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a b s t r a c t
Hopping of individuals among distinct layers can induce inter-layer coupling and consequently affect the spreading process in each layer of real world multilayer networks. We
articulate a two-layer network model where a fraction of nodes are inter-layer travelers
that can hop between layers. We develop a theoretical framework based on the quenched
mean-ﬁeld approximation to accurately predict the epidemic thresholds and ﬁnal states in
both layers. Extensive numerical simulations on synthetic and empirical networks demonstrate that, in the general setting where the structures of the two network layers are
asymmetric, intense hopping can lead to simultaneous epidemic outbreak in both layers. In general, the impacts of hopping on the spreading dynamics in the two layers can
be quite distinct. As the inter-layer coupling strength is increased, the epidemic threshold of the denser layer increases monotonically, while for the sparser layer, a surprising
non-monotonic behavior of the threshold with a minimize value arises. Another ﬁnding is
that, as a result of hopping, recurrent outbreaks can occur in the sparser layer, providing a
plausible explanation for the phenomenon of multiple outbreaks observed from real health
data.
© 2020 Elsevier B.V. All rights reserved.

1. Introduction
Dynamical processes on complex networks [1] constitute a main area of research in network science because of their relevance not only to science and engineering, but also to a host of problems in broader contexts such as sociology, economics,
and political science. Among the commonly studied processes, epidemic spreading is fundamental to health care, social, economical, and political activities as well as information technologies [2,3]. The rapid spread of a novel coronavirus (COVID-19)
creates great attention to the researches on disease prevention and control [4]. Generally, disease or virus spreading is not
an isolated process that occurs in a single network, but rather, the dynamics are also affected by behaviors in other interdependent systems, such as a communication network (or layer) in which information about the disease propagates and gets
exchanged. The dynamics in the communication layer can then raise some individuals’ awareness about the disease, prompting them to take preventive measures. As a result, the epidemic threshold would be modiﬁed and a large-scale outbreak
may be suppressed. A comprehensive, realistic and accurate description of the epidemic spreading dynamics thus requires a
modeling framework based on multiplex or multilayer networks [5–8].
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In general, there are two types of multilayer networks [9]: interconnected networks and multiplex networks. In an interconnected system, some of the nodes from the various subnetworks are adjacent to each other, so that the network
effectively constitutes a single layer with interconnected communities [5]. In a multiplex network, a ﬁxed set of nodes are
connected by different types of links in different layers. That is, each node in a layer has its counterpart in the other layers
coupled by one-to-one interconnections and each layer has a distinct internal connecting structure [9]. The characteristic
feature that distinguishes a multilayer system from a single layer network is the interaction or coupling among the distinct
layers. Previous studies revealed that inter-layer coupling can have a signiﬁcant effect on network dynamical processes such
as percolation [10], epidemic spreading [11], cascading failures [12], and diffusion process [13]. For example, for epidemic
spreading, disease or virus can be transmitted with some probability through interconnections between the subnetworks or
layers, which can promote spreading [14]. In particular, if the interconnections are strong, epidemics can occur simultaneously across the entire system [15], but if the layers are only weakly interconnected, spreading would be limited to a single
or a few layers only [11]. For diffusion process, the multiplex structure can speed up the less diffusive of the layers because
of the super-diffusion process between the layers of multiplex networks [16]. For reaction-diffusion system, patterns formation in multiplex networks was studied by means of a developed perturbative approach, and the interaction between layers
can yield self-organized patterns [17]. The spreading dynamics of multiple viruses on multilayer networks have also been
studied [6,18].
In previous studies, a common approach to modeling the interactions among the multiple network layers was to assume
a ﬁxed, time-independent transmission rate for the inter-layer connections. While this facilitates analysis of the spreading
dynamics, there are situations in the real world where this assumption fails to describe. For example, in a two-layer model
for spreading between two coupled subpopulations, the interaction between the two layers are result of human dynamics,
for which a description based on a ﬁxed transmission rate is inadequate [19]. In transportation networks, passengers tend to
travel along the fastest paths connecting two stations by switching or hopping between, e.g., a bus network and a subway
network [20]. The hopping behavior is also common in multiplex social networks, where an individual switches from one
kind of interaction to another [21]. For instance, an individual ﬁrst rings up one of his/her friends in the communication
layer and then meets with the friend in the physical contact layer. To our knowledge, the question of how hopping among
network layers affects the spreading dynamics on multiplex systems has not been addressed previously.
In this paper, we incorporate inter-layer hopping or traveling into multilayer network systems to investigate the impacts
of the network layer hopping behavior on spreading dynamics. We develop an analytic theory to predict the key quantities characterizing the spreading dynamics such as the epidemic threshold, and provide extensive numerical support. Our
main ﬁndings are the following. The ﬁrst result is somewhat expected: for suﬃciently large values of the hopping strength,
simultaneous outbreak of the disease in both layers (i.e., denser and sparser layers) can occur. The second result is that
the epidemic thresholds for the denser and sparser layers display distinct dependence on inter-layer hopping. Thirdly, the
sparser layer can exhibit multiple (resurgent) epidemic outbreaks, a phenomenon that has been observed from empirical
data of infectious diseases. The ability for the hopping to inﬂuence epidemic dynamics in a sensitive manner as revealed in
our work suggests that the activities can potentially be exploited for controlling virus or information outbreaks in multilayer
networks with signiﬁcant applications in e.g., social, economical, political, and computer systems.
2. Multilayer network model with inter-layer hopping and quenched mean-ﬁeld approach
2.1. Model
To accommodate inter-layer hopping, we stipulate that the two-layer system hosts two kinds of nodes: permanent “residents” and inter-layer travelers, where the former are “conﬁned” to one network layer and the latter can switch or hop from
one layer to another and vice versa. A permanent resident has ﬁxed and stable connections only in one network layer, and
his/her social relationship with nodes in the other network layer is non-existent or negligible, but a traveler has relatively
stable social relationships in both layers. When a traveler is active in layer A, he/she is in contact with his/her neighbors in
layer A. As the traveler switches to layer B, his/her connections in layer B are activated, leaving his/her connections in layer
A dormant so that the links cannot transmit or receive the disease.
To characterize the interaction or coupling between the two layers, we introduce two layer-hopping parameters: the fraction m and activity level q of the inter-layer travelers. Especially, if layers A and B have the same network size N, the number
of inter-layer travelers will be mN. When a traveler is in layer A (or B), he/she switches to his/her counterpart in layer B
(or A) at the rate qB (or qA ). A schematic illustration of the two-layer network model is shown in Fig. 1. In the steady state,
the expected numbers of travelers in layers A and B are MA  = (mqA N )/(qA + qB ) and MB  = (mqB N )/(qA + qB ), respectively. For simplicity, we set qA = qB = q. The expected numbers of inter-layer travelers and permanent residents in layer A


