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A fundamental result in the evolutionary-game paradigm of cyclic competition in spatially

extended ecological systems, as represented by the classic Reichenbach-Mobilia-Frey (RMF)

model, is that high mobility tends to hamper or even exclude species coexistence. This result was

obtained under the hypothesis that individuals move randomly without taking into account the

suitability of their local environment. We incorporate local habitat suitability into the RMF model

and investigate its effect on coexistence. In particular, we hypothesize the use of “basic instinct” of

an individual to determine its movement at any time step. That is, an individual is more likely to

move when the local habitat becomes hostile and is no longer favorable for survival and growth.

We show that, when such local habitat suitability is taken into account, robust coexistence can

emerge even in the high-mobility regime where extinction is certain in the RMF model. A

surprising finding is that coexistence is accompanied by the occurrence of substantial empty space

in the system. Reexamination of the RMF model confirms the necessity and the important role of

empty space in coexistence. Our study implies that adaptation/movements according to local

habitat suitability are a fundamental factor to promote species coexistence and, consequently,

biodiversity. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4811298]

A grandly challenging and fundamental problem in ecol-

ogy is species coexistence. Historically, population models

based on nonlinear dynamical-system theory played an

important role in elucidating many aspects of the coexis-

tence problem. Such models are, however, macroscopic

because they describe the average behavior of many

individuals without taking into account the detailed

interactions among them. Recent years have witnessed

the development of a microscopic approach based on

evolutionary-game dynamics, where individuals from the

same and/or different species interact following rules of

certain types of games. For example, the Reichenbach-

Mobilia-Frey (RMF) model, first proposed in 2007, is

based on the rock-paper-scissor game to describe the

cyclic interactions of three competitive and mobile spe-

cies in spatially extended ecosystems. Since then the RMF

model has become a paradigm in developing microscopic

and detailed understanding of the physical and dynami-

cal mechanisms underlying species coexistence. A basic

prediction of the RMF model is that extinction is inevita-

ble for highly mobile species. Here, we show that, when

the suitability of local habitat is taken into account, coex-

istence can occur even in the high-mobility regime where

extinction is absolute in the RMF paradigm. In particu-

lar, we introduce a measure, the habitat suitability index

(HSI), to characterize the fitness of each individual’s local

environment. Actual movements occur only when the

local environment becomes unfavorable for survival

and growth. For strong habitat suitability, extinction is

excluded and coexistence becomes the rule. We find that

the dynamical mechanism of such persistent coexistence

can be attributed to the emergence of a substantial

amount of empty space in the system, which we establish

and confirm by revisiting the classic RMF model to reveal

the intrinsic interplay between the behavior of the empty

sites and coexistence/extinction, and by analyzing the cor-

responding continuous-space model based on partial dif-

ferential equations (PDEs). Our work suggests local

habitat suitability as a fundamental mechanism to pro-

mote coexistence.

I. INTRODUCTION

Understanding the dynamical and physical mechanisms

that facilitate or hamper biodiversity is a fundamental issue

in interdisciplinary science. Species coexistence is a key to

maintaining biodiversity. Traditional approaches to coexis-

tence emphasized niche partitioning, defined broadly to

include differentiation in responses to predators and parasites

as well as differentiation in resource use,1 which provides a

robust mechanism for coexistence in local communities.

Studies revealed another mechanism by which dispersal or

mobility can affect species coexistence at landscape scales.

An interesting finding was that, without temporal variation,

spatial heterogeneity alone does not tend to favor the evolu-

tion of dispersal.2 The importance of chaotic dynamics in

promoting coexistence was then recognized3 and the dynam-

ical origin of the mechanism was subsequently elucidated.4,5a)yhdo@knu.ac.kr
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The role of stochastic forcing or noise in promoting coexis-

tence was uncovered.6 Population models based on evolu-

tionary games were also developed to understand the

coexistence of cyclically competing species.7–12

The past decade has witnessed the emergence of a

powerful theoretical and computational paradigm in nonlin-

ear science/theoretical ecology, namely, evolutionary games,

which allows for the first time the species-coexistence prob-

lem in spatially extended ecosystems to be addressed quanti-

tatively and microscopically at the individual-interaction

level.13–23 The evolutionary-game approach was mainly

motivated by various experiments on the role of non-

hierarchical, cyclic competitions in coexistence. Exemplary

biophysical systems where such competitions have been

observed include coral reef invertebrates,24 mutant strains of

yeast,25 lizard populations,26 and carcinogenic microbes.27

The classical rock-paper-scissor game stood out as a para-

digm to investigate the evolutionary dynamics driven by

cyclic competitions.15 Of particular importance is the incor-

poration of a fundamental feature of ecosystems, namely

population mobility, into spatial cyclic-competition games.

