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Small-world and scale-free networks are known to be more easily synchronized than regular lattices,
which is usually attributed to the smaller network distance between oscillators. Surprisingly, we find
that networks with a homogeneous distribution of connectivity are more synchronizable than hetero-
geneous ones, even though the average network distance is larger. We present numerical computations
and analytical estimates on synchronizability of the network in terms of its heterogeneity parameters.
Our results suggest that some degree of homogeneity is expected in naturally evolved structures, such
as neural networks, where synchronizability is desirable.
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In their seminal work, Watts and Strogatz [1,2] have
shown that real networks of different nature have the
small-world (SW) property, characterized by high clus-
tering and the average network distance between two
nodes that is as small as pure random networks. Since
then, many more examples of real-world networks [3–8],
including both artificial and natural systems, have been
identified to have the SW property. It turns out, however,
that there is another seemingly generic feature of net-
works in the real world. It is called the scale-free (SF)
property, which is signified by the power-law connectiv-
ity distribution of the network [3,4,8–14]. Barabási and
Albert [9] suggested a model of growing networks, in
which preferential attachment of new links to nodes with
higher connectivity results in the SF property. There has
also been some efforts to incorporate both SF and SW
properties in a single model [4,15,16].

So far, much research has been focused on the struc-
tural properties of SF and SW network models. Despite
the widespread belief that these structural properties must
have significant impact on dynamical processes taking
place on such networks [5], there has been little work
directly addressing this issue. Most work has dealt with
synchronization of oscillators whose topology of interac-
tion has either the SF or SW [2,17–23] property, showing
that it leads to improved synchronizability when com-
pared to local lattice topology. A general argument under-
lying this phenomenon is that communication between
oscillators is more efficient because of the smaller average
network distance. But, does smaller average network dis-
tance improve synchronizability?

For many real networks, heterogeneity is a common
trait which frequently manifests itself in the form of an
SF distribution of connectivities. It is known that such
heterogeneity tends to reduce the average network dis-
tance [24], and this leads naturally to the question of
whether heterogeneity improves synchronizability.

The aim of this paper is to demonstrate, by using
important classes of SF and SW network models, that

heterogeneity of the connectivity distribution causes the
opposite to hold; namely, as heterogeneity increases, the
average network distance is reduced but synchronization
becomes more difficult to achieve. We show that this
intriguing behavior can be explained by examining the
load distribution on nodes or links, where the load of a
node (or a link) quantifies the traffic of communication
passing through it. The analytical results we derive sug-
gest that our observations are quite general and are ex-
pected to hold for a wide class of complex networks.

Synchronizability of a network of oscillators can be
quantified through the eigenvalue spectrum of the
Laplacian matrix representing the connection topology
of the network. Here we follow the general framework
established in [22,25]. Consider a network of N identical
dynamical systems with symmetric coupling between
oscillators. The equations of motion for the system are

_xxi ! F"xi# $ !
XN
j!1

LijH"xj#; i ! 1; . . . ; N; (1)

where _xx ! F"x# governs the dynamics of each individual
node, H"x# is the output function, ! is the overall strength
of coupling, and L is the Laplacian matrix, defined to be
Lij ! %1 if nodes i and j are connected, Lii ! ki if node
i is connected to ki other nodes, and Lij ! 0 otherwise.
The linear stability of the synchronized state fxi"t# !
x&"t#;8ig is determined by the corresponding variational
equations, which can be diagonalized into N blocks of the
form _yy ! 'DF"s# $ "DH"s#(y, where y represents differ-
ent modes of perturbation from the synchronized state.
We have " ! !"i for the ith block, i ! 1; 2; . . . ; N, and
"1 ! 0 ) "2 ) * * * ) "N are the eigenvalues of L [26].
The largest Lyapunov exponent !""# for this equation,
also called the master stability function [25], determines
the linear stability of the synchronized state for any
linear coupling scheme. In particular, the synchronized
state is stable if !"!"i#< 0, for each i ! 2; . . . ; N [27]. It
was found [25] that for a large class of chaotic oscillatory
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Semirandom scale-free model
N = 1024, kmin = 5