or B are MA  = MB  = mN/2 and NA = NB = (1 − m )N, respectively. The double layer network model is appropriate for describing some real-life scenarios, particularly social networks (e.g., two interconnected city networks, Facebook and Twitter,
WeChat and QQ, etc.).
To investigate the impacts of inter-layer hopping on epidemic spreading dynamics, we implement the classical
susceptible-infected-recovery (SIR) process on the two-layer network model. In the SIR model [2,22–27], there are three
possible states of a node: susceptible (S), infected (I), and recovered or refractory (R). If an S-state node contacts an I-state
neighbor, the rate of the node being infected is β (the infection rate). Nodes in the infected state are recovered with rate
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Fig. 1. Schematic illustration of two-layer network model with inter-layer hopping. The networks are composed of four types of nodes: permanent residents
in layer A (orange triangles), permanent residents in layer B (green squares), inter-layer travelers (red solid circles) and the cavities left behind (red open
circles). A traveler has corresponding nodal positions in layers A and B. When the traveler is in layer A, his/her corresponding node in layer B is in a hole
state. During his/her stay in layer A, the traveler does not interact with any neighbor in layer B: his/her inner-layer edges there are dormant. When the
traveler is active in layer A (B), the rate of switching to layer B (A) is qB (qA ). (For interpretation of the references to color in this ﬁgure legend, the reader
is referred to the web version of this article.)

μ. When there is no infected node in the network, i.e., all the infected nodes turn into the recovered state, the spreading
process reaches a ﬁnal state. At the end of the spreading, the outbreak size of epidemic is deﬁned as the number of the
recovered nodes. If the infection rate β is greater than an epidemic threshold β c , a global epidemic outbreak with a ﬁnite
fraction of outbreak size will emerge.
2.2. Quenched mean-ﬁeld approach
We develop a theory to understand and predict the impacts of inter-layer hopping on epidemic spreading based on the
framework of the quenched mean-ﬁeld approximation (QMF). The QMF is an individual-based mean-ﬁeld theory, where the
probability of each individual being in the infected state is expressed [2,3]. Let Xi (t) ∈ {0, 1, 2} be a variable denoting that,
at time t, node i is in the susceptible, infected, and recovered state, respectively. The probabilities of node i being in the S,
I, R states at time t can be denoted as si (t ) = G[Xi (t ) = 0], ρi (t ) = G[Xi (t ) = 1], and ri (t ) = G[Xi (t ) = 2], respectively, where
G is a general probability function of the nodal state.
A multilayer network can be represented as a supra-adjacency matrix [9]. When there are no interconnections between
layers A and B, the adjacency matrix of the system [with size (NA + NB ) × (NA + NB )] is given by



GC =

GA
0



0
,
GB

(1)

where GA and GB are the adjacency matrices of layers A and B when isolated, respectively. When there are inter-layer
travelers, the hopping generates interconnections between the layers. If there is an interconnection between node i in layer
A and node j in layer B, both nodes correspond to the same traveler. From node i (or node j), the traveler can switch to the
counterpart node j (or node i) at the hopping rate q. The hopping behavior of the inter-layer travelers is actually a diffusion
process. We can thus deﬁne an inter-layer connection matrix GH of size (NA + NB ) × (NA + NB ). For a pair of nodes i and j
at which the traveler is present or absent in the respective layers, the four matrix elements are hii = −1, h j j = −1, hi j = 1,
and h ji = 1, while other matrix elements in the ith and jth rows/columns are zero. Considering that the inter-layer hopping
rate is qA = qB = q, the inter-layer diffusion process can be represented as a inter-layer Laplacian matrix LH = qGH with the
property of any zero-sum row [16,17].
For SIR spreading, the time evolution equations of the two-layer network system, when inter-layer hopping is taken into
account, are[28]
NA +NB
NA +NB


dsi (t )
= −si (t )[1 −
(1 − β ci j ρ j (t ))] + q
hi j s j (t ),
dt

(2)