Specifically, in the seminal work by RMF,13,14 a parameter

characterizing species mobility was introduced and a critical

mobility was identified below which species can coexist. In

the physical space, coexistence is manifested by patterns of

entangled traveling spiral waves of population densities.

Issues such as noise and correlation,13,14,16 instability of spa-

tial patterns,16,18 and conservation law for total density19

were subsequently addressed. In all these works, a main

result was that, when the mobility exceeds a critical value,

extinction emerges in general, leading to the loss of coexis-

tence. One intriguing implication of this result is that, about

the critical value, the fates of species differing slightly in

mobility can be completely different: existence or extinction.

Since coexistence is such a ubiquitous phenomenon in na-

ture, it is not unreasonable to conceive that species of rela-

tively large mobility may coexist in certain environment. It

is then imperative to search for dynamical mechanisms pro-

moting coexistence even when the species are highly mobile.

Quite recently, three mechanisms have been uncovered,

which permit and promote coexistence of highly mobile spe-

cies: (1) intraspecific competition,21 (2) virus/infection

spreading,22 and (3) inter-patch migration.23 For (1), it was

found that, counter-intuitively, intraspecific competition can

strongly promote coexistence for high individual mobility in

the sense that stable coexistence can arise in parameter re-

gime where extinction would occur without the competition.

The critical value of the competition rate beyond which

coexistence could be induced was found to be independent

of the mobility.21 In mechanism (2), the phenomenon is that

intra-species infection can strongly promote coexistence but

inter-species spreading is harmful for coexistence.22

Mechanism (3) is applicable to ecosystems of multiple but

distant patches, and the main finding was that long-distance

migration of species can trigger and promote coexistence in

the form of target wave patterns in the physical space.23

In this paper, we report our discovery of a spontaneous

type of mechanism promoting coexistence of highly mobile

species in a single patchy environment. Since we limit the

scale of the ecosystem to a single patch, long-distance migra-

tion is irrelevant. By spontaneity, we mean that the only inter-

acting dynamics in the system is that due to the intrinsic,

cyclic interaction, and there are no additional types of dynam-

ical interactions such as intraspecific competition and infec-

tion spreading. Rather, an individual moves according to its

basic instinct: it hardly moves if the local habitat is favorable

for survival, but it is more likely to move if the local habitat

becomes hostile. This natural instinct is important for many

species including the human race, and may play a fundamen-

tal role in evolution and natural selection. To characterize

whether a local environment is favorable for habitation, a

general HSI was introduced in the literature28–36 whose value

is essentially the carrying capacity of a local area with respect

to the habitat resources under optimal conditions (e.g., with-

out any interactions). To extend the characterization to eco-

system governed by cyclic interactions, we introduce a

position-dependent, local HSI (to be defined in Sec. II). We

find that, in general, when individuals follow their natural

instinct to escape from locally hostile environment, coexis-

tence can be significantly enhanced. A surprising finding is

that in the high-mobility regime where conventional under-

standing stipulates species extinction, competitions taking

into account habitat suitability can lead to robust coexistence.

In particular, for the setting in the classic RMF model13,14

where coexistence is ruled out when the species mobility

exceeds a critical value, we find persistent coexistence even

in this high-mobility regime.

To search for a plausible explanation for persistent coex-

istence of highly mobile species, we carry out extensive com-

putations. Strikingly, we find that the underlying physical

mechanism can be attributed to the occurrence of substantial

empty space. In the lattice model, throughout the entire pa-

rameter region where mobility is increased from zero, species

coexistence is persistently accompanied by the presence of a

large number of empty sites that are not occupied by individ-

uals from any species. Intuitively, empty sites are favorable

for coexistence because they give a population the necessary

“room” to grow and to escape predation. To lend further cre-

dence to the importance of empty sites in promoting coexis-

tence, we reexamine the classic RMF model13,14 where

habitat suitability is not included and find an unequivocal cor-

respondence between species coexistence and empty space.

