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Abstract – Nonlinear dynamics has provided significant insights into the origin of frequency
discrimination and signal amplification underlying mammalian hearing. Existing signal ampli-
fication models, however, tend to ignore two basic known aspects of the hearing: spontaneous
otoacoustic emissions (SOAEs) and intrinsic dynamical coupling in the cochlea. We construct and
study a class of coupled-oscillator models to remedy this deficiency. Our analysis and computa-
tions reveal that the interplay and balance between the two aspects can naturally explain the
phenomena of frequency discrimination and signal amplification and, more strikingly, the origin of
hearing loss, all at a quantitative level. In the presence of SOAEs, there exists a critical coupling
threshold below which hearing loss can occur, suggesting enhancement of coupling as a potentially
effective therapeutic strategy to restore or even significantly enhance hearing.

Copyright c© EPLA, 2012

We live in a world of sound and our abilities to hear
and to discriminate sound are a result of natural evolu-
tion and are essential to the quality of life. There is a
long history of research on the mechanism and sensitiv-
ity of mammalian hearing [1] but a complete understand-
ing is still lacking, rendering necessary interdisciplinary
efforts among physics, physiology, and biomedical engi-
neering. It is now understood that frequency discrimina-
tion and signal amplification are realized in the inner ear
called the cochlea, which has the shape of a snail and coils
about two and half rounds. An acoustic signal in the audi-
ble frequency range, when propagating into the cochlea,
can excite a traveling wave along the basilar membrane
(BM), whose amplitude reaches a peak at a position that
depends on the frequency of the signal. This gives rise to
the frequency discrimination ability, where the amplitude
peak position varies from high frequency at the base of the
cochlea to low frequency at the apex [2,3]. Signal amplifi-

(a)E-mail: zhliu@phy.ecnu.edu.cn

cation, however, can be attributed to some physical mech-
anism that actively generates energy in the ear. Key to
realizing frequency discrimination and signal amplification
is the organ of Corti that consists of three rows of outer
hair cells and a single row of inner hair cells, the former
being responsible for enhancing the BM motion while the
latter translating sound-induced mechanical stimuli into
a neurotransmitter signal to the auditory nerve [1,4–6].
To understand the fundamental physics and physiology
underlying the phenomena of frequency discrimination
and signal amplification, various artificial electronic real-
izations of the cochlea have been investigated [7–11].
It has been realized that the signal amplification in the

inner ear is an active process in which the spontaneous
otoacoustic emissions (SOAEs), weak acoustic oscillations
in a broad frequency range, take a key role. SOAEs
have been discovered and studied for more than three
decades [12–15]. It is suggested that SOAEs are some
kinds of standing waves created by multiple internal
reflections and can be triggered by two ways [16–18]. One
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supposes that SOAEs are passive biological noise, while
the other supposes that SOAEs are actively maintained
by coherent wave amplification within the cochlea. The
stimulus frequency emission provides an important non-
diagnostic tool to test the cochlear functions, especially
for newborn babies. SOAEs can be also understood by
a class of coupled-oscillator models [19–21], where the
coupling is rooted in the observation that the outer hair
cells of the mammalian cochlea are directly linked via their
hair bundles to the elastic tectorial membrane [6,22,23]
and thus result in finite coupling with their neighbors.
An interesting result is that the coupling may induce
frequency clustering in SOAEs.
Recent years have witnessed an increasing appreciation

for the use of nonlinear dynamics to probe into the
fundamentals of mammalian hearing [10,12,21–31]. These
efforts suggested that the active amplifier of the cochlea
may be understood as a dynamical system about to
undergo a Hopf bifurcation so that it would be sensitive to
stimuli at the frequency generated by the bifurcation. The
existing models usually focus on a parameter region before
the Hopf bifurcation and use an isolated oscillator to
study the signal amplification. Thus, they have not taken
into account two known aspects associated with hearing:
1) SOAEs and 2) interactions among different segments
of the BM. These two aspects are, however, fundamental
to mammalian hearing. From the standpoint of dynamics,
SOAEs were identified to be limit-cycle oscillations [32,33].
This, however, generates a paradox with respect to current
understanding of the frequency sensitivity, because limit-
cycle oscillations are typically found in dynamical systems
slightly past the Hopf bifurcation point. The second aspect
comes from the coupling mechanism of SOAEs [19–21].
Furthermore, the necessity to consider coupling lies in the
fact that the number of hair cells in the human cochlea
decays throughout life as a result of genetic abnormalities,
ear infections, loud sounds, ototoxic drugs, and aging
etc. [34,35]. As a result, hearing loss may be regarded
as a dynamical manifestation of the decrease in the
coupling strength among different oscillators constituting
the cochlea.
In this letter, we present a coupled-oscillators model to