NA +NB
NA +NB


dρi (t )
= si (t )[1 −
(1 − β ci j ρ j (t ))] + q
hi j ρ j (t ) − μρi (t ),
dt

(3)

NA +NB

dri (t )
= μρi (t ) + q
hi j r j (t ),
dt

(4)

j=1

j=1

j=1

j=1

j=1

where the ﬁrst term on the right hand side of Eq. (2) is the probability that node i becomes infected by its neighbors at
time t, the second term represents the inﬂuence of inter-layer traveler on the probability of node i being in the S state.
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For the probability of node i being in the I state, the ﬁrst term on the right hand side of Eq. (3) has the same form with
Eq. (2) but opposite sign, the second term represents the inﬂuence of inter-layer traveler on the infected density, and the
last term represents the probability of node i to have been recovered at time t. The ﬁrst term on the right hand side of
Eq. (4) has the same form with the last term of Eq. (3), and its second term represents the inﬂuence of inter-layer traveler
on the recovered density.
For deducing the threshold, we linearize the above expression by considering that the fraction of infected people is
very small at critical point: ρi (t ) = i (t )  1∀i∀t [29]. So that we can neglect the second-order terms in  i (t) in Eq. (3). A
permanent resident stays only at some node of one layer, and its probability in the susceptible state at the critical point of
theshold value is si (t ) = 1∀i∀t. The linearized form of Eq. (3) is
NA +NB
NA +NB


dρi (t )
=β
ci j ρ j (t ) − μρi (t ) + q
hi j ρ j (t ).
dt
j=1

(5)

j=1

An inter-layer traveler has the probability of 1/2 (i.e., qA /(qA + qB ) and qA = qB = q) to be located at node i in layer A or
at the counterpart node j in layer B. The probabilities of nodes i and j being in the susceptible state at critical point of
threshold value can then be set to be 0.5. The linearized form of Eq. (3) for inter-layer travelers is
NA +NB
NA +NB


dρi (t )
=β
0.5ci j ρ j (t ) − μρi (t ) + q
hi j ρ j (t ).
dt
j=1

(6)

j=1

Eqs. (5) and (6) can be combined into a convenient matrix form

 (t )
dρ
 (t ),
= (β GD + qGH − μE )ρ
dt

(7)

 = [ρ1 (t ), ρ2 (t ), · · · , ρNA +NB (t )]T . The two corresponding nodes of an inter-layer travwhere E denotes the identity matrix, ρ
eler have elements dik = 0.5cik (k = 1, 2, . . . , NA ) for layer A and d jk = 0.5c jk (k = NA + 1, . . . , NA + NB ) for layer B in the matrix GD , respectively, and the other elements are the same as that of GC . The inter-layer Laplacian matrix qGH is used to
describe the inter-layer diffusion process. Eq. (7) illustrates one of the key concepts in the classical theoretical analysis of
epidemic models.
The system enters a global epidemic region in which the epidemic grows exponentially when the largest eigenvalue of
the matrix β GD + qGH − μE is greater than zero [2]. That is, the outbreak size grows exponentially with time. Thus, we can
obtain the epidemic threshold β c by solving

β=

μ
,
M (β )

(8)

and M (β ) is the largest eigenvalue of the matrix [29,30]

GM ( β ) = GD +

LH

β

,

(9)

where the supra-adjacency matrix GD contains the intra-layer connection information and the inter-layer Laplacian matrix
LH (i.e., qGH ) represents the diffusion process between layers [16,17]. If the infection rate β is greater than the epidemic
threshold β c , a global epidemic outbreak will emerge.
3. Results
The simulation setting is as follows. The hopping induced interactions between the two network layers can be conveniently characterized by the fraction m and the hopping rate q of inter-layer travelers. We focus on how variations in these
parameters affect the epidemic threshold and the outbreak size. To be concrete, we assume that both layers have the same
network size (NA = NB ≡ N). The simulation experiments are implemented in synchronous updating method with discrete
time steps, we set the time interval of each time step as δt = 1, and thus the probability of disease transmission through
one link is equal to the infection rate β and the recovery probability of an infected node is μ in each time step [31]. We
run our experiments on the Erdös-Rényi networks ﬁrst, and then verify our conclusion on heterogeneous synthetic and
empirical networks. The number of pairs of nodes with a one-to-one interconnection between the two layers is mN. The
dynamical processes in both layers are of the SIR type, with the recovery rate being set as μ = 1 for convenience. Initially, a
small number of seeds randomly chosen among the permanent residents are placed in both layers. We consider two types
of double-layer network conﬁgurations: (a) a symmetric conﬁguration with two layers having the same mean degree and
(b) an asymmetric conﬁguration in which mean degrees of the two layers differ. The symmetric conﬁguration is idealized
and there are no systematic differences between the structures of the two subnetworks, facilitating an understanding of
the effects of inter-layer hopping on epidemics. The asymmetric conﬁguration is more realistic, on which we focus our
simulations.
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3.1. Determination of epidemic threshold
The outbreak threshold is a fundamental quantity in epidemiology. To accurately determine the threshold is thus of considerable interest. A diﬃculty is that, in the vicinity of the threshold, the outbreak size typically exhibits large ﬂuctuations. A
practical approach to accurate numerical determination of the threshold value is through the measure of variability [32] deﬁned as