Especially, as the mobility exceeds a critical value so that

species extinction occurs, the fraction of empty sites simulta-

neously approaches zero and remain zero beyond the critical

point. In fact, in this case, the entire space is dominated by a

single species and there is no room even for empty sites. To

our knowledge, the state of permanent coexistence in cycli-

cally interacting ecosystems of highly mobile species had not

been uncovered prior to our work, and we speculate that ad-

aptation/movements according to local habitat suitability are

fundamental to species coexistence and biodiversity. More

generally, the exploration leads to the finding that in a spa-

tially extended ecosystem supporting cyclic type of

evolutionary-game dynamics, the presence of empty sites is a

necessary condition for species coexistence.

In Sec. II, we describe the classic RMF model of cyclic

competitions and introduce our modification to include the
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measure of habitat suitability. In Sec. III, we present numeri-

cal finding of persistent coexistence of highly mobile species

and the corresponding evolution of the empty sites. In Sec.

IV, we revisit the classic RMF model and establish the dis-

tinct correspondence between species coexistence and the

presence of empty sites. Further insights into the emergence

of empty sites are also provided. In Sec. V, we offer conclu-

sions and discussions.

II. EVOLUTIONARY-GAME MODEL INCORPORATING
HABITAT SUITABILITY

May and Leonard first proposed a cyclic-competition

model of three species7 but at the macroscopic level of

population dynamics. A microscopic model of cyclically

interacting, mobile species in spatially extended systems was

introduced by RMF in 2007,13,14 where the system is repre-

sented by a square lattice with periodic boundary conditions.

That the system’s carrying capacity is finite stipulates that

each site can be occupied by an individual from one of the

three species or left empty. Interspecific interactions and spe-

cies reproduction and movements are described by the fol-

lowing set of rules:

AB �!r A1; BC �!r B1; CA �!r C1; (1)

A1�!l AA; B1�!l BB; C1 �!l CC; (2)

AB �!e0 BA; BC �!e0 CB; CA �!e0 AC; (3)

where the three populations A, B, and C cyclically dominate

each other, and 1 represents empty sites. Relation (1) repre-

sents interspecific interactions, i.e., one species preys on a

less-predominant species in the cycle and leaves the invaded

site empty, which occurs at the rate r. Relations (2) and (3)

define reproduction and migration that occur at the rates l
and e0, respectively, as shown schematically in Fig. 1. The

evolutionary dynamics can be described, as follows. At each

time step, a randomly chosen individual interacts with a

neighboring individual or moves into one of its nearest

neighbors at random. The rates of competition, reproduction,

and migration are normalized, which means that, for a pair

of individuals at two neighboring sites, the three types

of dynamical processes occur at the following probabilities:

r=ðl þ r þ e0Þ; l=ðl þ r þ e0Þ, and e0=ðl þ r þ e0Þ,
respectively. An interaction can actually occur only when

the states of both sites meet the requirement for the particular

interaction. For instance, if there are no empty sites, then

reproduction cannot occur. The individual mobility is pro-

portional to the number of sites explored by one mobile indi-

vidual per unit time:37 M0 ¼ e0ð2NÞ�1
. In the simulation, an

actual time step is defined when, on average, each individual

has interacted with others once, i.e., one time step involves N
pairwise interactions altogether. Note that, in the RMF

model, the migration rate e0 is assumed to be the same for all

pairwise individuals. As we will discuss below, when the

HSI effect is taken into account, the migration rate will

depend on the lattice site. In that case, e0 serves as a nominal

parameter in the definition of the local migration rate, and

the mobility M0 is defined with respect to this nominal

migration parameter.

The main motivation to introduce the HSI lies in the

intuition that the behavior of a species can be strongly influ-

enced by the habitat condition. In particular, when the habi-

tat has ample resources and no natural predators, species

tend not to move. However, when resources are scarce or

when a strong predator species begins to invade the habitat

to threaten the survival of the species in there, movements

are favored. The HSI is a parameter that assumes values

between zero and unity, which can in fact be estimated from

empirical data28–36 to study the migration and reproduction

behaviors of species,28,33 at the population level. To define a

meaningful HSI microscopically for each individual in the

cyclic evolutionary dynamics, we focus on the fitness of the

FIG. 1. Schematic illustration of dynamics of three species (A in red, B in

blue, and C in yellow) under cyclic interactions. (a) Predation between two

different kinds of species in the rock-paper-scissor cycle: A can prey on B, B
can invade C, and C in turn out-competes A, leaving behind empty site