address the effects of both SOAEs and spatial coupling
on the dynamics of hearing. In particular, the cochlea
is modeled as an array of coupled nonlinear oscillators.
To generate spontaneous oscillations, each oscillator is
assumed to be slightly post Hopf bifurcation. The coupling
strength can be decreased to model hearing loss. Our
model is thus more comprehensive than any previous ones
in the field of nonlinear dynamics of hearing. The appeal-
ing feature is that our model can explain the phenomena
of frequency discrimination and signal amplification in a
natural and unified manner, without any contradiction. In
particular, the two phenomena can result from a balance
between the depth of the system into Hopf bifurcation and
the coupling strength among the oscillators. The signifi-
cance is that, in the presence of spatial coupling, frequency

Fig. 1: (Color online) (a) Schematic illustration of frequency
distribution in the cochlea where the numbers represent the
characteristic frequencies at different points along the BM;
(b) for a stimulated signal with amplitude f = 0.1 and
frequency Ω= 10, time series xj(t) at two positions of the
BM with ωj = 7.5 (solid curve) and ωj = 10 (dashed curve);
(c) Rj vs. Ω for k= 0; and (d) Rj vs. Ω for k= 0.1. In panels
(b)–(d), the parameter µ is fixed at µ= 0.1.

sensitivity can be achieved even when the system is in a
post Hopf bifurcation state, in contrast to results from
the existing dynamical models. We also find that signal
amplification can be characterized by a power law with
varying exponents, depending on how far the system is
from the critical bifurcation point. A striking result is that,
at a quantitative level, spatial coupling plays a funda-
mental role in shaping the hearing ability: hearing loss
can occur when the coupling is below a critical threshold.
This in turn suggests that, as a potentially effective ther-
apeutic strategy, hearing may be significantly enhanced
by strengthening the coupling. Our study indicates that,
to obtain a deeper and more complete understanding of
mammalian hearing, it is necessary to probe into the
spatiotemporal dynamics of coupled nonlinear oscillators.
While the oscillator model that we employ is idealized,
we choose the parameters so that it captures the essen-
tial features of mammalian hearing dynamics. Our model
represents a new paradigm to understand the fundamental
dynamics of mammalian hearing based on spatiotemporal
dynamics, the latter itself being an active area of research
in nonlinear science.
Our coupled-array model is constructed, as follows.

We assume that the cochlea is a one-dimensional chain
of N serially connected oscillators. Each oscillator has
the characteristic frequency ωj , where ωi <ωj for i < j,
as shown schematically in fig. 1(a). Following previous
works [10,24–27], we choose the oscillator such that its
dynamics naturally exhibits a Hopf bifurcation. One such
choice is ż = (µ+ iω0)z− |z|2z, where z(t) is a complex
variable of time, ω0 is the natural frequency of oscillation,
and µ is the bifurcation parameter. Our model can thus
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be written as

żj = (µ+ iωj)zj − |zj |2zj + k(zj+1+ zj−1− 2zj)+ feiΩt,
(1)

for j = 1, . . . , N , where k is the coupling strength, ωj is
the characteristic frequency of oscillator j, and feiΩt is
an acoustic signal of amplitude f and frequency Ω. When
f = 0, eq. (1) is similar to the coupling oscillator model of
SOAEs [20]. We here focus on the case of f > 0 and pay
attention to how signal is amplified, in contrast to focus
on the features of SOAEs such as the frequency clustering
in ref. [20]. For the case of k= 0 and f = 0, the solution
of eq. (1) is zj =