=

ρR2  − ρR 2
 ρR 

,

(10)

where ρ R is the density of the recovered nodes (i.e., the order parameter), ρ R  and ρR2  are the ﬁrst and second moments
of ρ R , respectively. The variability measure indicates the variation in outbreak sizes over many runs with the same β . In
epidemic spreading, the variability typically exhibits a peak in a wide range of values of the infection rate β , the position
of which, denoted by β p , corresponds to the threshold value. Previously, it was shown that the measure is effective for
determining the critical points in single layer networks [32]. It is also often used to determine the critical point of phase
transition in statistical physics [33].
Here we demonstrate that the variability measure is generally ineffective for determining the threshold of epidemic
outbreak in multilayer networks. Fig. 2(a) shows the variability A of layer A as a function of infection rate β for m = 0.01
and q = 0.1. We see that A displays two peaks: at β p ≈ 0.06 and 0.1, respectively. Numerically, we ﬁnd that, in the absence
I ≈ 0.05 for k  = 20. Thus, for β ≈ 0.06, an outbreak
of inter-layer hopping, the isolated threshold value of layer B is βBc
B
B
will have occurred but there are remarkable ﬂuctuations in the ﬁnal outbreak size over statistically independent realizations.
The ﬂuctuations will propagate to layer A through inter-layer hopping activities, giving rise to the ﬁrst peak in Fig. 2(a). As
I = 0.1, the outbreak of the disease in layer A results in the second
the value of the infection rate is increased to β ≈ βAc
peak that is higher than the ﬁrst one. As we increase the value of q to 0.3, the ﬁrst peak becomes higher than the second
peak. This can be understood by noting that the occurrence of the second peak is the result of the balance of two effects.
First, more infected travelers hopping from layer B to layer A will intensify the ﬂuctuations of the ﬁnal outbreak size in
layer A for β ≈ 0.06, as the outbreak in layer B has large ﬂuctuations. But at this infection rate, an outbreak of epidemic
I , the outbreak size of layer B is
does not occur in layer A, as shown in the inset of Fig. 2(a). Second, for β ≈ 0.1 > βBc
relatively considerable and stable. In fact, a large q value means that more infected travelers will switch from layer B to
layer A, reducing the ﬂuctuations in the ﬁnal outbreak size in layer A. When the value of q is increased to 0.6, the two
effects balance out, making the second peak essentially disappear.

Fig. 2. Test of whether the variability measure is effective for identifying epidemic thresholds in a given multilayer network. For a double layer system of
random networks with an asymmetric structure, (a) the variability versus the infection rate, and (b) the identiﬁed threshold versus the inter-layer hopping
rate. Inset in panel (a) shows ρRA values in simulations when q = 0.3, and the error bars on the values represent the corresponding variability A . The
parameters are kA  = 10, kB  = 20, and m = 0.01, recovery rate μ = 1, each random network layer has N = NA = NB = 104 , and all the simulation results
are over 5 × 103 dynamical realizations in the same network. As explained in the text, the variability measure for determining the threshold value is
not effective for multilayer networks. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this
article.)
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Fig. 3. Effect of inter-layer hopping on epidemic threshold in a symmetric double layer system of random networks. Shown is the epidemic threshold versus
(a) the fraction m of inter-layer hoppers and (b) the inter-layer switching rate q. The red circles represent the numerically determined values of the
S
, the minimum infection rate with which the ﬁnal outbreak size ρ R is equal to or greater than 1%. The blue dash lines are the corresponding,
threshold βMc
T
 from the
) from Eqs. (2)–(4), and the black solid lines denote the theoretical thresholds βMc
theoretically predicted threshold values (denoted by βMc
Jacobian matrix in Eqs. (8)-(9). All simulation results are averaged over 103 dynamical realizations. In (a), the value of q is ﬁxed at 0.1, and in (b) the
value of m is set to be 0.5. Recovery rate is set as μ = 1 in all simulations. (For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)