(white); (b) reproduction which occurs only when empty neighboring sites

are available; (c) migration due to the population mobility, such as exchang-

ing positions with neighboring individuals (as denoted, e.g., by the blue

arrow CB! BC) or hopping onto an empty neighbor.
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individual at its particular lattice point. Specifically, for indi-

vidual i, we define

HSIi ¼
�ni

pred þ bni
prey þ wðni

sameÞni
same

K
; (4)

where wðni
sameÞ ¼ � 2

3
ni

same þ 5
3

is the weight for same indi-

viduals, npred and nprey are the numbers of predators and

preys at i’s neighboring sites, respectively, b is a parameter

characterizing the relative weight of the prey in each individ-

ual’s neighborhood, and K¼ 4 is the number of neighbors of

any site on a square lattice, as shown in Fig. 2. While in the

traditional definition, the value of HSI is positive and re-

stricted to the unit interval, our definition allows for both

negative and positive values in a broader range, depending

on the relative occupancy of an individual’s neighboring lat-

tice sites which, together with the parameter b, determines

the fitness of the local environment of i. The parameter b is

thus effectively a fitness parameter. For example, for

b ¼ 1:0, predators and preys have the same weights so that

the HSI assumes equal numbers of positive and negative val-

ues. In this case, the individual has equal chances of staying

at or moving away from its original site. For b < 1:0, preda-

tors weighs over preys, making the individual’s local habitat

hostile for staying, so there is a higher probability for the

individual to leave its original site. Similarly, for b > 1:0,

the chance of staying is larger. These considerations lead to

the following local migration rate:

eXY ¼ e0 expð�a � HSIXYÞ; (5)

where the pairwise habitat suitability HSIXY of a pair of indi-

viduals, (X, Y), is defined as the average of the individuals’

habitat suitability indices

HSIXY ¼
HSIX þ HSIY

2
; (6)

where e0 is the nominal mobility for HSI¼ 0, and a is a pa-

rameter characterizing the influence of HSI on mobility.

Comparing with the previous models on cyclic competitions,

our model considers the fitness of local habitat for individu-

als by introducing two new parameters: b and a.

III. NUMERICAL EVIDENCE OF COEXISTENCE
OF HIGHLY MOBILE SPECIES

In our numerical simulation, we use square lattices of

various sizes, ranging from N¼ 40� 40 to N¼ 500� 500.

Initially individuals from the three species are randomly dis-

tributed on the lattice. The boundary conditions are assumed

to be periodic. At each time step, a random pair of neighbor-

ing sites is chosen, and the likely interaction is one from ei-

ther predation, reproduction, or exchange, according to the

respective probabilities. Whether the interaction can actually

occur is determined by the states of both sites. For example,

if the pair consists of a predator and a prey, then predation

can occur. If there are an individual and an empty site in the

pair, then reproduction or movement into the empty site can

occur. When both sites are occupied, exchange can occur at

a rate determined by the habitat suitability based mobility.

Figures 3(a)–3(t) show twenty representative snapshots

of spatial patterns taken in the long-time regime during the

evolution of the spatiotemporal dynamical system. In each

pattern, the three species are denoted by the colors red, blue,

and yellow, respectively. The panels are organized into rows

and columns, based on the values of the mobility M0 and

the HSI parameter a. In particular, the four columns (from

left to right) are associated with M0 ¼ 3� 10�6; 3� 10�5;
3� 10�4, and 3� 10�3, and the five rows (top to bottom)

are for a ¼ 0 (no HSI effect), a ¼ 1:0; a ¼ 2:0; a ¼ 3:0, and

a ¼ 4:0, respectively. The value of the parameter b is fixed

at b ¼ 2:0. The behaviors shown in Figs. 3(a)–3(t) are in fact

quite typical for other parameter choices.

The main features of Figs. 3(a)–3(t) are the following.