√
µeiωjt. Thus, µ= 0 is the critical point,

where limit-cycle oscillations occur for µ> 0 and there is
a fixed point for µ< 0. For the case of k > 0 and f > 0,
however, the solutions of eq. (1) are completely different.
There are in fact two distinct cases.
Category I. For oscillators whose characteristic frequen-

cies ωj are close to the external frequency Ω, we may
assume a 1 : 1 frequency-locked solution of the form zj =
Rje

i(Ωt−λx+φ), where λ is the wave number. Substituting
this expression into eq. (1), we obtain

f2 =R2j [(R
2
j + kλ

2−µ)2+(Ω−ωj)2], (2)

which is cubic in R2j . When the coupling satisfies

approximately the condition kλ2−µ≃ 0, we can simplify
eq. (2) as

f2 =R2j [R
4
j +(Ω−ωj)2], (3)

whose solution is given by

3R2j =

(

27f2+D

2

)1/3

+

(

27f2−D
2

)1/3

, (4)

where D=
√

(27f2)2+4(3(Ω−ωj)2)3. For ωj =Ω we
have

Rj = f
1/3. (5)

The solution in the low signal frequency regime is not as
straightforward. Qualitatively, for fixed f , k and µ, we
see from eq. (2) that Rj decreases monotonously with the
term (Ω−ωj)2.
Depending on the coupling strength, there are three

cases: kλ2−µ< 0, kλ2−µ= 0, and kλ2−µ> 0. Letting
kc ≡ µ/λ2 be the critical coupling strength, the three cases
correspond to k < kc, k= kc, and k > kc, respectively. For
the first case of k < kc, we focus on the situation of ωj =Ω.
For f ≪ 1, the solution of eq. (2) can be explicitly obtained
as R2j − (µ− kλ2)≈ f , which results in

Rj ≈ µ− kλ2+ f ≈ µ− kλ2. (6)

That is, approximately, Rj is independent of f . For the
second case of k= kc, eq. (2) is identical to eq. (3) so the
relationship between Rj and f for ωj =Ω is also given by
eq. (5). This relationship coincides with the corresponding
relation at the bifurcation point µ= 0 from previous
models in the absence of spatial coupling [10,25–27]. For

the third case of k > kc, we may approximately treat
R2j as a small quantity and thus obtain the solution
of eq. (2) as

Rj ≈ f/
√

(kλ2−µ)2+(Ω−ωj)2 ∼ f. (7)

That is, Rj is linearly proportional to f . Comparing with
eq. (2), eq. (7) indicates explicitly that Rj will reach its
maximal value at Ω= ωj and then monotonously decrease
with the increase in the frequency difference |Ω−ωj |.
The above discussion can also be extended to the case

of µ= 0, which corresponds to kc = 0. In this situation, we
will not have the first case of k < kc but only the second
and third cases.
Category II. For those oscillators whose characteristic

frequencies ωj are far from the external frequency Ω,
we may assume a solution of the form zj = z

′

1+ z
′

2 =

r1e
i(Ωt−λx+φ1)+ r2e

i(ωjt+φ2) ≡Rei(ω′t+φ), where R= r21 +
r22 +2r1r2cos(ωjt+φ2−Ωt−φ1+λx). Substituting this
into eq. (1), we obtain

iΩz′1+ iωjz
′

2 = (µ+ iωj)(z
′

1+ z
′

2)

−(R2+ kλ2)(z′1+ z′2)+ feiΩt. (8)