When the threshold value of the outbreak size in layer A has been identiﬁed, we can obtain the value of βAc as a function

of q, as shown in Fig. 2(b). It can be seen that the value of βAc has reduced abruptly from 0.1 to 0.06, which is caused by the
infected travelers from layer B. This indicates that the variability measure may not be effective for identifying the epidemic
threshold in multilayer networks. In fact, the interplay between the spreading processes in different layers introduces large
external ﬂuctuations into the respective dynamics [34], rendering ineffective the variability measure.
In our simulations, we deﬁne a reference epidemic threshold to evaluate the outbreak possibility. At the reference threshold, the ﬁnal outbreak size reaches a pre-speciﬁed value (e.g., 0.01) based on a tolerance measure [35,36]. We ﬁnd that this
simple method to be effective for determining the epidemic thresholds in multilayer networks.
3.2. Effect of inter-layer hopping on epidemic dynamics on a double-layer symmetric networked system
To gain preliminary insights, we ﬁrst study the idealized case of SIR dynamics on a double-layer, symmetric network
conﬁguration, where each random network has size N = NA = NB = 104 and mean degree kA  = kB  = 10. The system symS = β S = β S , where β S , β S , and β S denote
metry stipulates that the epidemic thresholds for both layers are identical: βAc
Bc
Mc
Bc
Mc
Ac
the thresholds of layer A, layer B, and the whole two-layer system, respectively. Fig. 3(a) shows the threshold versus the
S
fraction m of inter-layer travelers for a ﬁxed value of the hopping rate q. We see that the epidemic threshold βMc increases
monotonously with m. To gain an understanding of this behavior, we calculate the mean active degree of layer A or layer
B. As the hopping leads to holes in each layer, the expected numbers of inter-layer travelers and permanent residents in


layers A or B are, respectively, MA  = MB  = 0.5mN and NA = NB = (1 − m )N. The mean active degree of either layer is




thus given by kA  = kB  = pN (1 − 0.5m ), where p is the connection probability between any pair of nodes in a random
network. We have that an increase in m will reduce the mean active degree of both, enhancing the epidemic threshold.
Fig. 3(b) shows that an increase in the hopping rate q tends to enhance the epidemic threshold. A larger value of q means
that travelers switch between the layers more frequently and are not able to stay in one layer for a relatively long period
of time, hindering the spreading process in each layer. We also ﬁnd that the theoretical thresholds predicted by Eqs. (2)–(4)
and the Jacobian matrix in Eqs. (8)–(9) are quite consistent with the numerical results, although the theoretical thresholds
are somewhat smaller due to the “echo chamber” effect in the QMF analysis [3].
3.3. Asymmetric double layer system of random networks
We now turn to the general case of asymmetric network conﬁguration: layer A (B) is a sparser (denser) random network
with a smaller (larger) mean degree value: kA  = 10 and kB  = 20. The ﬁrst issue is how inter-layer hopping activities affect
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Fig. 4. Impact of the fraction of inter-layer travelers on the ﬁnal outbreak size in an asymmetric, double layer system of random networks. (a,b) For q = 0.05,
color-coded values of the ﬁnal outbreak sizes ρRA and ρRB , respectively, in the two-dimensional parameter plane of the infection rate β and the fraction m of
the inter-layer travelers. (c,d) The same legends as in (a,b) but for q = 0.5. In each panel, the dotted line with red circles represents the thresholds obtained
from direct numerical simulations of the SIR dynamics, which is determined as the minimum infection rate β at which the ﬁnal outbreak size passes
through the value of 1%. The red solid curve represents the theoretical thresholds obtained from Eqs. (2)–(4). The sizes of both networks are N = 104 ,
and each data point in the numerical curve is the result of averaging over 103 random realizations of the epidemic dynamics. (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

the epidemic thresholds in both layers. Fig. 4 shows, for two ﬁxed values of the inter-layer hopping rate q, the dependence
of the ﬁnal outbreak size ρRA (ρRB ) of layer A (B) on the infection rate β of the SIR dynamics and on the fraction m of interlayer travelers. For the sparser layer A, panels (a) and (c) show that the ﬁnal outbreak size ρRA ﬁrst increases, reaches a
maximum value, and then decreases with m for β ∈ [0.05, 0.1]. The epidemic threshold β Ac of the sparser layer displays an
analogous non-monotonic behavior. In contrast, for the denser network layer, Fig. 4(b) and (d) show that the value of the
outbreak size ρRB decreases monotonously with m, while the epidemic threshold β Bc increases monotonously with m, which
are essentially the same qualitative behaviors occurring in the symmetric networks. The theoretically predicted threshold
values agree with the simulation results.
The difference between the values of the epidemic threshold in the two layers is shown in Fig. 5. Panels (a) and (c)
S of layer A is always smaller than the isolated threshold value β I in the absence of
demonstrate that the threshold βAc
Ac
S of layer B is alinter-layer hopping (i.e., without any interaction or coupling with layer B), while the threshold value βBc
I in the absence of any inter-layer hopping activity. These results indicate that the coupling
ways greater than the value βBc
resulting from inter-layer hopping can promote the spreading in the sparser layer but suppress the spreading in the denser
layer. A heuristic reason is that, because layer B is more susceptible to an epidemic outbreak than layer A, the number of
infected travelers moving from layer B to layer A is in general greater than the number in the opposite direction. As the
fraction m of inter-layer travelers is increased [e.g., m ≥ 0.25 in Fig. 5(a) and m ≥ 0.13 in Fig. 5(b)], the asymmetric efS ≈ β S . We also
fect becomes more pronounced, making possible nearly simultaneous epidemic outbreak in both layers: βAc
Bc
observe that increasing the value q of the inter-layer hopping rate enhances the dynamical coupling between the layers,
facilitating convergence of the epidemic threshold values of the two layers.
Next we try to understand intuitively the impacts of the fraction of inter-layer travelers on the epidemic threshold and
the ﬁnal outbreak size in each layer. To quantify the asymmetric interplay between the epidemic dynamics on both layers,
we deﬁne the following deﬁcit of inﬂuent infected density:

δρI =

nIB→A − nIA→B
,
N

(11)

where nIB→A is the total number of infected travelers moving from layer B to layer A over the entire spreading process, and
nIA→B is the number of infected travelers moving in the opposite direction. A positive value of δρ I means that the inter-layer
hopping is beneﬁcial to promoting the spreading process in layer A (or to inhibiting the spreading dynamics in layer B). We
see that δρ I increases with m and reaches its peak at m ≈ 0.13 for q = 0.05 in Fig. 5(b) and m ≈ 0.09 for q = 0.5 in Fig. 5(d).
S with respect to variations in m at which the outbreak size
This provides an explanation for the existence of a value of βAc
in the sparser network is maximized. As m and δρ I increase, inter-layer hopping promotes the spreading process in the
sparser layer A, reducing its epidemic threshold. For the m value at which δρ I reaches its peak value, the promotional effect
of inter-layer hopping is maximized. Note that a larger value of m gives a smaller mean active degree of the sparser layer A
due to the emergence of more holes, leading to an increase in the epidemic threshold. For the denser layer B with a large
mean degree, increasing m always enhances the inhibitory effect of inter-layer hopping on the spreading dynamics, thereby
reducing the mean active degree of the network layer and leading to a monotonous increase in the epidemic threshold of
the layer.
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Fig. 5. The impact of the fraction of inter-layer traveler on the epidemic threshold in an asymmetric, double layer system of random networks. (a,b) For ﬁxed
inter-layer hopping rate q = 0.05, epidemic threshold and the deﬁcit of inﬂuent infected density versus the fraction m of inter-layer travelers. (c,d) The same
legends as for (a,b), respectively, but for q = 0.5. In panels (a) and (c), the dotted line with red circles and the dotted line with blue squares, respectively,
S
S
I
and βBc
, and the red solid lines (top) and the blue solid lines (bottom) denote the threshold values βAc
represents the numerically calculated thresholds βAc
I
, respectively, in the absence of inter-layer hopping. In panels (b) and (d), the blue diamonds represent the deﬁcit of the inﬂuent infected density
and βBc
δρ I , and the red solid (bottom) and the blue solid (top) curves, respectively, denote the ﬁnal outbreak sizes ρRA and ρRB of layers A and B. The infection rate
of SIR dynamics is set to be β = 0.06. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this
article.)

Fig. 6. Effect of inter-layer hopping rate on the ﬁnal outbreak size in an asymmetric, double layer system of random networks. Shown is the ﬁnal outbreak size
ρ R versus the infection rate β and the inter-layer hopping rate q. (a,b) For m = 0.05, variations of ρRA and ρRB , respectively, in the parameter plane (β , q).
(c,d) The same legends as in (a,b) but for m = 0.5. In each panel, the dotted line with red circles represents the numerically simulated threshold values,
which is the minimum value of the infection rate β that satisﬁes the criterion ρ R ≥ 0.01. The red solid curve is the theoretically predicted threshold value
from Eqs. (2)-(4). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

We now investigate the impacts of varying the inter-layer hopping rate q on the spreading dynamics in both layers. Fig. 6
shows, for two ﬁxed values of m, the dependence of the ﬁnal outbreak size ρRA (ρRB ) of the sparser layer A (the denser layer B)
on q and the infection rate β of the SIR process. For a small value of m, ρRA (β Ac ) ﬁrst increases (decreases) with q and then
tends to a plateau value, e.g., for β ∈ [0.05, 0.1], as shown in Fig. 6(a). However, ρRB (β Bc ) remains approximately constant,
e.g., for β ∈ [0.05, 0.1], as shown in Fig. 6(b). For a larger value of m, both ρRA and β Ac versus q display a non-monotonic
behavior, e.g., for β ∈ [0.05, 0.07], as shown in Fig. 6(c), but ρRB (β Bc ) monotonously decreases (increases) with q, e.g., for
β ∈ [0.05, 0.07], as shown in Fig. 6(d). Fig. 7(a) and (c) reveal a a gap between β Ac and β Bc for the case of small m values,
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Fig. 7. Effect of inter-layer hopping rate on epidemic thresholds and outbreak size in an asymmetric, double layer system of random networks. (a,b) For m = 0.05,
epidemic threshold and the deﬁcit of inﬂuent infected density, respectively, versus the hopping rate q. (c,d) The same plots but for m = 0.5. In panels (a)
S
S
and βBc
,
and (c), the dotted line with red circles and dotted line with blues quares, respectively, represents the numerically obtained threshold values βAc
I
I
, respectively, when the dynamics in the two layers
and βBc
and the red solid lines (top) and the blue solid lines (bottom) denote the threshold values βAc
are independent of each other in the absence of inter-layer hopping. In panels (b) and (d), the blue diamonds represent the deﬁcit of inﬂuent infected
density δρ I , and the red solid (bottom) and the blue solid (top) curves, respectively, denote the ﬁnal outbreak sizes ρRA of layer A and ρRB of layer B. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