For a ¼ 0:0 (the top row) so that the HSI effect is absent,

we observe the classic phenomenon of extinction of high-

mobility species,13,14 where only one species is present for

M0 > Mc
0 � 4:5� 10�4. For relatively small values of a (the

second and third rows from the top), we observe qualitatively

similar behaviors. The striking phenomenon is, for relatively

large values of a (the fourth and fifth rows from the top),

coexistence persists even for M0 > Mc
0 where individuals

from all three species can be found on the lattice! This phe-

nomenon of habitat suitability promoted coexistence appears

to be quite robust, as demonstrated in Fig. 4, where the prob-

ability of extinction, Pext, calculated from a large number of

initial configurations, is plotted as a function of the mobility

M0 for different values of a. We see that, for relatively small

values of a, Pext increases as M0 is increased and reaches

unity for M0 � Mc
0. However, for relatively large values of a,

although Pext tends to increase with M0 for M0 � Mc
0, it never

reaches unity. In fact, it begins to decrease as M0 is further

increased, indicating that, when a proper amount of habitat

suitability is taken into account, increasing the mobility can

in fact promote coexistence, in contrast to the conventional

belief that mobility is detrimental to coexistence.13,14

We have also studied the cases where the pairwise habi-

tat suitability is a weighted average of individuals’ HSI. For

example, we can consider

HSIXY ¼
/ �maxfHSIX;HSIYg þminfHSIX;HSIYg

/þ 1
; (7)

FIG. 2. Incorporation of habitat suitability into the dynamics of cyclic compe-

tition: red and blue colors denote a predator and a prey, and their local neigh-

borhood regions for assessing the suitability of their habitats, respectively.
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where the weighting parameter / can be chosen to be

the golden mean / � 1:618 or its inverse. Behaviors sim-

ilar to those in Figs. 3 and 4 have been observed. The

common phenomenon is then that incorporation of habi-

tat suitability into the evolutionary-game dynamics can

lead to persistent coexistence, regardless of the species

mobility.

IV. DYNAMICAL MECHANISM OF PERSISTENT
COEXISTENCE: ROLE OF EMPTY SITES

A. Interplay between species coexistence and
emergence of empty sites in the presence of HSI effect

Due to the complexity of the game-competition dynam-

ics on lattice, it is difficult to obtain an analytic understanding

FIG. 3. For a square lattice of size

N¼ 500� 500, representative snap-

shots of species distribution on the lat-

tice. Different columns correspond to

different values of the mobility: M0

¼ 3� 10�6 for (a), (e), (i), (m), and

(q), M0 ¼ 3� 10�5 for (b), (f), (j), (n),

and (r), M0 ¼ 3� 10�4 for (c), (g),

(k), (o), and (s), and M0 ¼ 3� 10�3

for (d), (h), (l), (p), and (t). Different

rows are associated with different val-

ues of the HSI parameter a: a ¼ 0:0,

1.0, 2.0, 3.0, and 4.0 (top to bottom).

The bottom two rows reveal that, for

relatively large values of a, coexis-

tence persists even in the large mobil-

ity regime.
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of the phenomenon of habitat suitability induced persistent

coexistence. We are thus led to explore the dynamical mecha-

nism and develop a physical understanding of the phenom-

enon. An intuitive picture is that the habitat suitability

imposes a constraint on species movement. Consider, for

example, an individual from one species. When the local

environment is favorable for survival and reproduction,

movement into a different location is not desirable. When the

local environment is hostile, e.g., when there is heavy pres-

ence of predators in the individual’s neighborhood, there is

strong motivation for migration. However, the migration may

not actually take place because the individual might have al-

ready become a prey before it can move out of the local hos-

tile environment. Thus, habitat suitability induces a kind of

asymmetry in species movements, reducing the overall effec-

tive mobility. Because of the “slow-down” in species move-

ment, a substantial number of lattice sites will become empty.

Our postulate is that dynamically, persistent coexistence is
associated with the emergence of empty sites in the spatially
extended system. Heuristically, the availability of empty

space is beneficial for growth and reproduction, making it

more likely for species to survive.

To provide support for our postulate, we calculate

the time evolution of the densities of the three species and of

the empty site. Figures 5(a)–5(d) show, for a ¼ 1:0 and

N¼ 100� 100, time series of the four densities for

M0 ¼ 3� 10�6; 3� 10�5; 3� 10�4, and 3� 10�3, respec-

tively, where the initial density of empty sites is qeð0Þ ¼ 0:1.

We observe that, for relatively small mobility values [panels

(a)-(c)] where there is coexistence, qeðtÞ, the density of

empty site, approaches asymptotically a constant, non-zero

value. However, for M0 ¼ 3� 10�3, where coexistence is

ruled out, qeðtÞ approaches zero asymptotically. There is

thus strong correlation between coexistence and the asymp-

totic value of qe in that a non-zero value of qe corresponds to

coexistence but a zero value of qe signifies extinction. This

observation is reinforced by examining the case of relatively

large values of a for which coexistence is persistent, as

shown in Figs. 6(a)–6(d) for a ¼ 4:0 for the same mobility

values as in Figs. 5(a)–5(d), respectively, where qeð0Þ ¼ 0:1.