A specific solution of eq. (8) can be obtained by letting

iωjz
′

2 = (µ+ iωj)z
′

2− (R2+ kλ2)z′2,
iΩz′1 = (µ+ iωj)z

′

1− (R2+ kλ2)z′1+ feiΩt
(9)

which gives

R=
√

µ− kλ2, (10)

r21 = f
2/(Ω−ωj)2→ 0 and r2→

√

µ− kλ2. Thus, the
solution is

zj =
√

µ− kλ2ei(ωjt+φ2), (11)

which vanishes for k > kc, indicating that the effect of
coupling will completely suppress that of SOAEs.
From the above analysis, we see that, for a given

signal, the response Rj will reach its maximum at the
location on the BM for which ωj =Ω holds and then
gradually decrease as the point moves away from this
location. For locations whose ωj values are different from
Ω, the values of Rj are insignificant. That is, for a given
external frequency, only a small, localized region of the
BM is responsive, providing the BM with the necessary
frequency discrimination capability. We also note that,
a convenient quantity to characterize signal amplification
is Rj/f [10,25,26], whose frequency scaling obeys a power
law with exponent −1 for k < kc, −2/3 for the critical
coupling kc, and 0 for k > kc.
We now provide numerical support for our theoretical

predictions. For concreteness, we set µ= 0.1 and N = 101.
For clear presentation of results, we normalize the audible
frequency range [100, 20000] into an arbitrary range [5, 15]
and let ωi be uniformly distributed in this range with
ω1 = 5 and ωN = 15, as shown in fig. 1(a). We then project
the frequency of the external acoustic signal into the range
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Fig. 2: (Color online) For µ= 0.1 and Ω= 10, Rj vs. k and
ωj , where kc denotes the critical coupling strength given by
µ= kcλ

2 and R0 represents the value of Rj at those points
with k= 0 and ωj values markedly different from Ω.

[0.1, 20], i.e., Ω∈ [0.1, 20], where the subranges [0.1, 5)
and (15, 20] correspond to inaudible sound signals. We
let zj = xj + iyj in eq. (1) and calculate the evolution
of xj . Figure 1(b) shows how xj changes with time t
at two typical points for k= 0.1 and f = 0.1. We see
that the difference between the amplitudes of the two
curves is large, indicating different degrees of sensitivity
to external signal. To characterize this sensitivity, we let
Rj be the time average of the maximum of xj , i.e., Rj =
〈max(xj)〉, change the frequency Ω of the external signal
systematically from 0.1 to 20, and then calculate the values
of Rj at three representative positions with ωj = 7.5, 10,
and 12.5, respectively. Figures 1(c) and (d) show the
variations of Rj with Ω at these positions for the cases
of k= 0 and k= 0.1, respectively. Comparing figs. 1(c)
with (d), we see that the background Rj in fig. 1(c) is
much larger than that in fig. 1(d), indicating stronger
resonances in Rj at all three characteristic frequencies
in fig. 1(d). These results thus suggest that the coupling
among neighboring segments in the cochlea plays a key
role in its frequency discrimination capability.
To see how spatial coupling counterbalances the effect

of positive µ, we consider a specific signal with frequency
Ω= 10. We set µ= 0.1 and increase k systematically from
0 to 0.1. We find that, for the points whose ωj values
are not far away from Ω, the corresponding values of
Rj decrease monotonously with |Ω−ωj |, confirming our
theoretical prediction eqs. (2) and (7), as can be seen by
the appearance of a hump in the central region of fig. 2. We
also see that, for the points whose ωj values are different
from Ω, the corresponding values of Rj apparently do not
depend on |Ω−ωj | but decrease from R0 to 0 as k is
increased from 0 to k= kc, as shown in fig. 2.
While we have considered uniform frequency distrib-

ution, the behavior of Rj vs. k and ωj is robust with
respect to alternative frequency distributions. For exam-
ple, recognizing that the range of the audible frequency
is quite large, we have considered a logarithmic distribu-
tion. Figure 3 shows the result where the frequency ωj is

Fig. 3: (Color online) For µ= 0.1 and Ω= 10, Rj vs. k and
ωj , where the frequency ωj is not uniformly but logarithmic
distributed in [0, 2], i.e., ωj ∈ (1, 100].

Fig. 4: (Color online) Numerically calculated behavior of R
vs. k (squares) as compared with the theoretical prediction eq.
(10) (solid line). Shown in the inset is the critical coupling
strength kc vs. µ.

distributed logarithmically in the interval (1, 100], with
other parameters the same as in fig. 2. Comparing figs. 3
with 2, we see that they exhibit essentially the same
features.
The dependence of Rj on k can be predicted, as follows.