while a large value of m leads to simultaneous epidemics in both layers. This result indicates that, with respect to changes
in the hopping rate q, the variations in the fraction m of inter-layer travelers play a more inﬂuential role in determining the
dynamical coupling between the layers. As shown in Fig. 7(b), the value of δρ I increases to a saturated value at q ≈ 0.13,
and so β Ac decreases to a small value, as shown in Fig. 7(a). In Fig. 7(d), for q > 0.05, ρRA decreases slowly with q, and the
value of δρ I ﬁrst increases rapidly and then reaches its peak at q ≈ 0.05 due to the promoting effect from the dynamics in
layer B, causing β Ac to reach a minimum value. In fact, a relatively large value of q means that the travelers switch between
layers frequently and so staying on a layer for a long time becomes diﬃcult, hindering the spreading processes on both
layers. As a result, ρRB (β Bc ) monotonously decreases (increases) with q, especially for large values of m.
3.4. Synthetic and empirical networks
To test the generality of the results on the effects of inter-layer hopping on the epidemic dynamics obtained from the
double layer random network model, we carry out simulations on synthetic and empirical networks. Table 1 lists the structural characteristics of the two empirical networks used in our study. In all cases studied, as shown in Fig. 8, the phenomena
that the epidemic threshold value β Ac in the sparser layer can be minimum by varying the fraction m of inter-layer travelers
and β Bc monotonously increases with m are general. In addition, for the more realistic networks, the phenomenon that a
large value of m results in the nearly identical epidemic threshold values in both layers (β Ac ≈ β Bc ) persists. Representative

Table 1
Topological characteristics of the two empirical networks used in our study. The notations are the following: N is the size
of the network layer, k is the mean degree, kmin and kmax are the minimum and maximum degrees, respectively, and
the degree heterogeneity is calculated from H = k2 /k2 . The Wikipedia networks come from the English Wikipedia that
describe the voting processes in elections, where the nodes represent individual users and the edges represent the votes.
The edges corresponding to the ”Support” (”Opposition”) votes are assigned to layer A (B). An m fraction of users are
randomly chosen as inter-layer travelers. The Email and Blog networks are two alternative social platforms for users, which
are integrated into a two-layer network by randomly adding some one-to-one interconnections.
Networks

Layer

Size

<K>

Kmin

Kmax

H

Wikipedia [37]

Wikipedia Support
Wikipedia Opposition
U. Rovira I virgili emails [38]
Blogs [39]

7118
7118
1133
1224

10
20
9.66
38.7

1
1
35
1

1167
1167
71
5813

6.62
5.74
1.94
3.13

Emails
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S
S
and βBc
Fig. 8. The impact of inter-layer hopping on epidemic thresholds of double-layer networks of different topology. For ﬁxed q = 0.5, threshold values βAc
as a function of the fraction m of inter-layer travelers on a synthetic double layer system of (a) sparser random and denser scale-free, (b) sparser scale-free
and denser random, (c) Email-Blog networks, and (d) Empirical Wikipedia. The dotted line with red circles and dotted line with blue circles, respectively,
S
S
and βBc
, and the error bars represent the ﬂuctuations of epidemic thresholds over different realizations. In (a), layer A is a random network
stands for βAc
of average degree kA  ≈ 10 while layer B is a scale-free network with algebraic degree exponent γ = 2.0 and average degree kB  ≈ 20.6. In (b), layer A is
a scale-free network of degree exponent γ = 2.5 and average degree kA  ≈ 3.9, while layer B is a random network of average degree kB  ≈ 30. The size
of each network layer is N = 104 . Certain structural characteristics of the two empirical networks in (c) and (d) are listed in Table 1. (For interpretation of
the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 9. Final outbreak size in synthetic and empirical double layer networks. Shown is the ﬁnal outbreak size ρ R versus the fraction m of inter-layer hoppers
for a double layer random and Email-Blog networks. (a,b) The results from the double layer random networks for q = 0.1 and q = 0.5 respectively, for
β = 0.07. (c,d) The results from the Email-Blog double layer system for q = 0.1 and q = 0.5, respectively, for β = 0.03. The red circles and blue squares
represent the numerically calculated values of the outbreak size ρRA and ρRB , respectively, and the red solid and blue solid curves denote the respective
theoretical predictions, and the error bars represent the ﬂuctuations of recovered densities over different realizations. All simulation results are averaged
over 5 × 103 dynamical realizations. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this
article.)

behaviors of the ﬁnal outbreak size for synthetic and empirical double layer systems are shown in Fig. 9. We see that, when
the number of inter-layer hoppers becomes signiﬁcant, the ﬁnal outbreak sizes on both layers diminish.
3.5. Recurrent epidemics - comparison with real data
Our analysis and numerical results on the epidemic thresholds and ﬁnal outbreak sizes of asymmetric double-layer systems reveal that inter-layer hopping can promote epidemic spreading in the sparser layer. From the point of view of disease
control, this promotional effect is undesired. In general, inter-layer hopping makes the spreading processes more complex
with variations, rendering diﬃcult to predict and control the epidemics. Here we wish to point out that our epidemic model
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Fig. 10. Recurrent phenomenon of epidemics on a two-layer network and observed from real data in Hong Kong. (a) Time evolution of ρIA with four dynamical
realizations on a double layer system of random networks, and (b) the empirical time evolution of infectious diseases in Hong Kong. Inset in (a) shows a
second (resurgent) outbreak behavior in one realization, and a similar behavior occurs in the real data between 20 04 and 20 07 in Hong Kong, as shown
in the inset of (b). In (a), each network layer size N = 104 , and the average degrees of layers A and B are kA  = 10 and kB  = 20, respectively. Other
parameters are m = 0.4, q = 1, and β = 0.13. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version
of this article.)