We observe non-zero asymptotic values of qe for all four

cases. The non-zero asymptotic value of qe does not depend

on the choice of the initial value of qe, as shown in

Figs. 7(a)–7(d) where the initial density of empty sites is set

to be zero.

Figures 8(a)–8(d) summarize the behavior of the asymp-

totic value of qeðtÞ, denoted by �qe, in relation with species

coexistence or extinction. In Fig. 8(a), �qe is plotted versus

the HSI parameter a for M0 ¼ 3� 10�5. Due to the small

mobility, there is coexistence even in the absence of any hab-

itat suitability effect. We observe that �qe is non-zero in the

entire range of variation of a considered. In fact, as a is

increased, there is slightly increase in �qe. In Fig. 8(b), the

FIG. 4. Extinction probability Pext versus the mobility for different values of

the HSI parameter a for systems of size N¼ 40� 40. The legends are: a ¼ 0:0
(black dots), a ¼ 1:0 (blue circles), a ¼ 2:0 (red triangles), a ¼ 3:0 (light blue

squares), and a ¼ 4:0 (brown diamonds). The second HSI parameter b is fixed

at 2.0. For relatively large values of a, Pext never reaches unity, indicating per-

sistent coexistence, regardless of the mobility.

FIG. 5. For a ¼ 1:0, time evolution of the densities of the three species

(full lines) and the density qe of empty site (red dashed dotted line) for

(a) M0 ¼ 3� 10�6, (b) M0 ¼ 3� 10�5, (c) M0 ¼ 3� 10�4, and (d)

M0 ¼ 3� 10�3. System size is N¼ 100� 100. Note that qeðtÞ approaches a

non-zero value for coexistence ((a)-(c)) but qe ! 0 for the case of extinction

(d). Because of the symmetry among the three species, we simply use three

different colors to distinguish them, where the correspondence between one

particular color and one particular species can be arbitrary. The same legend

applies to all subsequent figures on the density evolution.

FIG. 6. For a ¼ 4:0 and N¼ 100� 100, time evolution of the densities of

the three species (full lines) and the density qe of empty site (red dashed dot-

ted line) for (a) M0 ¼ 3� 10�6, (b) M0 ¼ 3� 10�5, (c) M0 ¼ 3� 10�4, and

(d) M0 ¼ 3� 10�3. Initially 10% of the lattice sites are empty: qeð0Þ ¼ 0:1.

There is persistent coexistence so that qe never approaches zero.
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value of mobility is relatively large: M0 ¼ 3� 10�3. In this

case, without habitat suitability effect or even when the

effect is weak (corresponding to small a values), extinction

is inevitable. The value of �qe is thus zero for small a values

but becomes non-zero for relatively large values of a. In Fig.

8(c), �qe is plotted against log10 M0 for a ¼ 1:0. In this case,

there is extinction in the large mobility regime, and we

observe that �qe is non-zero initially but becomes zero for

log10 M0 � log10 Mc
0. Finally, Fig. 8(d) displays the behavior

of �qe versus log10 M0 for a ¼ 4:0, where coexistence is per-

sistent. Indeed, we observe that the value of �qe is never zero

across both the small and large mobility regimes. These

results suggest strongly a high correlation between coexis-

tence and the emergence of empty sites in the underlying

spatiotemporal dynamical system.

B. Evolution of empty sites: Revisiting the classic
RMF model

To establish a firm foundation for our postulate regard-

ing the dynamical mechanism of coexistence in terms of

empty sites, we revisit the classic RMF model, but from a

different perspective. In particular, we shall focus on the

emergence and evolution of empty sites in the lattice system.

In the absence of HSI effect, the dynamics of the RMF sys-

tem can be approximately described by PDEs.13,14

Consider a two-dimensional square domain and let

a(r, t), b(r, t), and c(r, t) be the densities of the three compet-

ing species, respectively. The following set of PDEs can be

derived to describe the dynamics of the RMF system:13,14

@aðr; tÞ
@t

¼ M0Daðr; tÞ þ laðr; tÞ½1� qðr; tÞ� � raðr; tÞcðr; tÞ;

@bðr; tÞ
@t

¼ M0Dbðr; tÞ þ lbðr; tÞ½1� qðr; tÞ� � rbðr; tÞaðr; tÞ;

