechanisms
resulting in long transient dynamics such as ghost attractors, saddles (including chaotic saddles), slow-fast systems,
etc. [6,7].
While our review [7] contributes towards the development of a unifying description of ecological transients, possibly with applications in life sciences more generally, given the complexity of the subject more work is needed before
it becomes a comprehensive theory and a standard part of mainstream ecology [13,14]. The latter will require a joint
effort of mathematicians and ecologists, in particular in the development of protocols for long-term monitoring and
also to identify the key variables to monitor [13], some of which can be counter-intuitive and obscure. It may as well
require a consensus on the use of concepts and terminology, in particular a more careful use of the term “stability”.
Currently, ecologists use it less precisely and that may result in confusion and misleading conclusions. Often the
states that are referred to as stable are definitely not stable in the mathematical sense [15], and that may mean that the
corresponding “stable” systems are in fact in a transient state.
In our review [7], we considered a broad variety of models commonly used in ecology such as ODEs and maps
in the non-spatial case (with or without time-delay), and PDEs, integro-difference equations and coupled map lattices
in the spatially explicit case. However, this list is not exhaustive and should be extended. One alternative modelling
approach (that implies different assumptions on the spatial structure of the system) that is only briefly mentioned
in [7] is given by complex networks [16]. Indeed, it is well known that complex networks can exhibit a variety
of transient and complex spatiotemporal behaviours such as chimeras, which is a state where part of the network
behaves coherently while another part of the network is behaving incoherently and irregularly [17]. That raises another
challenge to identify the corresponding behaviour in the dynamics of real-world ecosystems [14] and to distinguish
it from similar transient spatiotemporal behaviours produced by different models and different processes, e.g. from
the “wave of chaos” [18]. In turn, that will likely require the application, and possibly development, of more refined
statistical tools for field data analysis [13].
Whatever modelling framework is chosen, models are a caricature of reality and only provide an adequate description in a certain parameter range and/or under specific assumptions. The long transients considered in [7] arise in
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models with constant parameters, hence under assumption of a stationary environment. It therefore assumes that the
timescale of any environmental change is long, i.e. of the same order of magnitude or longer than the lifetime of the
transient dynamics. That allows for timescale separation [10,12,14]. However, in real-world ecological dynamics, this
assumption does not always hold. Some recent studies showed that, when the environmental conditions are changing
on about the same time scale as the ecological processes, and transient chaos emerges in a multistable system, then
the overall dynamics can be very different from the one expected for constant (or slowly varying) parameters [14].
Instead of coexisting stable states and their bifurcations in response to parameter variation, one only observes a timedependent chaotic saddle [14,19]. Since chaos in ecological dynamics is observed relatively rarely, it in turn rises a
question about factors that can suppress chaos [20], which provides another context for future studies on long chaotic
transients.
The existence of long transients in ecological dynamics also evokes [21] the old problem of pattern and process:
if the same dynamical regime or pattern can be caused by different processes (mechanisms), how to identify the
right one? One classical example of a regime shift in population dynamics was observed in a laboratory study on
competing fly species [20] where the steady state dominated for many generations by one of the species then suddenly
gave way to another steady state dominated by the other species [21,22]. This regime shift occurred without any
apparent reason. It can therefore be attributed to long transient dynamics; indeed, it is readily seen that it is a crawl-by
induced by a saddle-point (see Fig.1 in [21]). However, there is an alternative explanation attributing the change in
the dynamics to natural selection that leads to the evolution of species’ competiveness [21]. Understanding which of
the two mechanisms actually results in the change would require additional laboratory data. This once again raises
the issue of the choice of the state variables to measure in an empirical study [13]. An adequate laboratory protocol
should take into account the potential effect of long transients and plan for data collection accordingly, so that the data
would be sufficient to provide unambiguous interpretation.
In conclusion, we would like to thank all commentators for their insightful and thought-provoking commentaries
[12–15,21] that helped to further broaden the scope of our review [7] and to extend the prospects for future work.
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