Smaller γ ←→More heterogeneous degree distribution

3 4 5 6 7
3

3.5

4

4.5

3 4 5 6 7
0

20

40

60

80

γ

D

γ

λN

λ2

Heterogeneity =⇒

{

Smaller D, but
More difficult to synchronize

Synchronization in Complex Networks – p.20/30

Growing scale-free network model
Growing scale-free model
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Smaller α←→More heterogeneous degree distribution
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Semi-random scale-free network model



Autapses Promote Synchronization
in Neuronal Networks
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synchrony25–27. The data based approach has one deficiency: it reveals no information about the interplay between 
seizure and synchrony at the localized neuronal network level, as the EEG or ECoG data reflect only the collective 
neuronal activities at much larger scales. This leads to a related question: suppose epileptic seizures are indeed 
associated with synchronization (either enhanced or reduced) in small scale neuronal networks, what charac-
teristic structural features do the networks possess to promote or suppress synchrony? Identification of unusual 
and unconventional features in the seizure network structure which predominately affect synchronization can 
potentially lead to a deep understanding of the interplay between seizure and synchrony.

In this paper, we develop the computational and theoretical foundation for hypothesizing that autapses asso-
ciated with single neurons are capable of significantly modulating synchrony at the network level. In particular, 
implementing a widely studied nonlinear neuron model on complex networks of different topologies, we assume 
the existence of autapses on a small fraction of the neurons and investigate quantitatively how global synchroniza-
tion of the network is affected by the locations, strength, and time delays of the autapses. We find that, in general, 
the presence of a sparse set of autapses can increase dramatically the odds for the whole network to achieve global 
synchronization. We develop a criterion that allows us to determine, for a given set of autapses, their optimal loca-
tions in the network to maximize synchrony. The implication is that autapses can serve as an effective structural 
indicator at the single neuron level for anticipating synchronization in networks that contain such neurons. In 
epilepsy, for example, there are distinct types of seizures that are associated with neuronal networks in different 
regions of the brain. If it is possible to examine the structural details of the representative neurons in such a net-
work, the presence of autapses would imply a higher probability for synchronization and, consequently, a more 
appreciable likelihood that synchrony is the culprit of the corresponding seizure. This may provide insights into a 
possible resolution of the interplay and causal relation between synchrony and certain types of seizures. With the 
advance of biotechnologies, we hope that it would be possible to test our hypothesis that autapses are correlated 
with synchrony through structural examination at the single neuron level and dynamics characterization at the 
network level. In a broader perspective, our finding that autapses, the shortest possible links in any network, are 
able to modulate the collective dynamics might provide an alternative approach to controlling the dynamics of 
complex networks, especially for situations where long-distance links are costly and infeasible.

Results
Understanding the role of autapse in promoting neuronal synchronization through a toy network  
model. To demonstrate that autapses can promote global synchronization in neuronal networks, we start 
with a toy model consisting of four coupled neurons (Fig. 1). Mathematically, an autapse can be modeled as a self-
loop in the network with a time delay τ (see Methods). As shown in Fig. 1(a1), in the absence of any autapse, the 
network has four nodes and four mutual links (edges). The coupling strength associated with each edge is deter-
mined by the parameter ε normalized by the nodal degree (including the autapse) (see Methods). We assume that 
each node corresponds to an idealized neuron, whose dynamics are identical and described by the Hindmarsh-
Rose (HR) oscillator28–32:

Figure 1. The impact of a single autapse on synchronization in a toy neuronal network. (a1) Without any 
autapse, the network has four nodes and four edges, where each node is a Hindmarsh-Rose neuron. (b1–d1) 
Network structure when a single autapse (represented by the red curve with an arrow) is present at node 1, 
2, and 4, respectively. (a2–d2) For the network structures in (a1–d1), respectively, the dynamical behaviors 
of the network in terms of synchronization. Shown in each panel is a plot of the x variable from each node 
versus the averaged value of this variable over all the nodes during the time evolution. When there is global 
synchronization, all the variables are equal to their average value at any instant of time, tracing out a straight 
line segment along the diagonal. Any deviation from the diagonal signifies lack of synchronization. The uniform 
coupling parameter is ε = 1 and the time delay associated with the autapse is τ = 4.

• Autapses – first 
discovered in 1972

• For 25 years, autapses
were thought to be 
“useless” 

• After 1997 –
biological roles of 
autapses gradually 
recognized

• Still much is to be 
learned
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