@cðr; tÞ
@t

¼ M0Dcðr; tÞ þ lcðr; tÞ½1� qðr; tÞ� � rbðr; tÞcðr; tÞ;

(8)

where qðr; tÞ � aðr; tÞ þ bðr; tÞ þ cðr; tÞ. The spatially aver-

aged density haðr; tÞi is thus given by

@haðr; tÞi
@t

¼ 1

L2

ð
D¼L2

@aðr; tÞ
@t

dr

¼ 1

L2

ðL

0

ðL

0

@aðx; y; tÞ
@t

dxdy;

¼ 1

L2

ðL

0

ðL

0

M0Daðx; y; tÞ þ laðx; y; tÞ½1� qðx; y; tÞ�

�raðx; y; tÞcðx; y; tÞdxdy; (9)

where ðx; yÞ 2 D ¼ L� L. Similar equations can be written

down for hbðr; tÞi and hcðr; tÞi. The evolution of the total

species density is thus governed by

@qðr; tÞ
@t

¼ @haðr; tÞi
@t

þ @hbðr; tÞi
@t

þ @hcðr; tÞi
@t

¼ 1

L2

ð
D

M0Dðaðr; tÞ þ bðr; tÞ þ cðr; tÞÞ

þlqðr; tÞð1� qðr; tÞÞ
�r½aðr; tÞbðr; tÞ þ bðr; tÞcðr; tÞ þ cðr; tÞaðr; tÞ�dr:

Neglecting the second-order term aðr; tÞbðr; tÞ þ bðr; tÞ
cðr; tÞ þ cðr; tÞaðr; tÞ, we obtain

@hqðr; tÞi
@t

� 1

L2

ð
D

M0Dqðr; tÞ þ lqðr; tÞð1� qðr; tÞÞdr:

(10)

The average density of empty sites is given by heðr; tÞi
¼ 1� hqðr; tÞi. We thus have

@heðr; tÞi
@t

¼ � @hqðr; tÞi
@t

; (11)

FIG. 7. For a ¼ 4:0, N¼ 100� 100, and initial zero empty-site density

[qeð0Þ ¼ 0], time evolution of the densities of the three species (full lines)

and the density qe of empty site (red dashed dotted line) for (a)

M0 ¼ 3� 10�6, (b) M0 ¼ 3� 10�5, (c) M0 ¼ 3� 10�4, and (d) M0

¼ 3� 10�3. Despite qeð0Þ ¼ 0, coexistence is persistent regardless of mo-

bility and qeðtÞ approaches some non-zero values for all cases.

FIG. 8. ((a) and (b)) Asymptotic value of the empty-site density, �qe, versus

the HSI parameter a for M0 ¼ 3� 10�5 and M0 ¼ 3� 10�3, respectively.

((c) and (d)) For a ¼ 1:0 and a ¼ 4:0, respectively, �qe versus log10 M0. In

all cases, there is a strong correlation between species coexistence and the

emergence of substantial number of empty sites. The system size is

N¼ 100� 100 and the HSI parameter b is set to be 2.0.
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which can be used to numerically solve the time evolu-

tion of the density of empty sites based on the PDE

approximation.

Figures 9(a)–9(d) show the representative time evolution

of the species densities and also the density of empty sites

calculated from the PDE approach, for a number of mobility

values. The spatial region is chosen to be the unit square and

the initial empty-site density is set to be zero. These results

agree, qualitatively, with those from direct lattice simula-

tions. The most relevant feature here is the asymptotic value

of �qe, which is non-zero for small-mobility cases where there

is coexistence but zero when there is uniform state where

two species are extinct. This means that the necessity of

empty space for coexistence is already present in the classic

RMF model, lending further credence to our explanation that

HSI effect causes the dynamics to generate substantial empty

space, leading to persistent coexistence even in the high-

mobility regime where extinction is certain in the absence of

habitat suitability factor.

C. Balance between predation and
reproduction/exchange

Figure 8(d) shows that, when the HSI effect is strong so

that persistent coexistence occurs, the average density of

empty sites actually increases with the mobility. Here, we

provide a heuristic analysis of the dynamics of empty sites.

In general, empty sites are generated from the interplay

between predation and reproduction as well as exchange.