on multiplex networked systems incorporating inter-layer hopping can exhibit the striking behavior of recurrent or resurgent
outbreaks, and we provide a comparison with the behavior extracted from real health data.
We consider the standard setting of a double layer system, each being a random network. Fig. 10(a) shows the time
evolution of multiple independent realizations of the SIR spreading dynamics on the sparser layer A. A second wave of epidemics can be seen as shown in the inset, and the second peak is visibly higher than the ﬁrst one. Using a large number
of dynamical realizations, we estimate that the probability for the second outbreak to occur is quite appreciable: pout = 0.2,
so the perspective that the epidemic can recur certainly cannot be ignored. A heuristic explanation for the recurrent pheI of layer A in the absence of
nomenon is as follows. For β = 0.13 (slightly greater than the corresponding threshold βAc
inter-layer hopping), the seeds in layer-A ﬁrst infect local neighbors, but the local outbreak is suppressed quickly. Simultaneously, the disease is still raging on in layer B that has denser connections. Travelers may thus bring seeds of epidemic to
the unexploited area of layer A, leading to another disease outbreak.
The multiple peaks (or resurgent behavior) of epidemic spreading in multilayer networks have been observed commonly
in the real world [40]. For example, Hong Kong Department of Health has organized a surveillance system with the aims
to collect empirical data of infectious diseases and to analyze and predict the trend of infection [41]. Weekly consultation
rates of inﬂuenza-like illness (per 10 0 0 consultations) are collected by the General Practitioners (GP) sentinel system. From
the empirical data of the infectious diseases in Hong Kong, we ﬁnd that a second outbreak with a higher peak occurs in
June 2005, as shown in the inset of Fig. 10(b). Our theoretical and computational results provide the following plausible
explanation. In March, a disease broke out in Hong Kong and was gradually controlled. But tourists and businessmen from
Guangzhou and Macao brought foreign pathogens into Hong Kong, making the disease break out again.
4. Discussion
In complex multilayer networks in the real world, the interactions or coupling among distinct layers can arise from human behaviors. For example, in a social system, nodes and edges can frequently switch between a communication layer and
a contact layer. Such switching or hopping behaviors will naturally have effects on the collective dynamics in the network
layers involved, but the impacts were not well understood. To ﬁll this knowledge gap, we have articulated a two-layer network model incorporating inter-layer hopping to investigate how it affects the spreading dynamics in both layers. Theoretically, we develop a quenched mean-ﬁeld method to calculate the two basic quantities underlying any spreading dynamics:
the epidemic threshold and the ﬁnal outbreak size. The framework enables these quantities for both network layers to be
predicted. We have carried out extensive numerical simulations on both synthetic and empirical networks, with a focus on
the general, asymmetric layer conﬁguration.
Because of the asymmetry, inter-layer hopping can lead to distinct impacts on spreading dynamics in the layers. In
particular, for the denser layer, the hopping behavior suppresses the spreading process by enhancing the epidemic threshold.
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A large fraction of inter-layer hoppers will induce many “holes” in the denser layer, reducing its active mean degree, and
a large hopping rate makes dwelling of the travelers in either layer for a relatively long time diﬃcult. As a result, for the
sparser layer, the epidemic threshold exhibits a surprising, non-monotonic behavior with variations in both the fraction of
inter-layer travelers and the hopping rate, where the former has a more signiﬁcant effect on the epidemic dynamics than the
latter. As the values of these parameters are increased, the infected travelers will switch from the denser layer to the sparser
layer in higher intensity, reducing the epidemic threshold and thus promoting the spreading process in the sparser layer.
The subsequent increase in the epidemic threshold in the sparser layer results from similar dynamical effects of inter-layer
hopping on the denser layer. As hopping intensiﬁes, the phenomenon of simultaneous breakouts in both layers can occur.
Our model predicts another striking phenomenon: recurrence of outbreak. Especially, this can occur on the sparser layer
as a result of hopping from the denser layer. The model prediction provides a plausible explanation of the phenomenon of
multiple outbreaks in the real world, as supported by data from the epidemics of infectious diseases in Hong Kong.
To incorporate human behaviors into the dynamical processes on multiplex networks is necessary for understanding
complex collective dynamics in the real world. Our work represents an attempt in this direction of exciting research. Among
many issues, immediate extension of this work could include treating alternative types of spreading dynamics (beyond the
SIR type treated in the present work) and studying the impacts of inter-layer hopping on other types of collective dynamics
such as synchronization. More human realistic dynamics with heterogeneous interevent time distributions should also be
studied [42].
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