Notice that, for frequency ωj sufficiently different from
Ω, the corresponding value of Rj is exactly the value of
any Rj when there is no external signal. We are thus
led to calculate the dependence of Rj on k for the case
of no signal, as shown by the “square” curve in fig. 4.
This dependence can, however, also be calculated directly
from formula (10), as shown by the solid line in fig. 4.
We observe a reasonable agreement, validating eq. (10).
Furthermore, by definition kc is proportional to µ, which is
also confirmed numerically, as shown in the inset of fig. 4.
An important prediction of our coupled-array model

concerns about the influences of the balance between µ and
k on signal amplification, as predicted by eqs. (2) and (7).
To provide numerical support, we first consider the case
of µ= 0. Since kc = 0, it suffices to choose several values
of k in the k > kc regime. For each chosen value of k, we
let the signal amplitude f increase from 10−5 to 10−1 and
calculate the response Rj . Figure 5(a) shows the results
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Fig. 5: (Color online) (a) For µ= 0, power-law scaling between
Rj and f for k= 0 (squares), k= 0.01 (circles), k= 0.02 (trian-
gles), and k= 0.05 (stars). (b) For µ= 0.1, the corresponding
scaling for k= 0 (squares), k= 0.03 (circles), k= 0.05 (trian-
gles), and k= 0.1 (stars).

for k= 0, 0.01, 0.02 and 0.05. In all cases, a power-law
scaling relation is observed. However, for k= 0, the scaling
exponent is 1/3 for the whole frequency range considered,
while for other cases, the same exponent is observed
only for f > 10−2 and, for f < 10−2, the scaling exponent
is actually 1. These results agree with the theoretical
prediction of eqs. (5) and (7) very well.
We then consider the case of µ> 0. Take µ= 0.1 as an

example. From the inset of fig. 4, we obtain kc = 0.05 and
can then test all three cases: k < kc, k= kc and k > kc.
Representative results are shown in fig. 5(b), where we
observe a universal scaling exponent for all cases in the
frequency range f > 10−2, confirming eq. (5). For f <
10−2, there are three cases: i) for k < kc, the value of Rj is
approximately constant; ii) for k= kc, there is a power-law
scaling with the scaling exponent 1/3, and i)–ii) for k > kc,
the scaling exponent is 1. The results from the three
cases also agree very well with the theoretical predictions
of eqs. (6), (5), and (7), respectively. Moreover, both
figs. 5(a) and (b) show that there is a scaling exponent
1/3 at the balance point kc. This result agrees with the
cochlea experimental data where the response to external
force is demonstrated to obey a power law with exponent
approximately 0.4 [12,36].
The constant curves in fig. 5(b) have the following

physiological meaning. The impairment of hair cells due to
aging can effectively reduce the coupling strength to below
the threshold kc. As a result, SOAEs cannot be completely
suppressed (see fig. 2), leading to an insensitivity to weak
signal and henceforth hearing loss. For k > kc, the scaling
exponent 1 in figs. 5(a) and (b) implies that the cochlea
is more sensitive to weak signal than the normal cochlea
with the scaling exponent 1/3, regardless of the presence
of SOAEs. Dynamically, superior hearing can then result
from strong coupling between neighboring segments of the
BM. This observation suggests a potential therapeutic

method for improving hearing: increasing the internal
dynamical coupling within the cochlea.
In summary, we have developed a coupled-oscillator

model to study the effect of SOAEs and spatial coupling
on frequency discrimination and signal amplification of
the cochlea. Theoretical analysis and numerical computa-
tions identify the internal coupling strength as key to hear-
ing. There exists a critical coupling strength, below which
hearing loss can occur but above which a high degree of
hearing sensitivity can be achieved in terms of frequency
discrimination and signal amplification. This has poten-
tially important implications to developing effective treat-
ment for hearing loss. Our work represents another exam-
ple where principles and methods of nonlinear dynamics
may be used to understand physiological systems and to
develop novel therapeutic strategies to improve human
health.
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