Qualitatively, we can write

hqei ¼ jP� CðM0Þ � R � Ej; (12)

where P ¼ r=ðrþ lþ e0Þ; R ¼ l=ðrþ lþ e0Þ, and E

¼ e0=ðrþ lþ e0Þ stand for the average rates of predation,

reproduction, and exchange, respectively, and CðM0Þ is a

constant that depends on mobility. Physically, CðM0Þ

measures the balance between predation and reproduction/

exchange. For CðM0Þ � 1 or CðM0Þ 	 1, reproduction/

exchange weights over predation or vice versa, generating

empty sites and making coexistence possible. For CðM0Þ
! 1, predation and reproduction/exchange are balanced,

leaving no room for empty space so that extinction emerges.

Using r ¼ l ¼ 1; e ¼ 2M0N, the coefficient CðM0Þ can be

expressed as

CðM0Þ ¼
2þ 2M0N

2M0N
� hqei �

ð2þ 2M0NÞ2

2M0N
; (13)

which is a function of M0. For high mobility, we have

lim
M0!1

CðM0Þ ¼ lim
M0!1

2þ 2M0N

2M0N
� hqei �

ð2þ 2M0NÞ2

2M0N

" #
¼ 1;

with hqei ! 0 as M0 !1.13

Figure 10 shows the coefficient cðM0Þ versus the mobility

M0, where the green line is the relation ð2þ 2M0NÞ=2M0N.

In the absence of HSI effect (black diamond), the behavior

of cðM0Þ follows the green line and approaches the value 1

for M0 > Mc
0, the extinction regime. When the HSI effect is

present, cðM0Þ decreases initially with M0 but near Mc
0, it

reverses the decreasing trend and starts to increase with M0

about M0 � Mc
0, due to the counter-balancing effect of the

HSI effect in reducing the local effective mobility. As a

result, persistent coexistence can emerge in both low- and

high-mobility regimes.

V. CONCLUSIONS AND DISCUSSIONS

A fundamental issue in ecology and also in complex dy-

namical systems is to understand the coexistence of compet-

ing species in the same environment. Early models based on

population dynamics provided insights into coexistence at

the macroscopic level,7 but such models sometime predict

that the state of coexistence is unstable, generating a di-

lemma as coexistence appears to be a robust phenomenon in

FIG. 9. (a)-(d) For the classic RMF model in the absence of habitat suit-

ability factor, time evolution of the species densities (full lines), and the

density of the empty space (red dashed dotted line) from the PDE model

for M0 ¼ 3� 10�6; M0 ¼ 3� 10�5; M0 ¼ 3� 10�4, and M0 ¼ 3� 10�3,

respectively. The spatial region is the unit square in the plane, and the ini-

tial density of empty space is set to be zero. Even in this case, there is a

unique correspondence between coexistence and substantial empty space in

the system asymptotically.

FIG. 10. For a lattice of size N¼ 100� 100, the quantity cðM0Þ versus mo-

bility M0 for a ¼ 0:0 (black diamonds), a ¼ 1:0 (red circles), a ¼ 2:0 (blue

dots), a ¼ 3:0 (brown squares), and a ¼ 4:0 (cyan triangles). For cases

where extinction occurs at high mobility, CðM0Þ ! 1 for M0 � Mc
0. When

persistent coexistence occurs, CðM0Þ decreases first but turns around to

increase for M0 � Mc
0. The green line is the relation ð2þ 2M0NÞ=2M0N.
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real ecological systems. Recent years have witnessed efforts

to resolve this dilemma, most notably through the approach

of evolutionary games at a microscopic scale where the inter-

actions are studied at the level of species individuals. In this

regard, the celebrated RMF model13,14 based on the classical

rock-paper-scissors game represents a paradigm to address

the coexistence of cyclically competing species. A main pre-

diction of the RMF model is that coexistence is not possible

when the species are highly mobile. Yes in the real world

coexistence is not limited to slow species only.

We have developed a framework to address the question

of whether the RMF game model would allow for highly mo-

bile species to coexist, and we have provided computation

and analysis, which suggest an affirmative answer. Our key

idea is to articulate that species movements depend on the

local environment. In particular, for an individual its local

habitat suitability represents an important factor in deciding

whether it should disperse. By introducing a local habitat

suitability index into the RMF model, we have found persis-

tent coexistence in both low and high mobility regimes. This

result has two important implications. First, it shows that

robust and persistent coexistence can occur in spatially

extended dynamical systems, regardless of species mobility,

providing a foundation for biodiversity. Second, it further

validates the RMF model as a general paradigm to investi-

gate the collective behaviors of complex, spatially extended

ecological systems at the microscopic level.
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